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PREFACE 


In  this  text-book,  compiled  at  the  request  of  the  publishers,  a 
rigid  adherence  to  Eobert  Simson's  well-known  editions  of 
Euclid's  Elements  has  not  been  observed  ;  but  no  change  has 
been  made  on  Euclid's  sequence  of  propositions,  and  com- 
paratively little  on  his  modes  of  proof.  Here  and  there  useful 
corollaiies  and  converses  have  been  inserted,  and  a  few  of 
Simson's  additions  have  been  omitted.  Intimation  of  such 
insertions  and  oitissions  has  been  given,  when  it  was  deemed 
necessary,  in  the  proper  place.  Several  changes,  mostly,  now- 
ever,  of  arrangement,  have  been  made  on  the  definitions. 

By  a  slight  alteration  of  the  lettering  or  the  construction  of 
the  figure,  an  attempt  has  been  made  throughout,  and  par- 
ticularly in  the  Second  Book,  to  draw  the  attention  of  the 
reader  to  the  analogy  which  exists  between  certain  pairs  o- 
propositions.     By  Euclid  this  analogy  is  well-nigh  ignored. 

In  the  naming  of  both  congruent  and  similar  figures,  care 
has  been  taken  to  write  the  letters  which  denote  corresponding 
points  in  a  corresponding  order.  This  is  a  matter  of  minor 
importance,  but  it  does  not  deserve  to  be  neglected,  as  is  too 
often  the  case. 

The  deductions  or  exercises  appended  to  the  various  pro- 
positions ('riders,'  as  they  are  sometimes  termed)  have  been 
intentionally  made  easy  and,  in  the  First  Book,  numerous.  It 
is  hoped  that  beginners,  who  have  little  confidence  in  their 
own  reasoning  power,  will  thereby  be  encouraged  to  do  more 
than  merely  learn  the  text  of  Euclid.  It  is  hoped  also  tliat 
sufiicient  provision  has  been  made  for  all  classes  of  beginners, 
seeiag  that  the   questions,  deductions,   and   corollaries   to   be 
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proved  number  considerably  over  fifteen  hundred.  It  should 
be  stated  that  when  a  deduction  is  repeated  once  or  oftener,  in 
the  same  words,  a  different  mode  of  proof  is  expected  in  each 
case. 

In  the  appendices,  much  curtailed  from  considerations  of 
space,  a  few  of  the  more  useful  and  interesting  theorems  of 
elementary  geometry  have  been  given.  It  has  not  been  thought 
expedient  to  introduce  the  signs  +  and  — ,  to  indicate  opposite 
directions  of  measurement.  The  important  advantages  which 
result  from  this  use  of  these  signs  are  readily  apprehended  by 
readers  who  advance  beyond  the  *  elements,'  and  it  is  only  of 
the  '  elements '  that  the  present  manual  treats. 

The  historical  notes,  which  are  not  specially  intended  for 
beginners,  may  save  time  and  trouble  to  any  one  who  wishes 
to  investigate  more  fully  certain  of  the  questions  which  occur 
throughout  the  work.  It  would  perhaps  be  well  if  such  notes 
were  more  frequently  to  be  found  in  mathematical  text-books : 
the  names  of  those  who  have  extended  the  boundaries,  or 
successfully  cultivated  any  part  of  the  domain,  of  science 
should  not  be  unknown  to  those  who  inherit  the  results  of 
their  labour. 

Though  the  utmost  pains  have  been  taken  by  all  concerned 
in  the  production  of  this  volume  to  make  it  accurate  and 
workmanlike,  a  few  errors  may  have  escaped  notice.  Cor- 
rections of  these  will  be  gratefully  received. 

The  editor  desires  to  express  his  thanks  to  Mr  J.  R.  Pairman 
for  the  excellence  of  the  diagrams,  and  to  Mr  David  Traill, 
M.A.,  B.Sc,  and  Mr  A.  Y.  Fraser,  M.A.,  for  valuable  hints 
while  the  work  was  going  through  th«  press. 

Edinburgh  Academy, 
April  188A. 
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DEFINITIONS. 

1.  A  point  has  position,  but  it  has  no  magnitude. 

A  point  is  indicated  by  a  dot  with  a  letter  attached,  as  the 
point  P.  •  P 

The  dots  emploj'ed  to  represent  points  are  not  strictly  geometrical 
points,  for  they  have  some  size,  else  they  could  not  be  seen.  But 
in  geometry  the  only  thing  connected  with  a  point,  or  its  representa- 
tive a  dot,  which  we  consider,  is  its  position. 

2.  A  line  has  position,  and  it  has  length,  but  neither 
breadth  nor  thickness. 

Hence  the   ends   of  a  line   are   points, 
and  the  intersection  of  two  lines  is  a  point. 

A  line  is  indicated  by  a  stroke  with  a  letter  attached,  as  the 
line  a  C— 

Oftener,  however,  a  letter  is  placed  at  each  end  of  the  line,  as 
the  line  AB.  A B 

The  strokes,  whether  of  pen  or  pencil,  employed  to  represent  lines, 
are  not  strictly  geometrical  lines,  for  they  have  some  breadth  and 
some  thickness.  But  in  geometry  the  only  things  connected  with  a 
line  which  we  consider,  are  its  position  and  its  length. 

3.  If  two  lines  are  such  that  they  cannot  coincide  in  any 
two  points  without  coinciding  altogether,  each  of  them  is 
called  a  straight  line. 

Hence  two  straight  lines  cannot  inclose  a  space,  nor  can  they 
have  any  part  in  common.  q 

Thus  the  two  lines  ABC  and  ABD, 
which  have  the  part  AB  in  common, 
cannot  both  be  straight  lines.  ^ ^^ -q 

Euclid's  definition  of  a  straight  line  •" 

is  '  that  which  lies  evenly  to  the  points  within  itself.' 
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4,  A  curved  line,  or  a  curve,  is  a  line  of  which  no  pare 
is  straight.  S. 

Thus  ABC  is  a  curve. 


5.  A  surface  (or  superficies)  has  position,  and  it  luus 
length  and  breadth,  but  not  thickness. 

Hence  the  bound- 
aries of  a  surface, 
and  the  intersection 
of  two  surfaces,  are 
hnes.  Thus  AB, 
ACB,  and  BE  are 
lines. 

6.  A  plane  surface  (or  a  plane)  is  such  that  if  any  two 
points  whatever  be  taken  on  it,  the  straight  line  joining 
them  lies  wholly  in  that  sm-face. 

This  definition  (which  is  not  EucHd's,  but  is  due  to  Heron  of 
Alexandria)  affords  the  practical  test  by  which  we  ascertain  whether 
a  given  surface  is  a  plane  or  not.  We  take  a  piece  of  wood  or  iron 
with  one  of  its  edges  straight,  and  apply  this  edge  in  various 
positions  to  the  surface.  If  the  straight  edge  fits  closely  to  the 
surface  in  every  position,  we  conclude  that  the  surface  is  plane. 

7.  Wlien  two  straight  lines  are  drawn  from  the  same 
point,  they  are  said  to  contain  a  plane  angle.  The  straight 
lin«s  are  called  the  arms  of  the  angle,  and  the  point  is 
called  the  vertex. 

Thus  the  straight  hnes  AB,  AC  drawn  ^ 

from  A  are  said  to  contain  the  angle 
BAG  ;  AB  and  AC  are  the  arms  of  the 
angle,  and  A  is  the  vertex. 

An  angle  is  sometimes  denoted  by 
three  letters,  but  these  letters  must  be 
placed  so  that  the  one  at  the  vertex  shall  always  be  between  the 
other  two.  Thus  the  given  angle  is  called  BAC  or  CAB,  never 
ABC,  ACB,  CBA,  BCA.  When  only  one  angle  is  formed  at  a 
vertex  it  is  often  denoted  by  a  single  letter,  that  letter,  namely,  at 
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the  vertex.  Thus  the  given  angle  may  be  called  the  angle  A. 
when  there  are  several  angles  at  the 
same  vertex,  it  is  necessary,  in  order  to 
avoid  ambiguity,  to  use  three  letters  to 
express  the  angle  intended.  Thus,  in  the 
annexed  figure,  there  are  three  angles  at 
the  vertex  A,  namely,  BAC,  GAD,  BAD. 
Sometimes  the  arms  of  an  angle  have 
several  letters  attached  to  them ;  in  which  case  the  angle  may  be 
denoted  in  various  ways. 


Fig.  1. 


Fig.  2. 


F  G 

D'  ^E 

Thus  the  angle  F  (fig.  1)  may  be  called  AFC  or  BFC  inditfereutly ; 
the  angle  G  (fig.  2)  may  be  called  AGB  or  CGB ;  the  angle  A 
(fig.  3)  may  be  caUed  BAG,  FAG,  DAE,  FAG,  GAB,  and  so  on. 

It  is  important  to  observe  that  aU  these  ways  of  denoting  any 
particular  angle  do  not  alter  the  angle  ;  for  example,  the  angle  BA  G 
(fig.  3)  is  not  made  any  larger  by  calling  it  the  angle  FA  G,  or  the 
angle  DAE.  In  other  words,  the  size  of  an  angle  does  not  depend 
on  the  length  of  its  arms  ;  and  hence,  if  the  two  arms  of  one  angle 
are  respectively  equal  to  the  two  arms  of  another  angle,  the  angles 
themselves  are  not  necessarily  equal. 


As  a  further  illustration,  the  angles  A,  B,  C  with  unequal  anna 
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are  all  equal ;  of  the  angles  D,  E,  F,  that  with  the  shortest  arms  is 
the  largest,  and  that  with  the  longest  arms  is  the  smallest. 

8.  If  three  straight  lines  are  drawn  from  the  same  point, 
three   different    angles    are    formed. 
Thus  AB,  AC,  AD,  drawn  from  A, 
form  the  three  angles  BAC,  GAD, 
BAD. 

The  angles  BAC,  CAD,  which 
have  a  common  arm  AC,  and  lie  on 
opposite  sides  of  it,  are  called  adjacent  angles;  and  the 
angle  BAD,  which  is  equal  to  angle  i?4C' and  angle  CAD 
added  together,  is  called  the  sum  of  the  angles  5^(7  and 
CAD.  Since  the  angle  BAD  is  obtained  by  adding  together 
the  two  angles  BAC  and  CAD,  the  angle  CAD  will  be 
obtained  by  subtracting  the  angle  BAC  from  the  angle 
BAD;  and  similarly  the  angle  5.4 C  will  be  obtained  by 
subtracting  the  angle  CAD  from  the  angle  BAD.  Hence  the 
angle  CAD  is  called  the  difference  of  the  angles  BAD  and 
BAC ;  and  the  angle  BAC  is  called  the  difference  of  the 
angles  BAD  and  CAD. 

9.  The  bisector  of  an  angle  is  the  straight  line  that 
divides  it  into  two  equal  angles. 

Thus  (see  preceding  fig.),  if  angle  BAC  is  equal  to  angle  CAD, 
AC  la  called  the  bisector  of  angle  BAD. 

The  word  bisect,  in  Mathematics,  means  always,  to  cut  into  two 
equal  parts. 

10.  When  a  straight  line  stands  on 
another  straight  line,  an^  makes  the 
adjacent  angles  equal  to  each  other,  each 
of  the  angles  is  called  a  right  angle ;  and 
the  straight  line  which  stands  on  the  other 
is  called  a  perpendicular  to  it. 

Thus,  M  AB  stands  on  CD  in  such  a  manner 
that  the  adjacent  angles  ABC,  ABD  are  equal  to  one  another,  then 
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these  angles  are  called  right  angles,  and  AB  ia  said  to  be  perpen- 
dicular to  CD. 

1 1 .  An  obtuse  angle  is  one  which  is  greater  than  a  right 
angle. 

Thus  A  is  an  obtuse  angle. 


A 

12.  An  acute  angle  is  one  which  is  less  than  a  right 
angle. 
Thus  B  is  an  acute  angle. 


13.  When  two  straight  lines  intersect  each  other,  the 
opposite  angles  are  called  vertically  opposite  angles. 

Thus  A  EC  and  BED  are  vertically       A- 
opposite  angles  ;  and  so  are  AED  and 
BEG.  ^^  ^ 

14.  Parallel    straight    lines    are    such    as    are    in    the 
same  plane,  and  being  produced  E 
ever  so  far   both  ways  do  not  \(j 
meet. 


O' \ D 

Thus  AB  and  CD  are  parallel 

straight  lines.  n 

If  a  straight  line  EF  intersect  two  parallel  straight  lines  AB,  CD, 
the  angles  AGH,  OHD  are  called  alternate  angles,  and  so  are 
angles  BOH,  GHC ;  angles  AGE,  BGE,  CHF,  DHF  are  caUed 
exterior  angles,  and  the  interior  opposite  angles  corresponding  to 
these  are  CHO,  DHO,  AQH,  BQH. 

15.  A  figure  is  that  which  is  inclosed  by  one  or  more 
boundaries ;  and  a  plane  figure  is  one  bounded  by  a  line 
or  lines  drawn  upon  a  plane. 

The  space  contained  within  the  boundary  of  a  plane 
figure  is  called  its  surface ;  and  its  surface  in  reference  to 
that  of  another  figure,  with  which  it  is  compared,  is  called 
its  area. 
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The  word  figure,  as  here  defined,  u  restricted  to  closed  figures 
Thus  ABC,  DEFG,  . 

according  to  the 
definition,  would 
not  be  figures.  The 
word    is,    however, 

very     frequently  -^^ ^  E^ 

used  in  a  wider  sense  to  mean  any  combination  of  points,  lines,  or 
surfaces. 

16.  A  circle  is  a  plane  figure  contained  by  one  {curveiJ) 
line  which  is  called  the  circumference,  and  is  such  that  all 
straight  lines  drawn  from  a  certain  point  within  the  figure 
to  the  circumference  are  equal  to  one  another.  This  point 
is  called  the  centre  of  the  circle. 


Thus  ABC  DEFG  is  a  circle,  if  all  the 
be  drawn  from  0  to  the  circumference, 
such  as   OA,  OB,  OC,  &c.,  are  equal 
to  one  another ;    and  0  is  the  centre 
of  the  circle. 

Strictly    speaking,    a    circle    is    an 
inclosed  space  or  surface,  and  the  cir-    B 
cumference  is  the  line  which  incloses 
it.       Frequently,  however,    the    word 
circle  is  employed  instead  of  circumfer- 


straight  lines  which  can 
A 


D     E 
The  reason  for  this 


It  is  usual  to  denote  a  circle  by  three 
letters  placed  at  points  on  its  circumference, 
will  appear  later  on. 

17.  A  radius  (plural,  radii)  of  a  circle  is  a  straight  line 
drawn  from  the  centre  to  the  circumference. 

Thus  OA,  OB,  OC,  &c.  are  radii  of  the  circle  ACF. 

18.  A  diameter  of  a  circle  is  a  straight  line  drawn 
through  the  centre,  and  terminated  both  ways  by  the  cir- 
cumference. 

Thus  in  the  preceding  figure  RF  \»  *  diameter  of  the  circle 
ACf. 
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RECTILINEAL   FIGURES. 

19.  Bectilineal  figures  are  those  which  are  contained  by 
straight  lines. 

The  straight  lines  are  called  sides,  and  the  sum  of  all  the 
sides  is  called  the  perimeter  of  the  figure. 

20.  Rectilineal  figures  contained  by  three  sides  are  called 
triangles. 

21.  Rectilineal  figures  contained  by  four  sides  are  called 
quadrilaterals. 

22.  Rectilineal  figures  contained  by  more  than  four  sides 
are  called  polygons. 

Sometimes  the  word  polygon  is  used  to  denote  a  rectilineal  figure 
of  any  number  of  sides,  the  triangle  and  the  quadrilateral  being 
included. 


CLASSIFICATION   OP   TRIANGLES. 

First,  according  to  their  sides — 

23.  An  ectuilateral  triangle  is  one  that 
has  three  equal  sides. 

Thus,  if  AB,  BC,  CA  are  all  equal,  the  triangle 
.45C  is  equilateral.  .  ^ 


24.  An  isosceles  triangle  is  one  that  has  two 
equal  sides. 

Thus,  if  AB  is  equal  to  AC,  the  triangle  ABC  ie 
isosceles. 


25.  A  scalene  triangle  is  one  that  has 
three  unequal  sides. 

Thus,  if  AB,  BC,  CA  are  all  unequal,  the 
triangle  ABC  is  scalene. 
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Second,  according  to  their  angles — 

26.  A  right-angled    triangle   is  one  that 
has  a  right  angle. 


Thus,  if  ABC  is  a  right  angle,  the  triangle  ABG 
is  right-angled.  g 


27.  An  obtuse-angled  triangle  is  one  that  has  an  obtuse 
angle.  ■A.> 


Thus,  if  ABC  is  an  obtuse  angle,  the 
triangle  ABG  is  obtuse-angled. 


28.  An  acute-angled  triangle  is  one  that  has  three  acute 
angles,  A 


Thus,  if  angles  A,  B,  C  are  each  of  them 
acute,  the  triangle  ABG  is  acute-angled. 


29.  Any  side  of  a  triangle  may  be  called  the  base.  In 
an  isosceles  triangle,  the  side  which  is  neither  of  the  equal 
sides  is  usually  called  the  base.  In  a  right-angled  triangle, 
one  of  the  sides  which  contain  the  right  angle  is  often  called 
the  base,  and  the  other  the  perpendicular ;  the  side  opposite 
the  right  angle  is  called  the  hypotenuse. 

Any  of  the  angular  points  of  a  triangle  may  be  called  a 
vertex.  If  one  of  the  sides  of  a  triangle  has  been  called  the 
base,  the  angular  point  opposite  that  side  is  usually  called 
the  vertex. 

Thus,  if  BG  is  called  the  base  of  a  triangle  ABG,  A  is  the  vertex. 

30.  If  the  sides  of  a  triangle  be  prolonged  both  ways, 
nine  angles  are  formed  in  addition  to  the  angles  of  th© 
triangle. 
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Thus  at  the  point  A  there  are  the  angles  CAH,  HAF,  FAB; 
at  B,  the  angles  ABG,  GBD, 
DBG;     at    C,    the    angles  F 

BOK,  KCE,  EGA. 

Of  these  nine,  six  only 
are  called  exterior  angles, 
the  three  which  are  not 
so  called  being  HAF, 
GBD,  KCE.  Angles  G 
ABC,  BCA,  CAB  are 
sometimes  called  the 
interior  angles  of  the  triangle. 


CLASSIFICATION   OF   QUADRILATERALS. 

31.  A  rhombus  is  a  quadrilateral  lliat  has  all  its 
equal. 


Thus,  iiAB,  BC,  CD,  DA  are  all  equal,  / 

the    quadrilateral    A  BCD    is    a   rhombus  / 

The  rhombus   A  BCD  is  sometimes  named        / 
by  two  letters  placed  at  opposite  corners,       / 
as  AG otBD.  / 

Euclid     defines    a    rhombus     to    be     '  a  B 
•[uadrilateral  that  has  all  its  sides  equal,  but  its  angles  not 
angles.' 


right 


32.  A  square  is  a  quadrilateral  that  has  all  its  sides 
equal,  and  all  its  angles  right  angles. 


Thus,  if  AB,  BC,  CD,  DA  are  all  equal, 
and  the  angles  A.  B,  C,  D  right  ai.gles,  the 
quadrilateral  A  BCD  is  a  square.  The  square 
A  BCD  is  sometimes  named  by  two  letters 
placed  at  opposite  corners,  as  AC  or  BD ; 
»nd  it  is  said  to  be  described  on  any  one  of  ^ 
its  four  sides. 


D 


WM^J 
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33.  A  parallelogram  is  a  quadrilateral  whose   opposite 
sides  are  parallel. 

Thus,  if  ^5  is  parallel  to  CD,  and  AD  parallel  to  BC,  the  quad- 
rilateral A  BCD  is  a  parallelogram. 
The  parallelogram  A  BCD  is  some 
times  named  by  two  letters  placed 
at  opposite  comers,  as  ^  C  or  BD  ; 
and  any  one  of  its  four  sides  may  be 
called  the  base  on  which  it  stands.     B^ 


D 


C 


34.  A  rectangle  is  a  quadrilateral  whose  opposite  sides 
are  parallel,  and  whose  angles  are  right  angles. 

Thus,  if  ^5  is  parallel  to  CD,  AD  A 
parallel  to  BC,  and  the  angles  A,  B,  C,  D 
right  angles,  the  quadrilateral  A  BCD  is 
a  rectangle.  The  rectangle  A  BCD  is 
sometimes  named  by  two  letters  placed 
at  opposite  corners,  as  .40  or  BD.  In  B 
books  on  mensuration,  BC  and  AB  would  be  called  the  length 
and  the  breadth  of  the  rectangle.  The  definitions  of  a  square 
and  a  rectangle  are  somewhat  redundant — that  is,  more  is  said 
about  a  square  and  a  rectangle  than  is  absolutely  necessar" 
to  distinguish  them  from  other  quadrilaterals.  This  will  be  sf 
later  on. 

35.  A  trapezium  is  a  quadrilateral  that  has  two  sides 
parallel. 

Thus,  a  AD  is  parallel 
to  BC,  the  quadrilateral 
A  BCD  is  a  trapezium. 
The  word  trapezoid  is  some- 
times used  instead  of  tra- 
pezium. 

36.  A  diagonal  of  a  quadri- 
lateral is  a  straight  line  joining 
any  two  opposite  corners. 

Thus  AC  and  BD  are  diagonals 
of  the  quadrilateral  A  BCD. 
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POSTULATES. 

Let  it  be  granted  : 

L  That  a  straight  line  may  be  drawn  from  any  one  point 
to  any  other  point. 

2.  That  a  terminated  straight  line  may  be  produced  to 
any  length  either  way. 

3.  That  a  circle  may  be  described  with  any  centre,  and 
at  any  distance  from  that  centre. 

The  three  postulates  may  be  considered  as  stating  the  only 
instruments  we  are  allowed  to  use  in  elementary  geometry.  These 
are  the  ruler  or  straight-edge,  for  drawing  straight  hnes,  and  the 
compasses,  for  describing  circles.  The  ruler  is  not  to  be  divided  at 
its  edge  (or  grcaduated),  so  as  to  enable  us  to  measure  off  particular 
lengths ;  and  the  compasses  are  to  be  employed  in  describing 
circles  only  when  the  centre  of  the  circle  is  at  one  given  point,  and 
the  circumference  must  [lass  through  another  given  point.  Neither 
ruler  nor  compasses  can  be  used  to  carry  distances. 

If  two  points  A  and  B  are  given,  and  we  wish  to  draw  a  straight 
line  from  A  to  B,  it  is  usual  to  say  simply  'join  AB.'  To  prpduce 
a  straight  line,  means  not  to  make  a  straight  line  when  there  is 
none,  but  when  there  is  a  straight  line  already,  to  make  it  longer. 
The  third  postulate  is  sometimes  expressed,  'a  circle  may  be 
described  with  any  centre  and  any  radius.'  That,  however,  is  not 
to  be  taken  as  meaning  with  a  radius  equal  to  any  given  straight 
line,  but  only  with  a  radius  equal  to  any  given  straight  line  drawn 
from  the  centre. 

[The  restrictions  imposed  on  the  use  of  the  ruler  and  the  com- 
passes, somewhat  inconsistently  on  Euclid's  part,  are  never 
adhered  to  in  practice.] 


AXIOMS. 

1.  Things  which  are  equal  to  the  same  thing  are  equal 
to  one  another. 

2.  If  equals  be  added  to  equals,  the  sums  are  equal. 

3.  If  equals  be  taken  from  equals,  the  remainders  are' 
equal. 
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4.  If  equals  be  added  to  unequals,  the  sum*  are 
unequal,  the  greater  sum  being  obtained  from  the  greater 
unequal. 

5.  If  equals  be  taken  from  unequals,  the  remainders  are 
unequal,  the  greater  remainder  being  obtained  from  the 
greater  unequal. 

6.  Things  which  are  doubles  of  the  same  thing  are  equal 
to  one  another. 

7.  Things  which  are  halves  of  the  same  thing  are  equal 
to  one  another. 

8.  The  whole  is  greater  than  its  part,  and  equal  to  the 
sum  of  all  its  parts. 

9.  Magnitudes  which  coincide  with  one  another  are  equal 
to  one  another. 

10.  All  right  angles  are  equal  to  one  another. 

11.  Two  straight  lines  which  intei'sect  one  another  cannot 
be  both  parallel  to  the  same  straight  line. 

An  axiom  is  a  self-evident  truth,  or  it  is  a  statement  the  ti*uth 
of  which  is  admitted  at  once  and  without  demonstration.  Some 
of  Euclid's  axioms  are  general — that  is,  they  apply  to  magnitudes  of 
all  kinds,  and  not  to  geometrical  magnitudes  only.  The  first  axiom, 
which  says  that  things  which  are  equal  to  the  same  thing  are  equal 
to  one  another,  appHes  not  only  to  lines,  angles,  surfaces,  and  solids, 
but  also,  for  example,  to  numbers,  which  are  arithmetical,  and  to 
furces,  which  are  physical,  magnitudes.  It  will  be  seen  that  the 
first  eight  axioms  are  general,  and  that  the  last  three  are 
geometrical. 

It  ought,  perhaps,  to  be  noted  that  some  of  the  axioms  are  often 
applied,  not  in  the  general  form  in  which  they  are  stated,  but  in 
particular  cases  that  come  under  the  general  form.  For  example, 
under  the  general  form  of  Axiom  2  would  come  two  particular  cases : 
If  equals  be  added  to  the  same  thing,  the  sums  are  equal ;  and  If 
the  same  thing  be  added  to  equals,  the  sums  are  equal.  Again,  ?• 
particular  case  coming  under  the  general  form  of  Axiom  4  woulc . 
be  :  If  the  same  thing  be  added  to  unequals,  the  sums  are  unequ?! 
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the  greater  sum  being  obtained  from  the  greater  unequal.  Axioms 
6  and  7,  on  the  other  hand,  are  only  particular  cases  of  more  general 
ones — namely,  Things  which  are  double  of  equals  are  equal,  and 
Things  which  are  halves  of  equals  are  equal ;  and  these  axioms 
again  are  only  particular  cases  of  still  more  general  ones :  Similar 
multiples  of  equals  (or  of  the  same  thing)  are  equal,  and  Similar 
fractions  of  equals  (or  of  the  same  thing)  are  equal. 

Axiom  9  is  often  called  Euclid's  definition  or  test  of  equality ; 
and  the  method  of  ascertaining  whether  two  magnitudes  are  equal 
by  seeing  whether  they  coincide — that  is,  by  mentally  appl3dng  the 
one  to  the  other,  is  called  the  method  of  superposition.  Two 
magnitudes  (for  example,  two  triangles)  which  coincide  are  said  to 
be  congruent;  and  this  word,  if  it  is  thought  desirable,  may  be 
used  instead  of  the  phrase,  *  equal  in  every  respect.'  Axiom  10  is, 
strictly  speaking,  a  proposition  capable  of  proof.  The  proof  is  not 
given  here,  as  at  this  stage  it  would  perhaps  not  be  fully  appreciated 
by  the  pupil.  After  he  has  read  and  understood  the  definitions 
of  the  third  book,  he  will  probably  be  able  to  prove  it  for  himself. 
Axiom  11,  frequently  referred  to  as  Playf air's  axiom  (though 
Playfair  statee  that  it  is  assumed  by  others,  particularly  by  Ludlam 
in  his  Rudiments  of  Mathematics),  has  been  substituted  for  that 
given  by  Euclid,  which  is  proved  as  a  corollary  to  Proposition  29. 


QUESTIONS   ON    THE   DEFINITIONS,    POSTULATES,    AXIOMB. 

1.  How  do  we  indicate  a  point  ? 

2.  What  is  the  only  thing  that  a  point  has  ?     What  has  it  not  ? 

3.  Could  a  number  of  geometrical  points  placed  close  to  one  another 

form  a  line  ?     Why  ? 

4.  Draw  two  lines  intersecting  each  other  in  two  points. 

5.  Could  two  straight  lines  be  drawn  intersecting  each  other  in 

two  points  ? 

6.  What  is  Euclid's  definition  of  a  'straight'  line? 

7.  Could  a  number  of  geometrical  lines  placed  close  to  one  another 

form  a  surface  ?     Why  ? 

8.  When  two  points  are  taken  on  a  plane  surface,  and  a  straight 

line  is  drawn  from    the   one  to  the   other,  where  will  the 
straight  line  lie  ? 

9.  If  a  straight  line  is  drawn  on  a  plane  surface  and  then  produced, 

where  will  the  produced  part  lie  ? 
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10.  Would  it  be  possible  to  draw  a  straight  line  upon  a  surface  tliat 

was  not  plane  ?    If  so,  give  an  example. 

11.  How  many  arms  has  an  angle  ? 

12.  What  name  is  given  to  the  point  where  the  arms  meet  ? 

13.  When  an  angle  is  denoted  by  three  letters,  may  the  letters  be 

arranged  in  any  order  ? 
If  not,  in  how  many  ways  may  they  be  arranged,  and  what 

precaution  must  be  observed  ? 
When  is  it  necessary  to  name  an  angl« 

by  three  letters  ? 

16.  How  else  may  an  angle  be  named  ? 

17.  OA,  OB,  OC  are  three   straight  lines 

which  meet  at  0.  Name  the  three 
angles  which  they  form. 

18.  Name  the  angle  contained  by  OA  and 

OB  ;  by  OB  and  00 ;  by  OG  and  OA, 

19.  OA,   OB,   OC,   OD  are    four    straight 

lines  which  meet  at  0.  Name  the 
SIX  angles  which  they  form. 

20.  Name  the  angle  contained  by  OA  and 

OB;  by  OB  and  OC ;  by  OC  and 
OD;  by  OA  and  OC ;  by  OB  and 
OD  ;  by  OA  and  OD. 

21.  Write  down  all  the  ways  iu  which  the  angle 

A  can  be  named. 

22.  If  the  arms  of  one  angle  are  respectively 

equal  to  the  arms  of  another  angle, 
what  inference  can  we  draw  regarding 
the  sizes  of  the  angles  ? 

23.  In  the  figure  to  Question  17,  if  the  angles 

AOB  and  BOC  are  added  together,  what 
angle  do  they  form  ?  ^ 

24.  In  the  same  figure,  if  the  angle  AOB  is  taken  away  from  the 

angle  A  OC,  what  angle  is  left  ? 

25.  In  the  same  figure,  if  the  angle  BOC  is  taken  away  from  the 

angle  AOC,  what  angle  is  left? 

26.  The  following  questions  refer  to  the  figure  to  Question  1 9  : 

(a)  Add  together  the  angles  AVB  and  BOC;  AOB  and  BOD; 

^OC  and  COD;  BOC  and  COD. 

(b)  From  the  angle  AOD  subtract  successively  the  angles  C0jl>, 

AOB,  AOC,  BOD. 
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(c)  From  the  angle  BOD  subtract  the  angles  COD,  BOO. 

(d)  To  the  sum  of  the  angles  AOB  and  BOO  add  the  difference 

of  the  angles  BOD  and  BOO ;  and  from  the  sum  of  AOB 
and  BOO  subtract  the  difference  of  BOD  and  COD. 

27.  Draw,  as  well  as  you  can,  two  equal  angles  with  unequal  arms. 

28.  II  M  two  uneqnal         m  equal         m 

29.  If  two  adjacent  angles  are  equal,  must  they  necessarily  be  right 

angles  ?    Draw  a  figure  to  illustrate  your  answer. 

30.  If  two  adjacent  angles  are  equal,  what  name  could  be  given  to 

the  arm  that  is  common  to  the  two  angles  ? 

31.  When  an  angle  is  greater  than  a  right  angle,  what  is  it  c»ll«d? 
>32.  II  less  II  II 

v}3.  II  equal  to  n  n 

34.  In    the     accompanying     Hgurs, 

name  two  right  angles,  two 
acute  angles,  and  one  obtuse 
angle. 

35.  What   are    angles   A  EC,   A  ED 

called  with  reference  to  each 
other?  angles  AEC,  BED? 
angles  AEC,  BEC  ?  angles 
BEG,  AED?  angles  BEC, 
BED? 

36.  Would  it  be  a  sufficient  defini- 

tion of  parallel  straight  lines 
to  say  that  they  never  meet  though  produced  indefinitely 
far  either  way  ?  Illustrate  your  answer  by  reference  to  the 
edges  of  a  book,  or  otherwise. 

37.  Draw  three  straight  lines,  every  two  of  which  are  parallel. 

38.  Draw  three  straight  lines,  only  two  of  which  are  parallel. 

39.  Draw  three  straight  lines,  no  two  of  which  are  parallel. 

40.  What  is  the  least  number  of  lines  that  will  inclose  a  space? 

Dlustrate  your  answer  by  an  example. 

41.  How  many  radii  of  a  circle  are  equal  to  one  diameter? 

42.  How  do  we  know  that  all  radii  of  a  circle  are  equal  ? 

43.  Prove  that  all  diameters  of  a  circle  are  equal. 

44  Are  all  lines  drawn  from  the  centre  of  a  circle  to  rhe  circum* 
ference  equal  to  one  another  ? 

45.  What    is    the    distinction    between    a   circle    and    a    circusi* 

ference  ? 

46.  Is  the  one  word  ever  used  for  the  other? 
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47.  How  many  letters  are  generally  used  to  denote  a  circle? 

48.  Would  it  be  a  sufficient  definition  of  a  diameter  of  a  circle  to 

say  that  it  consists  of  two  radii  ? 

49.  Prove  that  the  distance  of  a  point  inside  a  circle  from  the  centre 

is  less  than  a  radius  of  the  circle. 

50.  Prove  that  the  distance  of  a  point  outside  a  circle  from  the 

centre  is  greater  than  a  radius  of  the  circle. 
61.  What  is  the  least  number  of  straight  lines  that  will  inclose  a 
space? 

52.  What  name  is  given  to  figiires  that  are  contained  by  straight 

lines? 

53.  Could  three  straight  lines  be  drawn  so  that,  even  if  they  were 

produced,  they  would  not  inclose  a  space  ? 

54.  What  is  the  least  number  of  sides  that  a  rectilineal  figure  can 

have? 

55.  ABC  is  a  triangla     Name  it  in  five  other 

ways. 

56.  If  .45  is  equal  to  AC,  what  is  triangle  ABC 

called  ? 

57.  If  AB,   BG,   CA    are    all    equal,   what   is 

triangle  ^5C  called? 

58.  If  AB,    BG,   CA    are    all    unequal,   what    is    triangle    ABC 

called? 

59.  Wh»t  name  is  given  to  the  sum  of  AB,  BC,  and  CA  ? 

60.  Which  side  of  a  triangle  is  called  the  base  ? 

61.  Which  side  of  an  isosceles  triangle  is  called  the  base  ? 

62.  When  the  hypotenuse  of  a  triangle  is  mentioned,  of  what  sort 

must  the  triangle  be  ? 

63.  What   names  are  sometimes  given  to  those  sides  of  a  right- 

angled  triangle  which  contain  the  right  angle  ? 

64.  Would  it  be  a  sufficient  definition  of  an  acute-angled  triangle  to 

say  that  it  had  neither  a  right  nor  an  obtuse  angle  ? 
66.  ABC  is  a  triangle.     Name  by  one  letter 
the    angles    respectively  opposite   to 
the  sides  AB,  BG,  CA. 

66.  Name  by  three  letters  the  angles  respec- 

tively opposite  to  the  sides  AB,  BC, 
CA. 

67.  Name  the  sides  respectively  opposite  to  the  angles  A,  B,  C. 

68.  Name  by  one  letter  and  by  three  letters  the  angle  contained  by 

AB  and  AC;  by  AB  and  BC ;  by  AC  and  BC. 
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69.  Name  all  the  triangles  in  the  accompanying  figur«. 

70.  Name  the   additional   triangles    that 

would    be    formed    if    AD    were 
joined. 

71.  Name  by  three  letters  all  the  angles 

opposite  to  BG;  to  BE;  to  CE. 

72.  Name  all  the  sides  that  are  opposite 

to  angle  A;  to  angle  D. 

73.  Name  all  the  angles  in  the  figure  that 

are  called   exterior   angles  of  the 

triangle  BEG;  of  the  triangle  AEB ;  of  the  triangle  GED. 

74.  ABGD  is  a  quadrilateral.    Name  it  in  seven  other  ways. 

75.  If  the   diagonals  AG,  BD  ^^  a  D 

drawn,  and  E  be  their  point  >^  v 

of   intersection,  how   many  y^  \ 

triangles  will  there  be  in  the        y^ \^ 

diagram  ?    Name  them. 

76.  Name  the  two  angles  opposite  to  the  diagonal  AO. 

77.  ..  ..  ..  BD. 

78.  II  through  which  the  diagonal  AG  passws. 

79.  II  II  II  II  BD      II 

80.  Could  a  square,  with  propriety,  be  called  a  rhombus  ? 

81.  Could  a  rhombus  be  called  a  square  ? 

82.  Could  a  rectangle  be  called  a  parallelogram  ? 

83.  Could  a  parallelogram  be  called  a  rectangle  ? 

84.  Woidd  it  be  a  sufficient  definition  of  a  parallelogram  to  say  that 

it  is  a  figure  whose  opposite  sides  are  parallel  ?    Why  ? 

85.  Could  a  parallelogram  or  a  rectangle  be  called  a  trapezimn  ? 

86.  Could  a  trapezium  be  called  a  parallelogram  or  a  rectangle  ? 

87.  What  is  a  diagonal  of  a  quadrilateral,  and  how  many  diagonals 

has  a  quadrilateral  ? 

88.  How  many  sides  has  a  polygon  ? 

89.  Which  posttdate  allows  us  to  join  two  points  ? 

90.  II  If  produce  a  straight  line  ? 

91.  11  II  describe  a  circle  ? 

92.  In  what  sense  is  the  word  'circle  '  used  in  the  third  postulate? 

93.  What  are  the  only  instruments  that  may  be  used  in  elementary 

plane  geometry  ?     Under  what  restrictions  are  they  to  b« 
used? 

94.  What  is  an  axiom  ?    Give  an  example  of  one. 

96.  State  Euchd's  axiom  about  magnitudes  which  coineid& 
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9f).  Would  it  be  correct  to  say,  magnitudes  which  fill  the  same  space, 
instead  of  magnitudes  which  coincide  ?  Illustrate  your  auswer 
by  reference  to  straight  Hues,  and  angles. 

97.  What  is  Euclid's  axiom  about  right  angles  ? 

98.  What  is  the  axiom  about  parallels  ? 

99.  Would   it   be   correct   to   say,   two   straight   lines   which   pass 

througli  the  same  point  cannot  be  both  parallel  to  the  same 
straight  line  ? 

100.  Could  two  htiaigiit  lines  which  do  not  pass  thi'ough  the  same 

point  be  both  p«.rallel  to  a  third  straight  line  ? 


EXPLANATION  OF  TERMS. 

Propositiopa  are  divided  intp  two  classes,  theorems  and  problems. 

A  theoi^m  is  a  truth  that  requires  to  be  proved  by  meaus  of  othei 
truths  already  known.  The  truths  already  known  are  either  axioms 
or  tb"  jrems. 

A  problem  is  a  construction  which  is  to  be  made  by  means  of 
certain  instruments.  The  instruments  allowed  to  be  used  are  (see 
the  remarks  on  the  postulates)  the  ruler  and  the  compasses. 

A  corollaxy  is  a  truth  which  is  (more  or  less)  easily  inferred  from 
■^  proposition. 

in  the  statement  of  a  theorem  there  are  two  parts,  the  hypothesis 
and  the  conclusion.  Thus,  in  the  theorem,  '  If  two  sides  of  a  tri- 
angle be  equal,  the  angles  opposite  to  them  shall  be  equal,'  the  part, 
'  if  two  sides  of  a  triangle  be  equal,'  is  the  hypothesis,  or  that  which 
is  assumed ;  the  other  part,  '  the  angles  opposite  to  them  shall  be 
equal,'  is  the  conclusion,  or  that  which  is  inferred  from  the  hy|JO- 
thesis. 

The  converse  of  a  theorem  is  derived  from  the  theorem  by  inter- 
changing the  hypothesis  and  the  conclusion.  Thus,  the  converse 
of  the  theorem  mentioned  above  is,  '  If  in  a  triangle  the  angles 
opposite  two  sides  be  equal,  the  sides  shall  be  equal.' 

When  the  hj^othesis  of  a  theorem  consists  of  several  hypotheses, 
there  may  be  more  than  one  converse  to  the  theorem. 

In  proving  pro])ositious,  recours':'  is  sometimes  had  to  the  following 
method.     The  proposition  is  supposed  not  to  be  true,  and  the  con- 
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setjuences  of  this  suppoeitiou  are  then  examined,  till  at  length  a 
result  is  reached  which  is  impossible  or  absurd.  It  is  therefore 
inferred  that  the  proposition  must  be  true.  Such  a  method  of  proof 
is  called  an  indirect  demonstration,  or  sometimes  a  reductio  ad 
abaurdiun  (a  reducing  to  the  absurd). 


SYMBOLS  AND  ABBREVIATIONS. 

+  ,  read  plus,  is  the  sign  of  addition,  and  signifies  that  the  magni- 
tudes between  which  it  is  placed  are  to  be  added  together. 

-,read  minus,  is  the  sign  of  subtraction,  and  signifies  that  the 
magnitude  written  after  it  is  to  be  subtracted  from  the  magni- 
tude written  before  it. 

'~,  read  difference,  is  sometimes  used  instead  of  minus,  when  it  is 
not  known  which  of  the  two  magnitudes  before  and  after  it  is 
the  greater. 

^  is  the  sign  of  equality,  and  signifies  that  the  magnitudes  between 
which  it  is  placed  are  equal  to  each  other.  It  is  used  here  as 
an  abbreviation  for  '  is  equal  to,'  '  are  equal  to,'  '  be  equal  to, 
and  '  equal  to.' 

j.  stands  for  '  perpendicular  to,'  or  '  is  perpendicular  to.' 

*  parallel  to,'  or  '  is  parallel  to.' 
'  angle.' 
"•OTiai^gle. 
'  parallelogram.' 

*  circle.' 

O**      II  *  circumference,' 

If  'therefore.'     This  symbol  turned  upside  do'vro  ('.'), 

which  is  sometimes  used  for  'because'  or  'since,'  I  have  not 
introduced,  partly  because  some  writers  use  it  for  '  therefore,' 
and  partly  because  it  is  easily  confounded  with  the  other. 

AB^  stands  for  'the  square  described  on  AB.' 

AB  •  BC  stands  for  'the  rectangle  contained  by  AB  and  BC* 

A  :  B  stands  for  'the  ratio  of  A  to  i?.' 

!A  :  B)  stands  for  *  the  ratio  compounded  oi  the  ratios  of  ^4  to  fi 
B:CS  and  .B  to  C" 
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A  :  B  =  C  .  D  stands  for  the  proportion  ^  A  is  to  £  as  C7  is  to  i>.' 

The  small  letters  a,  b,  c,  m,  n,  p,  &c.  stand  for  numbers. 

App.  stands  for  '  appendix.' 

Ax.  II  '  axiom.' 

Const.        II  '  construction.* 

Cor.  II  '  corollary.' 

Def.  11  '  definition.' 

Hyp.  II  '  hypothesis.' 

P^st.  II  'postulate' 

Bt.  ,1         'right.' 

In  the  references  given  at  the  right-hand  side  of  the  page  (Enclii 
gives  no  references),  the  Roman  numerals  indicate  the  number  of 
the  book,  the  Arabic  numerals  the  number  of  the  proposition. 
Thus,  I.  47  means  the  forty-seventh  proposition  of  the  first  book. 

In  the  figures  to  certain  of  the  theorems,  it  will  be  seen  that  some 
lines  are  thicl;  and  some  dotted.  The  thick  lines  are  those  which 
are  given,  the  dotted  lines  are  those  which  are  drawn  in  order  to 
prove  the  theorem.  [In  a  few  figures  this  arrangement  has  been 
neglected  to  attain  another  object.] 

In  the  figures  to  certain  of  the  problems,  some  lines  are  thick. 
some  thin,  and  some  dotted.  The  thick  lines  are  those  which  are 
given,  the  thin  lines  are  those  which  are  drawn  in  order  to  effect 
the  construction,  and  the  dotted  lines  are  those  which  are  necessary 
for  the  proof  that  the  construction  is  correct. 

In  the  figures  which  illuatrate  definitions,  the  iines  are  almoa*- 
iuToriably  thin. 


Book  LJ  ABBREVIATIONS,    PROPOSITION    1.  21 

PROPOSITION  1.     Problem. 
To  describe  an  equilateral  triangle  on  a  given  straight  line. 


Let  AB  he  the  given  straight  line  : 
it  is  required  to  describe  an  equilateral  tnangle  on  AB. 

With  centre  A  and  radius  AB,  describe  0  BCD.  Posy  5 
With  centre  B  and  radius  BA,  describe  0  ACE ;  Post,  3 
and  let  the  two  circles  intersect  at  C. 

Join  AC,  BC.  Post.  1 

ABC  shall  be  an  equilateral  triangle. 

l^ox  AB  =AC,  being  radii  of  the  0  BCD;  I.  Def.  16 

and      AB  =  BC,  being  radii  of  the  0  ACE;  I.  Def.  16 

.'.       AC  =  BC.  I.  Ax.  1 

AB,  AC,  BC  are  all  equal, 

and  ABC  is  an  equilateral  triangle.  J.  Def.  23 

DEDUCTION'S. 

1.  If  the  two  circles  intersect  also  at  F,  and  AF^  BF  be  joined, 

prove  that  ABF  is  an  equilateral  triangle. 

2.  Show  how  to  find  a  point  which  is  equidistant  from  two  given 

points. 

3.  Show  how  to  make  a  rhombus  having  one  of  its  diagonals  equal 

to  a  given  straight  Une. 

4.  Show  how  to  make  a  rhombus  having  each  of  its  ndes  equal  t« 

a  given  straight  line. 
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5.  If  ^^  be  jjroduced  both  ways  to  meet  the  two  circles  again  at  D 

and  E,  prove  that  the  straight  hue  DE  is  equal  to  the  sum 
of  the  three  sides  of  the  triaugle  A  BC. 

6.  Show  how  to  find  a  straight  line  equal  to  the  sum  of  the  thret 

sides  of  any  triangle. 
Show  how  to  find  a  straight  line  whicli  shall  be  : 

7.  Twice        as  great  as  a  given  straight  line. 

8.  Thrice  n  m  h 

9.  Four  times      n  u  n 

10.   Five       I.  ::  II  r,  Ac 


PROPOSITION  2.     Problem. 

From  a  given  "point  to  draw  a  straight  line  eqiuxl  to  a  givm 
straight  line. 


Let  A  be  the  giren  point,  and  BC  the  given  straight  line : 
it  is  required  to  draw  from  A  a  straight  line  =  BC. 

Join  AB,  Post.  1 

and  on  it  describe  the  equilateral  A  DBA.  I.  1 

With  centre  B  and  radius  BC,  describe  the  0  CEF ;  Post.  3 

and  produce  DB  to  meet  the  Q"  C£F  in  K  Post.  2 
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With  centre  D,  and  radius  DE,  describe  the  0  EGH;    Post.  3 
and  produce  DA  to  meet  the  O"*  EGH  in  G.  Post.  2 

AG  shaU  =  BC. 
Because        DE  =  DG,  being  radii  of  0  EGH,  I.  Def.  16 
and  DB  —  DA,  being  sides  of  an  equi- 

lateral triangle  ;  /.  Def.  23 

.*.  remainder  BE  =  remainder  AG.  I.  Ax.  3 

But  BE  =  BC,  being  radii  of  0  CEF;  I.  Def.  16 

AG  =  BC.  L  Ax.  1 

1.  If  the  radius  of  the  large  circle  be  double  the  radius  of  the  small 

circle,  where  will  the  given  point  be  ? 

2.  AB  is  a  given  straight  line;  show  how  to  Jraw  from  A  any 

number  of  straight  lines  equal  to  AB. 

3.  AB  is  a  given  straight  line ;    show  how  to  draw  from  B  anj 

number  of  straight  lines  equal  to  AB. 

4.  AB  is  a  given  straight  line  ;  show  how  to  draw  through  A  any 

number  of  straight  lines  double  of  AB. 

5.  AB  ^  a,  given  straight  line  ;  show  how  to  draw  through  B  any 

number  of  straight  lines  double  of  AB. 

6.  On  a  given  straight  line  as  base,  describe  an  isosceles  triangle 

each  of  whose  sides  shall  be  equal  to  a  given  straight  line. 
Ma  J'  the  second  given  straight  line  be  of  any  size  ?    If  net,  how 
large  or  how  small  may  it  be  ? 

Give  the  construction  and  proof  of  the  proposition — 

7.  When  the  equilateral  triangle  ABD  is  described  on  that  side  of 

AB  opposite  to  the  one  given  in  the  text. 

8.  When  the  equilateral  triangle  ABD  is  described  on  the  same 

side  of  AB  &s  in  the  text,  but  when  its  sides  are  produced 
through  the  vertex  and  not  beyond  the  base. 

9.  When  the  equilateral  triangle  A  BD  is  described  on  that  side  of 

AB  opposite  to  the  one  given  in  the  text,  and  when  its  sides 
are  produced  through  the  vertex. 
10.  When  the  given  point  A  is  joined  to  C  instead  of  B.  /Take 
diagrams  for  all  the  cases  that  can  arise  by  descnbmg  the 
equilateral  triangle  on  either  side  of  AC,  and  producing  ite 
Bides  either  beyond  the  base  or  through  the  vectex 
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PROPOSITION  3.     Problem. 

From  the  greater  of  two  given  straight  lines  to  cut  off  a  pan 
equal  to  the  less. 


\ 


— B 


Let  AB  and  C  be  the  two  given  straight  lines,  of  which 
AB  is  the  greater  : 
it  is  required  to  cut  off  from  AB  a  part  =  C. 

From  A  draw  the  straight  line  AD  =  C;  /.  2 

with  centre  A  and  radius  AD,  describe  the  0  DEF,     Post.  3 
cutting  AB  at  E.  AE  shall  =  G. 

For  AE  =  AD,  being  radii  of  0  DEF.  I.  Def  16 

But      AD  =  G;  Gomt. 

AE  =  G.  I.  Ax.  1 

1.  Give  the  construction  and  the  proof  of  this  proposition,  using 

the  point  B  instead  of  the  point  A. 

2.  Produce  the  less  of  two  given  straight  lines  so  that  it  may  be 

equal  to  the  greater. 

3.  If  from  AB  (fig.  1  and  fig.  2)  there  be  cut  oS  AD  and  BE,  each 

equal  to  C,  prove  AE  =  BD. 

Rg.  1.                                                   Pig.  2. 
AD  E        B  A E  D B 


4.  Show  how  to  find  a  straight  line  equal  to  the  sum  of  two  given 
straight  hues. 


Book  I. 
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Show  how  to  find  a  straight  line  equal  to  the  difference  of  two 

given  straight  lines. 
Show  that  if  the  diflference  of  two  straight  lin^s  be  added  to  the 

sum  of  the  two  straight  lines,  the  result  will  be  double  of  the 

greater  straight  line. 
Show  that  if  the  difference  of  two  straight  lines  be  taken  away 

from  the  sum  of  the  two  straight  lines,  the  result  will  be 

double  of  the  less  straight  line. 


PEOPOSITIO]^  4.    Theoeem. 

If  two  sides  and  the  contained  angle  of  one  triangle  he  equa 
to  two  sides  and  the  contained  angle  of  another  triangle, 
the  ttvo  triangles  shall  be  equal  in  every  respect— thai  is, 

(1)  The  third  sides  shall  he  equal, 

(2)  The  remaining  angles  of  the  one  triangle  shall  he  '"irual 

to  the  remaining  angles  of  the  other -triangle, 

(3)  Tiie  areas  of  the  two  triangles  shall  be  equal. 

A  D 


In  A.g  ABC,  DBF,  let  AB  =  DE,  AC=DF,lA=lB: 
it  is  required  to  jirooe  BO  =  EF,  lB  =  L  E,  l  G  =  L  F, 
A  ABC  =  A  DBF. 

If  A  ABC  be  applieJ  to  A  DBF, 
so  that  A  falls  on  D,  and  so  that  AB  falls  on  DE  ; 
then  B  will  coincide  with  E,  because  AB  =  DE.  tfyp. 

And  because  AB  coincides  with  DE,  and  lA=  lD^     i/^A>. 

.-.  ^CwmfallonZ^i^. 
And  because  AC  =  DF,  Hyp. 

.' .   C  will  coincide  with  F. 
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Now,  since  B  coincides  with  £,  and  C  with  F, 

.',  BC  will  coincide  with  EF ;  I.  Def.  3 

.-.  BC  =  EF.  L  Ax.  9 

Hence  also  l  B  will  coincide  with  L  E  ; 
.-.   lB  =  L.  E;  I.  Ax.  9 

and  L  C  will  coincide  with  l  F ;  .•.   lG  =   l  F  ;  I.  Ax.  9 

and  A  ABC  will  coincide  with  A  DEF; 
0-.  A  ABC  =  A  DEF.  L  Ax.  9 

In  the  two  A  s  ABC,  DEF, 
I.  li  AB  ^  DE,  AG  =^  DF,  but  i  A   greater  than  /  D,  where 

would   AO  fall  when  ABC  is  applied  to  DEF  as  in  the 

proposition  ? 
2.liAB  =  DE,  AG=DF,  but  z  A  less  than  z  D,  where  would 

^Cfall? 

3.  li  AB  =  DE,  iA=  l  D,  but  AC  greater  than  DF,  who-e 

wouldCfaU? 

4.  If  AB=^  DE,  lA  =  iD,hvA  AG  less         than  DF,  where 

would  C  fall  ? 

5.  Prove  the  proposition  beginning  the  superposition  with  the  point 

B  or  the  point  C  instead  of  the  point  A. 
5.  If  the  straight  line  CD  bisect  the  straight  line  AB  perpendicu- 
larly, prove  any  point  in  CD  equidistant  from  A  and  B. 
7.  CA  and  CB  are  two  equal  straight  lines  drawn  from  the  point 

G,  and  CD  is  the  bisector  of  z  ^  CB.     Prove  that  any  point 

in  CD  is  equidistant  from  A  and  B. 
*   ''^he  straight  line  that  bisects  the  vertical  angle  of  an  isosceles 

triangle  bisects  the  base  and  is  perpendicular  to  the  base. 
\3.  A  BCD  is  a  quadrilateral,  one  of  whose  diagonals  is  BD.     If 

AB  =  CB,  and  BD  bisects    l  ABC,  prove  that  AD  ^  CD, 

and  that  BD  bisects  also  z  ADC. 
40.  Prove  that  the  diagonals  of  a  square  are  equaL 
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11.  A  BCD  is  a  square.     E,  F,  G,  H  are  the  middle  points  oi  AB 

BC,  CD,  DA ,  and  EF,  FG,  GH,  HE  are  joined.  Prove  that 
EFGH  has  all  its  sides  equal. 

12.  Prove  by  superposition  that  the  squares  described  on  two  equsd 

straight  lines  are  equal. 

13.  If  two  quadrilaterals  have  three  consecutive  sides  and  the  two 

contained  angles  in  the  one  respectively  equal  to  three 
consecutive  sides  and  the  two  contained  angles  in  the  other, 
the  quadrilaterals  shall  be  equal  in  every  respect. 


PROPOSITION"  5.     Theorem. 

TiiP.  angles  at  the  base  of  an  isosceles  tnangle  are  egu* 
j,nd  if  the  equal  sides  he  produced,  the  angles  on  the 
other  side  of  the  base  shall  also  be  equal. 


D 


In  A  ABC,  \QiAB=  AC,  and  let  AB,  AG  he  produced  to 
:;-  and  E: 

it  is  required  to  prove  L  ABC  =  t.  AGE  and  l  DBG  = 
_  ECB. 

In  BD  take  any  point  F, 

Kid  from  AE  cut  off  AG  =  AF ;  I.  3 

join  BG,  GF.  Post.  1 

r         FA  =  GA  Gonst. 

(1)  m  As  AFG,  AGB,}         AG  =  AB  Hyp. 

(  ^  FAG=  L  GAB; 
. .  FC=  GB,  c  AFG=  l.  AGB,  l  AGF ^  l  ABG,        1.  4- 

c 
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(2)  Because  the  whole  AF  =  whole  AQ,  Const, 
mm.                   the  part  AB  =  part  AG ;  Hyp- 

the  remainder  BF  =  remainder  CG.  I.  Ax.  3 

C         BF  =  CG         Proved  m  (2) 

(3)  In  As  BFC,  GGBA  FG  =  GB         Proved  in  (1) 

(  L  BFC  =  L.  GGB;  Proved  in  (1) 
L  BGF  =  L  GBG,  and  z.  FBG  =  l  GGB,  I.  4 

(4)  Because  whole  l  ABG  =  whole  l  AGF,   Proved  in  (1) 
and  the  part  l  GBG  =   part    l  BGF;  Proved  in  (3) 

.*.    the  remainder  l  ABG  =  remainder  z.  AGB ;    I.  Ax.  3 
and  these  are  the  angles  at  the  hase. 
But  it  was  proved  in  (3)  that  i.  FBG  =   L  GGB; 
and  these  are  the  angles  on  the  other  side  of  the  base. 

Cor. — If  a  triangle  have  aU  its  sides  equal,  it  will  also 
have  all  its  angles  equal ;  or,  in  other  words,  if  a  triangle  be 
equilateral,  it  will  be  equiangular. 

lo  If  two  angles  of  a  triangle  be  unequal,  the  sides  opposite  to 
them  will  also  be  unequal. 

2.  Two  isosceles  triangles  ABG,  Z)jBC  stand  on  the  same  base  BC, 

and  on  opposite  sides  of  it ;  prove  z  ABD  =  z  A  CD. 

3.  Two  isosceles  triangles  ABC,  DBC  stand  on  the  same  base  BC, 

and  on  the  same  side  of  it ;  prove  z  A  BD  =   L  A  CD. 
4k  In^the  figure  to  the  second  deduction,  \i  AD  be  joined,  prove  that 
ik  will  iMseot  the  angles  at  A  and  D. 
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5.  ABC  is  an  isosceles  triangle  having  AB  =  AG.    In  A  B,  AC,  two 

points  D,  E  are  taken  equally  distant  from  A  ;  prove  that 
the  triangles  ABE,  ACD  are  equal  in  all  respects,  and  also 
the  triangles  DBC,  EGB. 

6.  Prove  that  the  opposite  angles  of  a  rhombus  are  equal. 

7.  D  and  E  are  the  middle  points  of  the  sides  BG  and  CA  of  a 

triangle ;  DO  and  EO  are  perpendicular  to  BG  and  CA  ; 
show  that  the  angles  OAB  and  OB  A  are  equal. 

8.  Prove  the  proposition  by  supposing  the  A  ABC,  after  leaving  a 

trace  or  impression  of  itself,  to  be  lifted  up,  turned  over,  and 
applied  to  the  trace. 

9.  Prove  the  first  part  of  the  proposition  by  supposing  the  angle  at 

the  vertex  to  be  bisected. 


PEOPGSITION  6.     Theorem. 

ff  two  angles  of  a  triangle  he  equal,  the  sides  opposite  them 
shall  also  be  equal. 


In  A  ABC  let  l  ABC  =  i.  AGB: 
>t  is  required  to  prove  AC  =  AB. 

[f  ^C  is  not  =  AB,  one  of  them  must  be  the  greater. 
L(  t  AB  he  the  greater; 

;iiul  from  it  cut  off  BD  =  AC,  /.  3 

;iMd  join  DC.  Post.  1 

C        DB  =  AC  Const 
in  As  DBC,  ACB,<         BC  =  CB 

\  lDBC--=  l.  ACS  Hyp 
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.-.  area  of  A  DBC  =  area  of  A  ACB;  I.  4 

which  is  impossible,  since  A  DBG  is  a  part  of  A  ACB. 
Hence  ^C  is  not  unequal  to  AB; 
that  is,  AC  =  AB. 

Cor. — If  a  triangle  have  all  its  angles  equal,  it  will  also 
have  all  its  sides  equal ;  or,  in  other  words,  if  a  triangle  be 
equiangular,  it  will  be  equilateral. 

1.  If  two  sides  of  a  triangle  be  unequal,  the  angles  opposite  to  them 

will  also  be  unequal. 

2.  If  .450  be  an  isosceles  triangle,  and  if  the  equal  angles  ASC, 

ACB  be  bisected  by  BD,  CD,  which  meet  at  D  ;  prove  ttat 
DBC  is  also  an  isosceles  triangle. 

3.  In  the  figure  to  /.  5,  if  BG,  CF  intersect  at  H,  prove  tltat 

HBC  is  an  isosceles  triangle. 
4  Hence  prove  that  FH  =  OH,  and  that  AH  bisects  L  A. 

5.  By  means  of  what  is  proved  in  the  last  deduction,  give  a  method 

of  bisecting  an  angle. 

6.  Prove  the  proposition  by  supposing  the  A  ABC,  after  leaving  a 

trace  or  impression  of  itself,  to  be  lifted  up,  turned  over,  and 
applied  to  the  trace. 


PEOPOSITION  7.     Theorem. 

Ttco  triangles  on  the  same  base  and  on  the  same  side  of  ii 
cannot  have  their  conterminous  sides  equal. 
C  D 


A  B       A  B        A  B 

If  it  be  possible,  let  the  two  As  ABC,  ABD  on  th^ 
game  base  AB,  and  on  the  same  side  of  it,  have  AG  =  Ail^, 
Mid  BG  =  BD. 
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Three  cases  may  oocur  : 

(1)  The  vertex  of  each  A  may  be  outside  the  other  A. 

(2)  The  vertex  of  one    A  may  be  inside  the  other  A. 

(3)  The  vertex  of  one    A  may  be  on  a  side  of  the  other  A. 
In  the  first  case  join  CD  ;    and  in  the  second  case  join 

GD  and  produce  A  C,  AD  to  E  and  F. 

Because  AO  =  AD,  .\  l  EGD  =  lFDO.  I.  5 

But  L.  ECD  is  greater  than  l  BCD  ;  I.  Ax.  8 

.-.   L.  FDCis  greater  than  l  BCD. 
Much  more  then  is  l  BD  C  greater  than  l  BCD. 
But  because  BC  =  BD,  .-.  l  BDC  =  l  BCD  ;  I.  5 

that  is,  L  BDC  is  greater  than  and  equal  to  l.  BCD, 
which  is  impossible. 

The  third  case  needs  no  proof,  because  BC  is  not  =  BD. 
Hence  two  triangles  on  the  same  base  and  on  the  same  side 
of  it  cannot  have  their  contermmous  sides  equal. 

1.  On  the  same  base  and  on  the  same  side  of  it  there  can  be  only 

one  equilateral  triangle. 

2.  On  the  same  base  and  on  the  same  side  of  it  there  can  be  only 

one  isosceles  triangle  having  its  sides  equal  to  a  given  straight 
line. 

3.  Two  circles  cannot  cut  each  other  at  more  than  one  point  either 

above  or  below  the  straight  line  joining  their  centrea. 


PEOPOSITION  8.     Theorem. 

Tf  three  sides  of  one  triangle  he  respectively  equal  to  three 
sides  of  another  triangle,  the  two  triangles  shall  he  equal 
in  every  respect;   that  is, 

(1)  The  three  angles  of  the  one  triangle  shall  be  respedivdy 
equal  to  the  three  angles  of  the  other  triangU, 

(8)  The  areas  of  the  two  triangles  shall  he  equal. 
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In  /Is  ABC,  DEF,  let  AB  =  DE,  AC  =  DF,  BG  =  EF : 
it  is  required  to  prove  i-A  =  LD,  lB=lE,  l.C  =  lF, 
and  A  ABC  =  A  DEF. 

If  A  ABC  be  applied  to  A  DEF, 
so  that  B  falls  on  E,  and  so  that  BC  falls  on  EF; 
then  C  will  coincide  with  F,  because  BC  =  EF,  Hyp. 

Now  since  BC  coincides  with  EF, 

.• .  BA  and  AC  must  coincide  with  ED  and  DF. 
For,  if  they  do  not,  but  faU  otherwise  as  EG  and  GF ; 
then  on  the  same  base  EF,  and  on  the  same  side  of  it, 
there  will  be  two  As  DEF,  GEF,  having  equal  pairs 
of  conterminous  sides, 
which  is  impossible.  /.  7 

.-.  BA  coincides  with  ED,  and  AC  with  DF. 
Hence  l  A  will  coincide  with  l  D,  .■ .  l  A  =  l  D ;     I.  Ax.  9 
and  L  B  will  coincide  with  lE,   .-.  lB'=  l  E;     I.  Ax.  9 
and  L  C  wiU  coincide  with  lF,   .-.  lG=lF;     I.Ax.'i 
and  A  ABC  will  coincide  with  A  DEF, 

.-.    A  ABC  =  A  DEF.  I.  Ax.  9 

1.  The  straight  line  which  joins  the  vertex  of  an  isosceles  triangle 

to  the  middle  point  of  the  base,  is  perpendicular  to  the  base, 
and  bisects  the  vertical  angle. 

2.  The  opposite  angles  of  a  rhombus  are  equal. 

3.  Either  diagonal  of  a  rhombus  bisects  the  angles  through  which 

it  passes. 

4.  A  BCD  is  a  quadrilateral  having  AB  =  BC  and  AD  ~  DC ; 

prove  that  the  diagonal  BD  bisects  the  angles  through  which 
it  passes,  and  that  i  A  =  i  C. 
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5.  Two  isosceles  trianj^s  stand  on  the  same  base  and  on  opposite 

sides  of  it ;  prot  ^  that  the  straight  line  joining  their  vertices 
bisects  both  vertical  angles. 

6.  Two  isosceles  trij  igles  stand  on  the  same  base  and  on  the  same 

side  of  it ;  provyj  that  the  straight  line  joining  their  vertices, 
being  produced,  bisects  both  vertical  angles. 

7.  In  the  iigures  to  the  fifth  and  sixth  deductions,  prove  that  the 

straight  line  joining  the  vertices,  or  that  straight  line 
produced,  bisects  the  common  base  perpendicularly. 

8.  Hence  give  a  construction  for  bisecting  a  given  straight  line. 

9.  The  diagonals  of  a  rhombus  or  of  a  square  bisect  each  other  per- 

pendicularly. 

10.  If  any  two  circles  cut  each  other,  the  straight  line  joining  their 

points  of  intersection  is  bisected  perpendicularly  by  the 
straight  line  joining  their  centres. 

11.  Prove  the  proposition  by  applying  the  triangles  so  that  they 

may  fall  on  opposite  sides  of  a  common  base.  Join  the  two 
vertices,  and  use  I.  5  (Philon's  method ;  see  FriecQein's 
Proclus,  p.  266). 


PROPOSITION  9.    Problem. 
To  bisect  a  given  rectilineal  angle. 


Let  ACB  be  the  given  rectilineal  angle 
it  is  required  to  bisect  it. 

In  ^  C  take  any  point  D, 
aiid  from  CB  cut  off  CE  =  CD. 


i.  S 
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Join  DE,  and  on  DE,  on  the  side  remote  from  O, 

describe  the  equilateral  A  DEF.  /.  1 

Join  CF.  Ci^  shaU  bisect  l  ACB. 

(DC=EO  Const. 

In  As  DCF,  EOF,  ]  CF  =  CF 

(  DF  =  EF;  I.  Def.  23 

,-.  L  DCF  =   L.  ECF;  /.  8 

that  is,  CF  bisects  l  ACB. 


1.  Prove  that  OF  bisects  angle  BFE. 

2.  If  the  equilateral  triangle  DEF  were  described  on  the  same  side 

of  DE  as  C  is,  what  three  positions  might  F  take  ? 

3.  Show  that  in  one  of  these  positions  the  demonstration  remains 

the  same  as  in  the  text. 

4.  Would  an  isosceles  triangle  DEF  described  on  the  base  DE 

answer  the  purpose  as  well  as  an  equilateral  one?    K  so, 
why? 

5.  Prove  the  proposition  and  the  first  deduction,  using  I.  5  and 

I.  4  instead  of  I.  8. 

6.  Divide  a  given  angle  into  4  equal  parts. 

7.  Could  the  ntunber  of  equal  pai-ts  into  which  an  angle  may  be 

divided    be    ei^tended    beyond    4?     If    so,    enmnerate    the 
numbers. 
S.  Prove  from  an  equilateral  triangle  that  if  a  right-angled  triangle 
have  one  of  the  acute  angles  double  of  the  other,  the  hypot- 
enuse is  double  of  the  side  opposite  the  least  angle. 


Book  t]  PROPOSITIONS  9,   10.  '66 

PROPOSITION  10.     Problhm. 

To  bisect  a  given  straight  line. 
C 


Let  AB  be  the  given  straight  line  : 
it  is  required  to  bisect  it. 

On  AB  describe  an  equilateral  A  ABO,  I.  1 

and  bisect  l  ACB  by  (7Z>,  which  msets  AB  at  D.  I.  9 

AB  ahall  be  bisected  at  D. 

L         AC=  BC  I.  Def.  23 

In  As  ACD,  BCD,  ]  CD  =  CD 

i  L  ACD  =  L  BCD;  Const. 

.-.  AD  =  BD;  ,  I.  4 

that  is,  AB  is  bisected  at  D. 

1.  Would  an  isosceles  triangle  described  on  ^5  as  base,  answer  the 

purpose  as  well  as  an  equilateral  one  ?     If  so,  why  ? 

2.  Prove  that  CD,  besides  bisecting  AB,  is  perpendicular  to  AB, 

3.  In  the  figure  to  I.  1,  suppose  the  two  circles  to  cut  at  G  and 

F;  prove  that  CF  bisects  AB. 

4.  Hence  give  (without  proof)  a  simple  method  of  bisecting  a  given 

straight  line. 

5.  In  the  figure  to  the  third  deduction,  prove  that  AB  and  CF 

bisect  each  other  perpendicularly. 

6.  Enunciate  the  preceding  deduction  as  a  property  of  a  rhombus, 

7.  Divide  a  given  straight  line  into  4  equal  parts. 

8.  Could  the  number  of  equal  parts  into  which  a  straight  line  may 

be  divided  be  extended  beyond  4  ?  _  If  so,  enumerate  the 
number. 
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9.  Find  a  straight  line  half  as  long  again  as  a  given  straight  line. 

10.  Find  a  straight  line  equal  to  half  the  sum  of  two  given  straight 

lines. 

11.  Find  a  straight  line  equal  to  half  the  difference  of  two  given 

straight  Haec. 

12.  If,  in   the   figiire  to  the   proposition,    z  ^  is  bisected  by  AF, 

which  meets  BC  at  F,  prove  BF  =  BD,  and  AF  =  CD. 


PROPOSITION^  11.     Problem. 

To  draio  a  straight  Hne  perpendicular  to  a  given  straight 
line  from  a  given  point  in  the  same. 
F 


D  C  E 

Let  .45  be  the  given  straight  line,  and  O  the  given  point 
m  it : 
it  is  required  to  draw  from  O  a  perpendicular  to  AB. 

In  AC  take  any  point  D, 
and  from  CB  cut  off  CE  =  CD.  I.  3 

On  DE  describe  the  eqiulateral  A  DEF,  I.  1 

and  join  CF.  CF  shall  be  X  AB. 

iDC=EC  Canst 
In  As  DCF,  ECF,  \cF=  CF 

(  DF  =  EF;  I.  Def  23 

.-.  L  DCF  ^  L.  ECF;  I.  8 

'.CFisA.AB.  I.  Def  10 

1.  Would  an  isosceles  triangle  described  on  DF  as  base  answer  the 
purpose  as  well  as  an  equilateral  one  ?     If  so,  why  ? 
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t.  If  th«  giren  point  were  situated  at  either  end  of  the  given 
straight  line,  what  additional  constructioM  would  be  necessary 
in  order  to  draw  a  perpendicular  ? 

3.  At  a  given  point  in  a  given  straight  line  make  an  angle  equal 

to  half  of  a  right  angle. 

4.  At  a  given  point  in  a  given  straight  line  make  an  angle  equal  to 

one-fourth  of  a  right  angle. 

5.  Construct  an  isosceles  right-angled  triangle. 

6.  Construct  a  right-angled  triangle  whose  base  shall  be  equal  to 

half  the  hypotenuse. 

7.  Find  in  a  given  straight  line  a  point  which  shall  be  equally 

distant  from  two  given  points.  Is  this  always  possible  ?  If 
not,  when  is  it  not  ? 

8.  ABC  is  any  triangle;    ^5  is  bisected  at  L,  and  ^C  at  K. 

From  L  there  is  drawn  LO  perpendicular  to  AB,  and  from 
K,  KO  perpendicular  to  AC,  and  these  perpendiculars  meet 
at  0.     Prove  that  OA,  OB,  OC  are  all  equal. 

9.  Compare  the  construction  and  proof  of  I.  9  with  those  of  I.  11, 

and  show  that  the  latter  proposition  is  a  particular  case  of 
tile  former. 


PROPOSITION  12.     Problem. 

To  draw  a  straight  line  perpendicular  to  a  given  straight 
line  from  a  given  point  without  it. 
0 


Let  ABhQ  the  given  straight  line,  and  C  the  given  point 
without  it : 
it  is  required  to  draw  from  C  a  perpendicular  to  AB. 

Take  any  point  D  on  the  other  side  of  AB; 
with  centre  C  and  radius  OD,  describe  the  0  UDF,  cutting 
AB,  or  AB  produced,  at  E  and  F. 
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Bisect  j;i^  at  G; 
and  join  CG. 
Join  CE,  OF. 

iEG  =  FG 
In  As  CGE,  CGF,  ]gC  =  GO 
(  CE  =  CF; 
.'.  L  CGE  -  L  CGF; 
,'.  CG  is  ±  AB. 


CG  shall  be  ±  AB. 


I.  10 


Oonst. 


I.  Def.  16 

/.  8 

/.  Def.  10 


1.  Is  CEF  an  equilateral  triangle  ? 

2.  Prove  that  CO  bisects  ^  ^CT?*. 

3.  Instead  of  bisecting  EF  at  O  and  joining  CG*,  would  it  answer 

the  purpose  equally  well  to  bisect  z  EOF  by  CG  ? 

4.  Instead  of  taking  D  on  the  other  side  of  AB,  would  it  answer 

equally  well  to  take  Dm.  AB  itself? 

6.  Two  points  are  situated  on  opposite  sides  of  a  given  straight 
line.  Find  a  point  in  the  straight  line  such  that  the  straight 
lines  joining  it  to  the  two  given  points  may  make  equal 
angles  with  the  given  straight  line.     Is  this  always  possible  ? 

6.  Use  the  tenth  deduction  on  I.  8  to  obtain  another  method  of 
drawing  the  perpendicular. 


PROPOSITION  13.     Theorem. 

TTie  angles  which  one  straight  line  makes  ivith  another  on 
one  side  of  it  are  together  equal  to  tioo  right  angles. 

Let  AB  make  with  CD  on  one  side  of  it  the  z.  s  ABC, 
ABD- 

it  is  required  to  prove  l  ABC  +  l  ABD  =  2  rt.  l  s. 
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C  B  D 

(i)  If  L  ABC  =  L  ABD, 
then  each  of  them  is  a  right  angle ; 
.-.    L  ABC  +  L  ABD  =  2  rt.  ^  s. 
(2)  If  L  ABC  be  not  =  l  ABD, 
from  B  draw  BE  ±  CD. 
Then  ls  BBC,  EBD  are  2  rt.  z.8. 
But  L  ABC  +  L  ABD  =  l  EBO  +   l  EBD; 
.-.   L  ABC  +  L  ABD  =  2  rt.  i.s. 


1.  Def.  10 


/.  11 

Const. 
I.  Ax.  9 
/.  Ax.  I 


Cor.  1. — Hence,  if  two  straight  lines  cut  one  another, 
Uie  four  angles  which  they  make  at  the  point  where  they 
cut  are  equal  to  four  right  angles. 

For  L  AEC  +  L  AED  =  2  vt.  La,    ^ 

/.  13 
jnd     L  BED  +  L  BEC  -=  2  rt.  z.  s. 

/.  13 
.'.  L  AEC  +  L  AED  +   L  BED  +   l  BEC  =  4  rt.  ^s. 

CoR.  2. — All  the  successive  angles  made  by  any  number 
of  straight  lines  meeting  at  one  point  are  together  equal  to 
four  right  angles. 

Let  OA,  OB,  DC,  OD,  which 
meet  at  0,  make  the  successive 
angles  AOB,  BOC,  COD,  DOA: 
it  is  required  to  prove  these  i-8 
'^  i  rt.  Ls. 

Produce  AO  to  E. 
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Then  ^  AOB  +   l  BOG  +   l  COD  +   l  DOA 

=  ( I.  AOB  +   L  BOB)  +  (  L  BOD  +  l  DOA) 
=  2  rt.  AS  +  2  rt.  AS.  /.  13 

=  4  rt,  L  s. 

Dep. — Two  angles  are  called  supplementary  when  their 
sum  is  two  right  angles;  and  either  angle  is  called  the 
supplement  of  the  other. 

Thus,  in  the  figure  to  the  proposition,  L  ABC  and  l  ABD 
are  supplementary ;  l  ABC  is  the  supplement  of  l  ABD, 
and  L  ABD  is  the  supplement  of  L  ABC. 

Def. — Two  angles  are  called  complementary  when  their 
sum  is  one  right  angle ;  and  either  angle  is  called  the 
complement  of  the  other. 

Thus,  in  the  figure  to  the  proposition,  L  ABD  and 
L  ABE  are  complementary ;  L  ABD  is  the  complement 
of  L  ABE,  and  l  ABE  is  the  complement  of  L  ABD. 

1.  In  the  figure  to  Cor.  1,  name  all  the  angles  which  are  supple- 

mentary to  L  AEC,  to  L  AED,  to  i  BED,  to  z  BEC. 

2.  In  the  figure  to  Cor.  2,  name  the  angles  which  are  supplemen- 

tary to  L  AOB,  I  BOE,  L  COE,  l  EOD,  l  AOD. 

3.  In  the  figure  to  I.  5,  name  the  angles  which  are  supplementary 

to  z  ABC,   I   AOB,   z   BBC,   z  ECB,   z  BFC,  /  CGB, 
L  ABQ,  L  ACF. 

4.  In  the   accompanying  figure,  z   AOB  is 

right.  Name  the  angles  which  are 
complementary  to  z  AOC,  L  AOD, 
L  BOD,  L  BOG. 

5.  In  the  same  figure,  if  z  AOC  =  L  BOD, 

prove  z  AOD  ==  z  BOC ;  and  if 
z  AOD  =  z  BOC,  provB  L  AOC  = 
L  BOD. 

6.  la  the  figure  to  the  proposition,  if    z  s  ABC  and  ABD  be 

bisected,  prove  that  the  bisectors  are  perpendicular  to  each 
other. 

7.  If  the  angles  at  the  base  of  a  triangle  be  equal,  the  angles  on 

the  other  side  of  the  base  must  also  be  equal 
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S.  If  the  base  of  an  isosceles  triangle  be  produced  both  wayg,  the 

exterior  angles  thus  formed  are  equaL 
9.  ABC  is  a  triangle,  and  the  sides  AB,  AC  are  produced  to  D 

and  E.     If  z  DBC  =  L  ECB,  prove  t^  ABC  isosceles. 
10.  ABC  is  a  triangle,  and  the  base  BC  is  produced  both  ways. 

If  the  exterior  angles  thus  formed  are  equal,  prove  A  ABC 

isosceles. 


PROPOSITION^  14.     Theorem. 

If  at  a  point  in  a  straight  line,  two  other  straight  lines  on 
opposite  sides  of  it  make  the  adjacent  angles  together 
equal  to  two  right  angles,  these  two  straight  lines  shall 
he  in  one  and  the  same  straight  line. 


C  B  b 

At  the  point  B  in  AB,  let  BC  and  BD,  on  opposite  sides 
of  AB,  make  l  ABC  +  l  ABD  =  2  rt.  ^  s  : 
it  is  required  to  prove  BD  in  the  same  straight  line  loith  BO. 

If  BD  be  not  ia  the  same  straight  hne  -svith  BG,  produce 
CB  to  E;  Post.  2 

then  BE  does  not  coincide  with  BD. 
Now  since  CBE  is  a  straight  line, 

..  ABC  +  L  ABE  =  2  rt.  A  s.  /.  13 

But  L  ABC  +  L  ABD  =  2  rt.  ^  s ;  Hyp. 

L  ABC  +  L  ABE  =  L  ABC+  l.  ABD.  I.  Ax.  1 
Take  away  from  these  equals  l  ABC,  which  is  common  ; 

L  ABE  =  L  ABD,  L  Ax.  3 

which  is  impossible ; 
.*.  BE  must  coincide  with  BD; 
that  is,  BD  is  in  the  same  straight  line  with  BO. 
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lo  ABGD,  EFOH  are  two  squares.  If  they  be  placed  so  that  i^ falls 
on  C,  and  FE  along  CD,  show  that  FG  will  either  fall  along 
CB,  or  be  in  the  same  straight  line  with  it. 

2.  If  in  the  straight  line  AB,  s,  point  E  be  taken  and  two  straight 
lines  EC,  ED  be  drawn  on  opposite  sides  of  AB,  making 
I  AEG  =  L  BED,  prove  that  EG  and  ED  are  in  the  same 
straight  line. 

.3.  If  four  straight  lines,  AE,  GE,  BE,  DE,  meet  at  a  point  E,  so 
that  z  AEG  =  I  BED  and  z  AED  ^  i  BEG,  then  AE  and 
EB  are  in  the  same  straight  line,  and  also  GE  and  ED. 

4.  P  is  any  point,  and  AOB  a  right  angle ;  PAl  is  drawn  perpen- 

dicular to  OA  and  produced  to  Q,  so  that  Q3f  =  MP  ;  PN 
is  drawn  perpendicular  to  OB  and  produced  to  R,  so  that 
RN  =  NP.  Prove  that  Q,  0,  R  lie  in  the  same  straight 
line. 

5.  If  in  the  enunciation  of  the  proposition  the  words  '  on  opposite 

sides  of  it'  be  omitted,  is  the  proposition  necessarily  true? 
Draw  a  figure  to  illustrate  your  answer. 


PROPOSITION  15.     Theorem. 

If  tvfo  straight  lines  cut  one  another,  the  vertically  opposite 
angles  shall  he  equal. 


A' 

Let  AB  and  CD  cut  one  another  at  E  : 
it  is  required  to  prove  l  AEG  —  L  BED,  and  l  BEG  — 
L  AED. 

Because  GE  stands  on  AB, 

L  AEG  +  I.  BEG  =  2  rt.  l  a.  L  13 

Because  BE  stands  upon  CD, 

L  BEG  +  L  BED  =  2  rt.  ^  s ;  7.  13 

I.  AEG  +  L  BEG  =  L  BEG  +  l  BED.  I.  Ax.  1 
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Take  away  from  these  equals  L  BEC,  which  is  common  ; 

lAEC=lBED.  I.  Ax.  S 

Hence  also,  L  BEC  =  L  AED. 

1.  Prove  L  AEC  =  /  BED,  making  z  AED  the  common  angle. 

2.  „       L  BEG  =  L  AED,        „        z  AEG 

3.  „       I  BEG  =  L  AED,        „        l  BED 

4.  If  L  AED  is  bisected  by  FE,  and  FE  is  produced  to  G,  prove 

that  EG  bisects  l  BEG. 

5.  If  L  AED  is  bisected  by  FE,  and  i  BEG  bisected  by  GE,  prove 

FE  and  GE  in  the  same  straight  line. 

6.  If  in  a  straight  line  AB,  a,  point  E  be  taken,  and  two  straight 

lines,  EG,  ED,  be  drawn  on  opposite  sides  of  AB,  making 
/  AEG  =  L  BED,  prove  that  EG  and  ED  are  in  the  same 
straight  line. 

7.  ABC  is  a  triangle,  BD,  GE  straight  lines  drawn  making  equal 

angles  with  BG,  and  nieetinu  the  opposite  sides  in  D  and  E 
and  each  other  in  F ;  prove  that  if  L  AFE  =  L  AFD,  the 
triano-le  is  isosceles. 


PROPOSITION  16.     Theorem. 

//  one  side  of  a  triangle  he  j^i'odaced,  the  exterior  angle  shall 
be  greater  than  either  of  the  interior  opposite  angles. 


Let  ABC  be  a  triangle,  and  let  BC  be  produced  to  D.- 
it  is  required  to  prove  L  AC D  greater  than  l  BAG,  and  also 
greater  than  l  ABC. 

Bisect  ^  a  at  J?; ;  /.  JO 

o 


u 
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'D 


G 

join  BU,  and  produce  it  to  F,  making  EF  =  BE; 
and  join  CF. 

(         AE  =  CE 
In  As  AEB,  CEF,  ]         EB  =  EF 

(  L.  AEB  =  A.  CEF; 
L  EAB  =  L  ECF. 
But  z.  ACD  is  greater  than  l  ECF; 
.'.    L  ACD  is  greater  than  L  EAB. 
Hence,  if  J.  C  be  produced  to  G, 
L  BGG  is  greater  than  l  ABC. 
But  A  ACD  =  z.  BCG; 
.•.    L  ACD  is  greater  than  z.  ABC. 


Prove         L  A  less  than  ^JS^JP,  BEC,  ACD,  BCG. 


I.  3 

Const, 

Const. 

I.  15 

7.  4 

/.  ^a;.  8 


/.  15 


/  F        „    i^X'D,  FCG,  BEG,  AEF. 
L  ABE        „   'AEF,  BEC,  ACD,  BCG. 
L   CBE        n   ACD,  BCG,  AEB,  CEF. 
I   ACS        „        AEB,  CEF. 
L   BEC        „        ACD,  BCG. 
L   BCE        .,   AEB,  CEF. 

8.  K  L   ECF        „   AEF,  BEC. 

9.  Draw  three  figures  to  show  that  an  exterior  angle  of  a  triangle 

may  be  greater   than,  equal   to,  or  less   than   the  interior 
adjacent  angle. 

10.  From  a  point  outside  a  given  straight  line,  there  can  be  drawn 

to  the  straight  line  only  one  perpendicular. 

11.  ABC  is  a  triangle  whose  vertical  z  .4  is  bisected  by  a  straight 

line  which  meets   BC  at    D ;    prove  z  ADC  greater  than 
L  DAC,  and  l  ADB  greater  than  l  BAD. 
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12.  In  the  figure  to  the  proposition,  if  AF  be  joined,  prove  :    (1)  AF 

=  BC.     (2)  Area  of  a  ^50  =  area  of  A  BCF.     (3)  Area  of 
A  ABF  =  area  of  a  AGF. 

13.  Hence  construct  on  the  same  base  a  series  of  triangles  of  equal 

area,  whose  vertices  are  equidistant. 

14.  To  a  given  straight  line  there  cannot  be  drawn  more  than  two 

equal  straight  lines  from  a  given  point  without  it. 

15.  Any  two  exterior  angles  of  a  triangle  are  together  greater  than 

two  right  angles. 


PROPOSITION  17.     Theorem. 

2%e  sum  of  any  two  angles  of  a  triangle  is  less  tiian  two 
right  angles. 

A 


Let  ABC  be  a  triangle  : 
it  is  required  to  prove  the  sum,  of  any  two  of  its  angles  less 
than  2  rt.  l  s. 

Produce  BC  to  D. 

Then  l  ABCis  less  than  l  ACD.  /.  16 

.-.     z.  ABC  +  L  ACB  is  less  than  l  AGD  +  l  AGB. 

But    L  ACD  +  L  ACB  =  2  rt.  ^  s ;  /.  13 

.-.     L  ABC  +  L  ACB  is  less  than  2  rt.  z.  s. 

Kow  -L  AjBCand  L  A C^  are  any  two  angles  of  the  triangle; 
.•.  the  suK>  of  any  two  angles  of  a  triangle  is  less  than 

2  rt.  L.  s. 

I .  Prove  that  in  any  triangle  there  cannot  be  two  right  angles,  or 
two  obtuse  angles,  or  one  right  and  one  obtuse  angle. 
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2.  Prove  that  in  any  triangle  there  must  be  at  least  two  acate 

angles. 

3.  From  a  point  outside  a  straight  line  only  one  perpendicular  can 

be  drawn  to  the  straight  line. 

4.  Prove  the  proposition  by  joining  the  vertex  to  a  point  inside  the 

base. 

5.  The  angles  at  the  base  of  an  isosceles  triangle  are  both  acute. 

6.  All  the  angles  of  an  equilateral  triangle  are  acute. 

7.  If  two  angles  of  a  triangle  be  unequal,  the  smaller  of  the  two 

must  be  acute. 

8.  The  three  interior  angles  of  a  triangle  are  together  less  than 

three  right  angles. 

9.  The  three  exterior  angles  of  a  triangle  made  by  producing  the 

sides  in  succession,  are  together  greater  than  three  right 
angles. 
Prove  by  indirect  demonstrations  the  following  theorems  : 

10.  The  perpendicular  from  the  right  angle  of  a  right-angled  triangle 

on  the  hypotenuse  falls  inside  the  triangle. 

11.  The  perpendicular  from  the  obtuse  angle  of  an  obtuse-angled 

triangle  on  the  opposite  side  falls  inside  the  triangle. 

12.  The  perpendicular  from  any  of  the  angles  of   an  acute-angled 

triangle  on  the  opposite  side  falls  inside  the  triangle. 

13.  The  perpendicular  from  any  of  the  acute  angles  of  an  obtuse- 

angled  triangle  on  the  opposite  side  falls  outside  the  triangle. 


PE0P08ITI0N  18.     Theorem. 

The  greater  side  of  a  triangle  has  the  greater  angle  oppo&ite 
to  it.  A 


Let  ABC  he,  a  triangle,  having  ^C  greater  than  AB.- 
it  is  required  to  pi'ove  l  ABC  greater  than  l.  O. 

From  AC  cut  off  AD  -  AB,  1.  3 

and  join  BD. 
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Because  L  ADB  is  an  exterior  angle  of  A  BCD, 
.-.    L.  ADB  is  greater  than  L  C.  /.  16 

But  L  ADB  =  L  ABD,  since  AB  =  AD;  I.  5 

.•.    L  ^^Z>  is  greater  than  l  C. 

Much  more,  then,  is  l.  ABC  greater  than  z.  O. 

1.  If  two  angles  of  a  triangle  be  equal,  the  sides  opposite  them 

must  also  be  equal. 

2.  A  scalene  triangle  has  all  its  angles  imequal. 

3.  If  one  side  of  a  triangle  be  less  than  another  side,  the  angle 

opposite  to  it  must  be  acute. 

4.  A  BCD  is  a  quadrilateral  whose  longest  side  is  AD,  and  whose 

shortest  is  BC.     Prove  i  ABC  greater  than  /  ADC,  and 
L  BCD  greater  than  l  BAD. 

5.  Prove  the  proposition  by  producing  AB  to  D,  so  that  AD  shall 

be  equal  to  AC,  and  joining  DC. 

6.  Prove  the  proposition  from  the  following  construction  :  Bisect 

i.  A  hy  AD,  which  meets  BC  at   D;    from  AC  out  off 
A£  =  AB,  and  join  DE. 


PEOPOSITION  19.     Theorem. 

The  greater  angle  of  a  triangle  has  the  greater  side  opposite 
to  it. 


Let  ABC  he  a  triangle  having  z.  B  greater  than  ^.  0: 
it  is  required  to  prove  AC  greater  than  AB. 

If  -4  C  be  not  greater  than  AB, 
then  AC  must  be  =  AB,  or  less  than  AB. 
If  AC  =  AB,  then  l  B  =  l  C.  7.  5 

But  it  is  not : 
.-.  ^(7  is  not  =  AB. 
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Ji  AChe  less  than  AB,  then  L  B  must  be  less  than  L  C.  /.  18 
But  it  is  not ; 

.•.  ^C  is  not  less  than  AB. 
Hence  AC  must  be  greater  than  AB. 

Cor. — The  perpendicular  is  the  shortest  straight  line  that 
can  be  drawn  from  a  given  point  to  a  given  straight  line ; 
and  of  others,  that  which  is  nearer  to  the  perpendicular  is 
less  than  the  more  remote. 


F  D  EG 

From  the  given  point,  A,  let  there  be  drawn  to  the  given 
straight  line,  BC,  (1)  the  perpendicular  AD,  (2)  AE  and 
AF  equally  distant  from  the  perpendicular,  that  is,  so  that 
DE  =  DF,  (3)  AG  more  remote  than  AE  or  AF : 

it  is  required  to  prove  AD  the  least  of  these  straight  lines, 
and  AG  greater  than  AE  or  AF. 

(         AD  =  AD 

In  As  ADE,  ADF,  )         DE  =  DF  Hyp. 
{  L  ADE  =  L  ADF;      I.  Ax.  10 

.-.  AE  =  AF.  I.  4 

Because  L  ADE  is  right,  .'.  l  AED  is  acute;  /.  17 

.-.  AE  is  greater  than  AD.  /.  19 

Hence  also  AF  is  greater  than  AD. 

Because  L  AEG  is  greater  than  z.  ADE,  /.  16 
.-.    L  AEG  is  obtuse ; 

/,    z.  AGE  is  acnto;  /.  17 

.•.  AG  is  greater  than  AE.  i.  19 

Hence  also  ^G^  is  greater  than  AF,  and  than  AD. 
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1.  The  hypotenuse  of  a  right-angled  triangle  is  greater  than  either 

of  the  other  sides. 

2.  A  diagonal  of  a  square  or  of  a  rectangle  is  greater  than  any  one 

of  the  sides. 

3.  In    an   obtuse-angled   triangle  the  side  opposite  to  the  obtuse 

angle  is  greater  than  either  of  the  other  sides. 

4.  From  ^4,  one  of  the  angular  points  of  a  square  ABCD,  a  straight 

line  is  drawn  to  intersect  BC  and  meet  DC  produced  at  E ; 
prove  that  ^^  is  greater  than  a  diagonal  of  the  square. 
6.  From  a  point  outside  not  more  than  two  equal  straight  lines  can 
be  drawn  to  a  given  straight  line. 

6.  The  circumference  of  a  circle  cannot  cut  a  straight  line  in  more 

than  two  points.  -Iv 

7.  ABC  is  a  triangle  whose  vertical   angle  A  is   bisected  by  a 

sti-aight  line  which  meets  BC  at  D  ;  prove  that  A  Bis  greater 
than  BD,  and  A  C  greater  than  CD. 


PEOPOSITION  20.     Theorem, 

The  sum  of  any  two  sides  of  a  triangle  is  greater  than  the 
third  side. 


Let  ABC  be  a  triangle  : 
it  is  required  to  prove  that  the  sum  of  any  two  of  its  sides  is 
greater  than  the  third  side. 

Produce  BA  to  D,  making  AD  =  AC,  /.  3 

and  join  CD. 

Then  l  ACD  =   l  D,  since  AD  =  AG.  •      /.  5 

But  z.  BCD  is  greater  than  l.  ACD ; 
.'.    L.  BCD  is  greater  than  L  D ; 
.-.  BD  is  greater  than  BC.  I.  19 


&0 
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ButBD  =  BA  +  AC; 

.:  BA  +  ACis  greater  than  BC. 
Now  BA  and  A  C  are  any  two  sides ; 

.".  the  sum  of  any  two  sides  of  a  triangle  is  greater  than 
the  third  side. 

Cor. — The  difference  of  any  two  sides  of  a  triangle  is  less, 
than  the  third  side. 

For  BA  +  ACis  greater  than  BO.  I.  20 

Taking  A  0  from  each  of  these  imequals, 
there  r(>mains  BA  greater  than  BC  -  AC;  I.  Ax.  5 

that  is,  the  third  side  is  greater  than  the  difference  hetween 
the  other  two. 

1.  Prove  the  proposition  by  producing  CA  instead  of  BA. 

2.  ti  II  diawing    a    perpendicular     from    the 

vertex  to  the  base. 

3.  II  II  bisecting  the  vertical  angle. 

4.  In  the  first  figure  to  I.  7,  the  sum  oi  AD  and  BC  is  greater  than 

the  sum  of  ^  C  and  BD. 

5.  A  diameter  of  a  circle  is  greater  than  any  other  straight  line  in 

the  circle  which  is  not  a  diameter. 

6.  Any  side  of  a  quadrilateral  is  less  than  the  sum  of  the  other 

three  sides. 

7.  Any  side  of  a  polygon  is  less  than  the  sum  of  the  other  sides. 

3.  The  sum  of  the  distances  of  any  point  from  the  three  angles  of 

a  triangle  is  greater  than  the  semi-perimeter  of  the  triangle. 

Discuss  the  three  cases  when  the  point  is  inside  the  triangle, 

when  it  is  outside,  and  when  it  is  on  a  side. 

9.  The  semi-perimeter  of  a  triangle  is  greater  than  any  one  side, 

and  less  than  any  two  sides. 
10.  The  sum  of  the  two  diagonals  of  any  quadrilateral  is  greater 
than  the  sura  of  any  pair  of  opposite  sides. 
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11.  The  perimeter  of  a  quadrilateral  is  greater  than  the  su      and 

less  than  twice  the  sum  of  tlie  two  diagonals. 

12.  The  sum  of  the  diagonals  of  a  quadrilateral  is  less  than  the  sum 

of  the  four  straight  lines  which  can  be  drawn  to  the  four 
angles  from  any  other  point  except  the  intersection  of  the 
diagonals. 

1.3.  The  sum  of  any  two  sides  of  a  triangle  is  greater  than  twice  the 
median  *  drawn  to  the  third  side,  and  the  excess  of  this  sum 
over  the  third  side  is  less  than  twice  the  median. 

14.  The  perimeter  of  a  triangle  is  greater,  and  the  semi-perimeter  is 
less,  than  the  sum  of  the  three  medians. 


PEOPOSITION  21.     Theorem. 

If  from  the  ends  of  any  side  of  a  triangle  there  he  drawn  two 
straight  lines  to  a  point  within  the  triangle,  these 
straight  lines  shall  he  together  less  than  the  other  tioo 
sides  of  the  triangle,  hut  shall  contain  a  greater  angle. 

A 


Let  ABC  be  a  triangle,  and  from  B  and  C,  the  ends  of 
BC,  let  BD,  CD  be  drawn  to  any  point  D  within  the 
triangle  : 

it  is  required  to  prove   (1)   that   BD  +  CD  is  less   than 
AB  +  AC ;  (2)  that  z.  BDC  is  greater  than  l  A. 

*  Def. — A  median  line,  or  a  median,  is  a  straight  line  drawn  fr<Ha  any 
vertex  of  a  triangle  to  the  middle  point  of  the  opposite  side. 
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A 


Produce  BD  to  meet  AG  at  E. 

(1)  Because  BA  +  AE  is  greater  than  BE ;  I.  20 
add  to  each  of  these  unequals  EC ; 

.-.  BA  +  AC\B  greater  than  BE  +  EC  I.  Ax.  4 

Again,  CE  +  ED  is  greater  than  CD  ;  I.  20 

add  to  each  of  these  unequals  DB  ; 

.-.  CE  +  EBi^  greater  than  CD  +  DB.  I.  Ax.  4 

Much  more,  then,  is  BA  +  ^C  greater  than  CD  +  DB. 

(2)  Because  CED  is  a  triangle, 

.-.   L  BDCis  greater  than  L  DEC;  I  /i> 

and  because  BAE  is  a  triangle, 

.-.   L  DECis  greater  than  L  A;  Jl  I ^ 

much  more,  then,  is  L  B DC  greater  than  i.  A 

1.  Prove  the  first  part  of  the  proposition  b^  proau.^iug  GD  instead 

of  BD. 

2.  Prove  the  second  part  of  the  propositirn  by  joining  AD  and 

producing  it. 

3.  In  the  second  figure  to  I.  7,  prove  that  the  perimeter  of  the 

triangle  ACB  is  greater  than  that  of  ADB. 

4.  Prove  the  same  thing  with  respect  to  the  third  figure  to  I.  7. 

5.  If  a  point  be  taken  inside  a  triangle  and  joined  to  the  three 

vertices,  the  sum  of  the  three  straight  lines  so  drawn  shall  be 
less  than  the  perimeter  of  the  triangle. 

6.  If  a  triangle  and  a  quadrilateral  stand  on  the  same  base,  and  on 

the  same  side  of  it,  and  the  one  figure  fall  within  the  other, 
that  which  has  the  greater  surface  shall  have  the  greater 
perimeter. 
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PEOPOSITION  22.     Problem. 

To  make  a  triangle  the  sides  of  which  shall  he  equal  to  three 
given  straight  lines,  but  any  two  of  these  must  be  greater 
than  the  third. 


Let  A,  B,  C  be  the  three  given  straight  lines,  any  two  of 
which  are  greater  than  the  third  : 

it  is  required  to  make  a  triangle  the  sides  of  which  shall  be 
respectively  equal  to  A,  B,  C. 

Take  a  straight  line  DE  terminated  at  D,  but  unlimited 
towards  E  ; 

and  from  it  cut  off  DF  =  A,  FG  =  B,  GH  =  C.  1.3 

With  centre  i^  and  radius  FD,  describe  the  0  DKL; 
with  centre  G  and  radius  GH,  describe  the  0  HKL, 
ciitting  the  other  circle  at  K  ; 
join  KF,  KG.  KFG  is  the  triangle  required. 

Because  FK  =  FD,  being  radii  of  0  DKL,      I.  Def  16 
FK  =  A. 
Because      GK  =  GH,  being  radii  of  0  HKL,    L  Def  16 
GK  =  a 

And  FG  was  made  =  B  ; 
.•,  A  KFG  has  its  sides  respectively  equal  to  A,  B,  C. 

1.  Could  any  other  triangle  be  constructed  on  the  base  FO  fulfilling 
the  given  conditions  ? 
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2.  li  A,  B,  C  be  all  equal,  which  preceding  proposition  shall  we 

be  enabled  to  solve  ? 

3.  Draw  a  figure  showing  what  will  happen  when  two  of  the  given 

straight  lines  are  together  equal  to  the  third. 

4.  Draw  a  figure  showing  what  will  happen  when  two  of  the  given 

straight  lines  are  together  less  than  the  third. 

5.  Since   a   quadrilateral   can   be   divided    into   two   triangles  by 

drawing  a  diagonal,  show  how  to  make  a  quadrilateral  whose 
sides  shall  be  equal  to  those  of  a  given  quadrilateraL 

6.  Since  any  rectilineal  figure  may  be  decomposed  into  triangles, 

show  how  to  make  a  rectilineal  figure  whose  sides  shall  be 
equal  to  those  of  a  given  rectilineal  figure. 


PEOPOSITION  23.     Problem. 

At  a  given  point  in  a  given  straight  line,  to  make  cm  angle 
equal  to  a  given  angle.  a 

C 


B 

Let  ABhe  the  given  straight  line,  A  the  given  point  in 
it,  and  l.  G  the  given  angle  : 
it  is  required  to  make  at  A  an  angle  =  lC. 

In  CD,  CE,  take  any  points  D,  E,  and  join  DE. 
Make  A  AFG  such  that  AF=  GD,  EG  =  DE,  GA  -  EG.  I.  22 

A  is  the  required  angle. 
iAF=  GD  Const 

In  Ae  AFG,  CDE,  \aG=^  CE  Const. 

(eg  =DE;  Const. 

.'.  L  A=  L  a  1.8 
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1.  At  a  given  poiat  in  a  given  straight  line,  to  make  an  angle  equal 

to  the  supplement  of  a  given  angle. 

2.  At  a  given  point  in  a  given  straight  line,  to  make  an  angle  equal 

to  the  complement  of  a  given  angle. 

3.  If  one  angle  of  a  triangle  is  equal  to  the  sum  of  the  other  two, 

the  triangle  can  be  divided  into  two  isosceles  triangles. 

4.  The  straight  line  OC bisects  the  angle  AOB ;  prove  that  if  OD 

be  any  other  straight  line  through  0  without  the  angle  A  OB, 
the  sum  of  the  angles  DOA  aud  DOB  is  double  of  the  angle 
DOC. 

5.  The  straight  line  OC  bisects  the  angle  A  OB ;  prove  that  if  OD 

be  any  other  straight  line  through  0  within  the  angle  A  OB, 
the  difference  of  the  angles  DOA  and  DOB  is  double  of  the 
angle  DOG. 
Construct  an  isosceles  triangle,  having  given  : 

6.  The  vertical  angle  and  one  of  the  equal  sides. 

7.  The  base  and  one  of  the  angles  at  the  base. 
Construct  a  right-angled  triangle,  having  given  : 

8.  The  base  and  the  perpendicular. 

9.  The  base  and  the  acute  angle  at  the  base. 
Construct  a  triangle,  having  given  : 

U).  The  base  and  the  angles  at  the  base. 
VI.  Two  sides  and  the  included  angle. 

"-fit  The  osae,  an  angle  at  ihe  base,  and  the  sum  of  the  other  two 
sides. 
-'tSl  The  base,  an  angle  at  the  base,  and  the  difference  of  the  other 
two  sides. 


PEOPOSITION  24.     Theorem. 

If  two  triangles  have  two  sides  of  the  one  respectively  equal 
to  two  sides  of  the  other,  hut  the  contained  angles 
unequal,  the  base  of  the  triangle  which  has  the  greater 
contained  angle  shall  he  greater  than  the  base  of  the 
other.* 

*The  proof  given  in  the  text  is  different  from  Euclid's,  which  is 
defective. 
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Let   ABC,  DBF  be   two  triangles,  haring   AB  =  DE, 
AG  =  DF,  but  L  B AC  greater  than  ^  EDF: 
it  is  required  to  2orove  BG  greater  than  EF. 

At  D  make  l  EDG  =   L  BAG; 
cutoflfZ>G=  =  AGorDF, 
and  join  EG. 

Bisect  L  FDG  by  DH,  meeting  EG  at  H; 
and,  if  F  does  not  lie  on  EG,  join  FH. 
C         BA  =  ED 
In  As  ABC,  DEG,  \         AC  =  DG 

(  L  BAG  ^  L  EDG; 
.-.  BC=  EG. 

i  FD  =  GD 

In  As  FDH,  GDH,  \  DH  =  DH 

i  L  FDH  =   I.  GDH; 
.-.  FH  ^  GH 

Hence  EH  +  FH  =  EH  +  GH  ^  EG. 
But  EH  +  FH  is  greater  than  EF; 
.-.  EG  is  greater  than  EF ; 
.-.  BC  is  greater  than  EF. 

1.  ABC  is  a  circle  whose  centre  is   0.    If 

z  A  OB  is  greater  than  z  BOC,  prove 
that  ^5  is  greater  than  BC. 

2.  In  the  same  figure,  prove  that  ^  C  is  greater 

than  ^S  or  BC. 

3.  ^J5CZ>  is  a  quadrilateral,  having  ^B  =  CD, 

but  z  BCD  greater  than  z  ABC ;  prove  that  5Z)  is 
than  .4(7. 


/.  23 
/.  3 

7.9 

Hyp. 

Const. 

Const. 

L  i 

Const 

Const. 
7.4 

L  20 


Book  L]  PROPOSITIONS  24,   25.  67 

4.  ABC  is  an  isosceles  triangle,  having  AB  =  AC.  AD  drawn  to 
the  base  BC  does  not  bisect  i  A  ;  prove  that  D  is  at  unequal 
distances  from  B  and  C. 

6.  Prove  the  proposition  with  the  same  construction  as  in  the  text, 
but  let  A  DEG  fall  on  the  other  side  of  DE. 


PROPOSITION  25.     Theorem. 

If  two  triangles  have  two  sides  of  the  one  respedivehj  equal 
to  two  sides  of  the  other,  but  their  bases  unequal,  the 
angle  contained  by  the  two  sides  of  the  triangle  ivhich 
has  the  greater  base  shall  be  greater  than  the  angle 
contained  by  the  two  sides  of  the  other. 


IF 

Let   ABC,  DEF  be  two  triangles,  having  AB  =  DE, 
AC  =  DF,  but  base  5C  greater  tlian  base  EF : 
it  is  required  to  prove  l  A  greater  ihan  L  D. 

If  ^  ^  be  not  greater  than  z.  D,  it  must  be  either  equal 
to  L  D,  or  less  than  l  D. 
But  ^  yl  is  not  =  lD,  for  then  base  BC  would  be 

=  base  EF,  I.  4 

"which  it  is  not.  Hyp- 

And  L  A  IB  not  less  than  L  D,  for  then  base  BC 
would  be  less  than  base  EF,  7.  24 

which  it  is  not.  Hyp. 

.'.    I.'  A  must  be  greater  than  s.  D. 

i.  in  thi.  figure  to  the  first  deduction  on  I.  24,  if  J  5  is  greater 
than  BC,  prove  that  /  A  OB  is  greater  than  l  BOC. 
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2.  A  BCD  is  a  quadrilateral,  having  AB  =  CD,  but  the  diagonal 

BD  greater  than  the  diagwnal  AC ;  prove  that  z  DCB  is 
greater  than  z  ABC. 

3.  A  BCD  is  a  quadrilateral,  having  AB  =  CD,  but  /  BCD  greater 

than  z  ABC  ;    prove  that  z  Z)^i?  is  greater  than  z  ADC. 

4.  ABCD  is  a  quadrilateral,  having  ^i?  =  CX*,  but  z  Z>^^  greater 

than  z  ADC;  prove  that  z  £CZ>  is  greater  than  z  ABC. 

5.  ^5C  is  a  triangle,  having  >45  less  than  AC.     D  is  the  middle 

point  of  BC,  and  AD  is  joined ;  prove  that  z  ADB  is  acute. 

6.  ^5C  is  an  isosceles  triangle,  having  AB  =  AC.     Dis  any  point 

such  that  BD  is  greater  than  DC ;  prove  that  AD  does  not 
bisect  L  A. 

7.  ABC  is  a  triangle,  having  AB  less  than  AC,  and  ^i)  is  the 

median  drawn  from  A  ;   prove  that  G,  any  point  in  A  D,  is 
nearer  to  B  than  to  C. 


PKOPOSITION  26.     Theorem. 

If  two  angles  and  a  side  in  one  tria7igle  be  respectively  equal 
to  tico  angles  and  the  corresponding  side  in  another 
triangle,  the  two  triangles  shall  he  equal  in  every  respect ; 
that  is, 

(1)  The  remaining  sides  of  the  one  triangle  shall  he  equal  to 

the  remaining  sides  of  the  other. 

(2)  The  third  angles  shall  he  equal. 

(3)  The  areas  of  the  tico  triangles  shall  he  equal. 

Case  1. 


In  As  ABG,  DEF  let   z.    ABQ  =  l  DEF,  l  A'JB 
=  L  DFE,  and  BG  =  EF : 
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it  is  required  to  prove  AB  =  DE,  AC  =  DI    l  A  =  l  D, 
A  ABC  =  A  DBF. 

If  AB  be  not  =  £)£],  one  of  them  lyiitst  be  t.  le  greater. 

Let  AB  be  the  greater,  and  make  BG  =  DE;  I.  3 
and  join  GC. 

i     GB  =  DE  Const. 

In  As  GBC,  DEF,  \     BC  =  EF  Hyp. 

(   L  B  =  i.  E;  Hyp. 

.-.    .1  GCB  =  :_  DFE.  L  1. 

But  L  ACB  =  L.  DFE;  Hyp. 

.-.    L.  GCB  =  L  ACB,  which  is  impossible. 

Hence  AB  is  not  unequal  to  DE,  that  is,  AB  =  DE. 

■  (       AB  ==  DE  Proved 

:N'ow  in  As  ABC,  DEF, }      BC  =  EF  Hyv. 

{      L  B  =  L  E;  Hyp. 

'.  AO  =  DF,  L  A  =  L  D_  A  ABC  =  A  DEF.  I.  4 


In  As  ABC,  DEF  let  L  B  =  l  E,  L   C  =  L  F,  and 
AB  =  DE.- 

it   is  required   to  prove  BC  =  EF,   AC  =  DF,    l  BAG 
=  L  EDF,  A  ABC  =  A  DEF. 

If  BChe  not  =  EF,  one  of  them  must  be  the  greater. 
Let  BC  be  the  greater,  and  make  BH  =  EF;  I.  3 

and  join  AH. 
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(     AB  =  DE  Hyp. 

Ir.  As  ABH,  DEF, }     BH=  EF  Const 

(   L  B  =  L  E;  Hyp. 

.'.    L.  AHB  =  L  DFE.  i.  4 

But  L  A  OB  =  A  DFE;  Hyp, 

.'.    L  AHB  =  L  ACB,  which  is  impossible.  I.  16 

Hence  BG  is  not  unequal  to  EF,  that  is,  BG  =  EF. 

i     AB  =  DE  Hyp. 

JTcw  in  A^.  ABC,  DEF,  ]     BG  =  EF  Proved 

i    L  B  =  L  E;  Hyp. 

,'.  A0=  DF,  lBAG^  L E.DF,  A  ABG  =  A  DEF.    I.  4 

1.  Prove  the  first  case  of  the  proposition  by  superposition. 

2.  The  straight  line  that  bisects  the  vertical  angle  of  an  isosceles 

triangle    bisects    the    base,    and    is    peipendicular    to    the 
base. 

3.  The  straight  line  drawn  from  the  vertical  angle  of  an  isosceles 

triangle  perpendicular  to  the  base,  bisects  the  base  and  the 
vertical  angle. 

4.  Any  point  in  the  bisector  of  an  angle  is  equidistant  from  the 

arms  of  the  angle. 

5.  In   a   given    straight   line,   find   a  point   such    that    the    per- 

pendiculars drawn  from  it  to  two  other  straight  lines  may  be 
equal. 

6.  Through  a  given  point,  draw  a  straight  line  which  shall  be 

equidistant  from  two  other  given  jwints. 
'  7    Tiirough  a  given  point,  draw  a  straight  line  which  shall  form 
with    two    given    intersecting    straight    lines    an    isosceles 
triangle. 
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PROPOSITION  A.    Theorem. 

If  two  sides  of  one  triangle  he  respectively  equal  to  two  sides 
of  another  triangle,  and  if  the  angles  ojyjoosite  to  one 
pair  of  equal  sides  he  equal,  the  angles  opposite  the 
other  2^'^iii'  of  equal  sides  shall  either  be  equal  or  sup- 
plementary. 
In  As  ABC,  DBF  let  AB  =  DE,  AC  =  DK  l  B  = 
L  E: 

it  is  required  to  prove  either  L  C  =■  L  F,  or  L  G  ■{■  l  F 
=  2  rt.  Ls. 

L  A  is  either  =   l  D,  or  not. 
Case  1. — When  l  A  =   l  D, 


iL   A    =    L   D 

In  As  ABC,  DEF,  \  i.  B  =   l  E  Hyp. 

(    AB  =  DE;  Hyp. 
'.  As  ABC,  DEF  are  equal  in  all  respects,  and 

L  C  =^  -  F.  1.26 

Case  2. — ^Mien  ^  ^  is  not  =   l  D. 

A  D 


B  C  E 

At  D  make  l  EDG  =   l.  BAC ; 


1.  23 
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A  D 


B  0-  E  F  G^ 

and  let  EF,  produced  if  necessary,  meet  DG  at  G. 

(lBAC=    l  EDG  Const. 

In  As  ABC,  DEG,  \  l.  ABC  =   l.  DEG  Hyp. 

{        AB  =  DE;  Ilyp. 

.-.  AC  =  DG,  and  L  G  =   L  G.  I.  26 

Xow       AC  =  DF;  Hijp. 

DF  -  DG; 

.-.  L  DFG  =   L  DGF.  I.  5 

But  L  DFE  is  supplementary  to  L  DFG;  /.  13 
.'.    L  DFE  is  supplementary  to  l  .DGF, 
and  consequently  to  z.  C. 

Note. — It  often  happens  that  we  wisli  to  prove  two  triangles 
equal  in  all  respects  when  we  know  only  that  two  sides  in  the  one 
are  respectively  equal  to  two  sides  in  the  other,  and  that  the  angles 
opposite  one  pair  of  equal  sides  are  equal.  In  such  a  case,  since  the 
angles  opposite  the  other  pair  of  equal  sides  may  either  be  equal  or 
supplementary,  we  must  endeavour  to  jirove  that  they  cannot  be 
supplementarj'.  To  do  this,  it  will  be  sufficient  to  know 
either  (1)  that  this  pair  are  both  acute  angles, 
or  (2)  that  they  are  both  obtuse  angles, 

or  (3)  that  one  of  them  is  a  right  angle,  since  the  other  must 

then  be  a  right  angle  whether  it  be  equal  or  supplementary  to  it. 

We  can  tell  that  this  pair  of  angles  must  be  both  acute  in  certain 
cases. 

(a)  When  the  pair  of  angles  given  equal  are  both  right  angles. 

(6)  II  II  II  II  obtuse     II 

(c)  M  ti        equal  sides  opposite  the  given  angles  are 

greater  than  the  other  pair  of  equal  sides. 

Hence  the  following  important  Corollary  : 
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If  the  hypotenuse  and  a  side  of  one  right-angled  triangle  be 
respectively  equal  to  the  hypotenuse  and  a  side  of  another  right- 
angled  triangle,  the  triangles  shall  be  equal  in  all  respects. 


PROPOSITION  27.     Theorem. 

I/a  straight  line  cutting  ttoo  other  straight  lines  make  the 
alternate  angles  equal  to  one  another,  the  two  straight 
lines  sliall  be  jjarallel. 


:::;:=-K 


Let  EF,  whicli  cuts  the  two  straight  lines  AB,  CD,  mako 
L  AGH  =  the  alternate  L  GHD: 
it  is  required  to  prove  AB  \\  CD. 

If  ^5  is  not  II  CD,  AB  and   CD  being  produced  will 
meet  either  towards  A  and  C,  or  towards  B  and  D. 
Let  them  be  produced,  and  meet  towards  B  and  D  at  K. 
Then  KGH  is  a  triangle  ; 

.-.  exterior  l.  AGH  is  greater   than  the  interior 
opposite  L  GHD.  7.  16 

BMt  I-  AGH  =  L  GHD;  '  Hyp. 

which  is  impossible. 

.-.  AB   and   CD,  when  produced,  do   not   meet   towards 
B  and  D. 

Hence   also,  AB   and  CD,  when  produced,  do   not   meet 
towards  A  and  C ; 

.-.  AB\a\\  CD.  I.  Def.  14 
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In  the  figure  to  1.  1(5 : 

1.  Prove  AB  ||  CF. 

2.  Join  AF,  and  prove  AF  \\  BG. 
In  the  hj,'iire  to  1.  28  : 

Z.  li  L  AGE  =  I  DHF,  prove  AB  \\  CD. 

4.  If  z  BGE  =  z  CHF,  prove  AB  \\  CD. 

5.  li  I  AGE  +  I  CHF  =  2  rt.  z  s,  prove  AB  \\  CD. 

6.  If  z  -B(?^  +  z  Z)ifi^  =  2  rt.   z  s,  prove  ^^  ||  CD. 

7.  The  opposite  sides  of  a  square  are  parallel. 

8.  The  opposite  sides  of  a  rhombus  are  parallel. 

9.  The  quadrilateral  whose  diagonals  bisect  each  other  is  a  !|»* 


PROPOSITION  28.     Theorem. 

If  a  straight  line  cutting  tioo  other  straight  lines  make  (1)  an 
exterior  angle  equal  to  the  interior  opposite  angle  on  the 
same  side  of  the  ctitting  line,  or  (2)  the  tico  interior 
angles  on  the  same  side  of  the  cutting  line  together 
equal  to  two  right  angles,  the  two  straight  lines  shall  be 
parallel. 


F 

Case  1. 

Let  EF,  which  cuts  the  two  straight  lines  AB,  CD,  make 
the  exterior  L  EGB  =  the  interior  opposite  z.  GHD : 
it  is  required  to  prove  AB  ||  CD. 

Because  l  EQB  =  i.  GHD,  Hyp. 
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and  L  EGB  =  l  AGH,  being  Tsi'tically  opposite  j      /.  15 

.-.    L.  AGH  =  L  GHD; 
and  they  are  alternate  angles; 

.-.  AB  is  II  CD.  I.  27 

Case  2.- 
Let  EF,  which  cuts  the  two  straight  lines  AB,  CD,  make 
L.  BGH  +  L  GHD  =  2  rt.  ^  s : 
it  is  required  to  prove  AB  \\  CD. 

Because  l  BGH  +  l  GHD  =  2  rt.  La,  Hyp. 

and  i.  AGH  +  l  BGH  =  2  rt.   ^  s ;  /.  13 

.-.    L  AGH  +  L  BGH  =  L  BGH  +  l  GHD. 
From  these  equals  take  L.  BGH,  which  is  common ; 

.-.    L  AGH  =  L.  GHD;  I.  Ax.  3 

and  they  are  alternate  angles ; 

.-.  AB  is  II  CD.  I.  27 

Cor. — Straight  lines  which  are  perpendicular  to  the  same 
straight  line  are  parallel. 

1.  K  z  BGE  +  /  DHF  =  2  rt.   /  s,  prove  AB  \\  CD. 

2.  If  I  AGE  +  z  CHF  =  2  rt.   z  s,  prove  AB  \\  CD. 

3.  U  I  AGE  =  I  DHF,  prove  AB  ||  CD. 

4.  K  z  BGE  =  L  CHF,  prove  AB  |j  CD. 

5.  The  opposite  sides  of  a  square  are  parallel. 

6.  ABCD  is  a  quadrilateral  having  z  A  and  z  B  supplementary, 

as  well  as  z  .S  and  l  C  ;  prove  that  it  is  a  |t™. 


PEOPOSITION  29.     Theorem. 

If  a  straight  line  cut  two  parallel  straight  lines,  it  shall 
malie  (1)  the  alternate  angles  equal  to.  one  another ; 
(2)  any  exterior  angle  equal  to  the  interior  opposite 
angle  on  the  same  side  of  the  cutting  line  ;  (3)  tlie  two 
interior  angles  on  the  same  side  of  the  cutting  line  equal 
to  two  right  angles. 


66  Euclid's  elements.  [Book  t 


Let  EF  cut  the  two  parallel  straight  lines  AB,  CD: 

it  is  required  to  prove  : 

(1)  L  AGH  =  alternate  l  GHD; 

(2)  exterior  L  EGB  =  interior  oj^posite  L  GHD; 

(3)  z.  BGH  +  L  GHD  =  2  rt.  l  s. 

(1)  If  L  AGH  be  not  =  l  GHD,  make  l  KGH  = 
i.  GHD,  I.  23 
and  produce  KG  to  L. 

Because  /.  KGH  =  alternate  L  GHD,  Const. 

.-.  KL  II  CD.  I.  27 

But  AB  is  also  ||  CD;  Hyp. 

.•.  AB  and  KL,  wliich  cut  one  another  at  G,  are  both  ||  CD, 

which  is  impossible.  /.  Ax.  1 1 

.-.  L  AGH  is  not  unequal  to  l  GHD ; 

.'.  L  AGH  =   L  GHD. 

(2)  Because  l  AGH  =  l  GHD,  Proved 
and   L  AGH  =  L  EGB,  being  vertically  opposite;      7.  15 

.-.     L  EGB  =   L  GHD. 

(3)  Because  L  AGH  =  l  GHD;  Prmed 
to  each  of  these  equals  add  L  BGH ; 

.'.    L  AGH  +   L  BGH  =  L  BGH  +  l  GHD.     I.  Ax.  2 
But  L.  AGH  +   L  BGH  =  2  rt.  ^  s ;  /.  13 

.-.    L.  BGH  +  L.  GHD  =  2  rt.  ^  s. 
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Cor. — If  a  straight  line  meet  two  others,  and  make  with 
them  the  two  interior  angles  on  one  side  of  it  together  less 
than  two  right  angles,  these  two  other  straight  lines  will, 
if  produced,  meet  on  that  side. 

Let  KL  and  CD  meet  EF  and  make  l  KGH  +  l  CHG 
less  than  2  rt.  lb: 

it  is  required  to  prove  that  KG  and  CH  ivill,  if  produced, 
meet  towards  K  and  C. 

If  not,  KL  and  CD  must  either  be  parallel,  or  meet 
towards  L  and  D. 

(1)  KL  and  CD  are  not  parallel ; 

for  then  ^  KGH  +  l  CHG  would  be  =  2  rt.  ^  s.        /.  29 

(2)  KL  and  CD  do  not  meet  towa-ds  L  and  D ; 

for  tlien  /.  s  LGH,  DHG  would  form  angles  of  a  triangle, 
and  woidd  .".be  together  less  than  2  rt.  z.  s.  /.  17 

Now  since  the  four  z.  s  KGH,  CHG,  LGH,  DHG  are 
together  =  4  rt.  Ls,  /.  1 3 

and  the  first  two  are  less  than  2  rt.  z.  s ;  Hyp. 

.'.  the  last  two  must  be  greater  than  2  rt.  z.  s. 
Hence  KL  and  CD  must  meet  towards  K  and  O. 
[This  Cor.  is  the  converse  of  I.  17.] 

1.  In  the  diagram  to  I.  28,  if  .45  is  1|  CD,  prove  l  AGE  =  i  DHF, 

and  L  BGE  +  z  DHF  =  2  rt.  z  s. 

2.  If  a  straight  line  be  perpendicular  to  one  of  two  parallels,  it  is 

also  ]ieri)endicular  to  the  other. 

3.  A  straight  line  drawn  parallel  to  the  base  of  an  isosceles  triangle, 

and  meeting  the  sides  or  the  sides  produced,  forms  with  them 
another  isosceles  triangle. 

4.  If  the  arms  of  one  angle  be  respectively  parallel  to  the  arms  ol 

anotheh  angle,  the  angles  are  either  equal  or  supplementary. 
Distinguish  the  cases. 

5.  Is  it  always  true  that  if  two  angles  be  equal,  and  an  arm  of  the 

one  is  parallel  to  an  arm  of  the  other,  the  other  arms  must  be 
parallel? 
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6.  If  any  straight  line  joining  two  parallels  be  bisected,  any  other 

straight    line    drawn    through  the    point   of  bisection   and 
terminated  by  the  parallels  will  be  bisected  at  that  point. 

7.  The  two  straight  lines  in  the  last  deduction  will  intercept  equal 

portions  of  the  parallels. 

8.  If  through  the  vertex  of  an  isosceles  triangle  a  parallel  be  drawn 

to  the  base,  it  will  bisect  the  exterior  vertical  angle. 

9.  If  the  bisector  of  the  exterior  vertical  angle  of  a  triangle  be 

parallel  to  the  base,  the  triangle  is  isosceles. 

10.  The  diagonals  of  a  |i'"  bisect  each  other. 

11.  Prove  that  by  the  following  construction  l  ACB  is  bisected  :  In 

A  G  take  any  point  D  ;  draw  DE  _L  A  C,  and  meeting  CB  at  E. 
Prom  E  draw  EF  ±  DE  and  =  EC;  join  CF. 


PROPOSITION  30.     Theorem. 

Straight  lines  ivhich  are  paralM  to  the  same  straight  line 
are  parallel  to  one  another. 

A  B 

C D 


E- 


Let  AB  and  CD  be  each  of  tliem  i|  EF : 
it  is  reqitired  to  p)>'Ove  AB  \\  CD. 

If  AB  and  CD  be  not  paralk-I,  tliey  will  meet  if  pro- 
duced ;   and  then  two  straight  lines  wliich  intersect  each 
other  will  both  be  ||  the  same  straight  line,  which  is  im- 
possible. /.  Ax.  11 
.-.  AB  is  II  CD. 

1.  Two  |1°"  are  situated  either  on  the  same  side  or  on  different  sides 

of  a  common  base.     Prove  that  the  sides  of  the  ||»"  which  are 
opposite  the  common  base  are  |1  each  other. 

2.  Prove  the  proposition  in  Euclid's  manner  by  drawing  a  straight 

line  OHK  to  cut  AB,  CD,  and  EF.  and  api.lying  I.  29,  27. 
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PROPOSITION  31.     Problem. 

Through  a  given  point  to  drcnv  a  straight  line  paraUeJ  to  a 
giren  straight  line. 

E ^ F 

B jf 0 

Let,  A  be  the  given  point,  aiiLl  BC  the  given  straight  line : 
it  is  required  to  draw  through  A  a  straight  line  \\  BC. 

In  BC  take  any  point  D,  and  join  AD  ; 
at  A  make  L  DAE  =  L  ADC;  I.  23 

and  produce  EA  to  F.  EF  shaU  be  ||  BC. 

Because  the  alternate  L  s  EAD,  ADC  are  equal, 
,'.EFis\\BC.  1.27 

1.  Give  another  construction  for  the  proposition  by  means  of  I.  12, 

11,  and  a  proof  by  means  of  I.  28. 

2.  Through  a  given  point  draw  a  straight  line  making  with  a  given 

straight  line  an  angle  equal  to  a  given  angle. 

3.  Through  a  given  point  draw  a  straight  line  which  shall  form 

with  two  given  intersecting  straight  lines  an  isosceles  tri- 
angle. 

4.  Tlirough  a  given  point  draw  a  straight  line  such  that  the  part 

of  it  intercepted  between  two  parallels  may  be  equal  to  a 
given  straight  line.  Maj'^  there  be  more  than  one  solution  to 
this  problem  ?    Is  the  problem  ever  impossible  ? 


PROPOSITION  32.     Theorem. 

If  a  side  of  a  triangle  he  produced,  the  exterior  angle  is 
equal  to  the  sum  of  the  two  interior  opposite  angles, 
and  the  sum  of  the  three  interior  angles  is  equal  to  two 
right  angles. 
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Let  ABC  be  a  triangle  having  BC  produced  to  D  : 
it  is  required  to  prove  (1)  l  A  CD  =  ^  A  +   L  B ; 

{"l)  L  A+  I.B+  L  ACB  =  2  rt.  ;L  s. 

Through  C  draw  GE  \\  AB.  I.  31 

(1)  Because  AC  meets  the  parallels  AB,  CE, 

.-.   L  A  =  alternate  L  ACE.  I.  29 

Because  BD  meets  the  parallels  AB,  CE, 

.'.  interior  l  B  ^  exterior  l  ECD ;  I.  29 

.'.  L  A  +  lB=  l.  ace  +  L  ECD, 
=  L  ACD. 

(2)  Because  l  A  +  l  B  ^  l  ACD;  Proved 
adding  l  ACB  to  each  of  these  equals, 

.:  I.  A+  ^  B  +   L  ACB  =  l.  ACD  +  l  ACB, 

=  2  rt.  ^  s.  /.  13 

CcmT  1. — If  two  triangles  have  two  angles  of  the  one 
respectively  equal  to  two  angles  of  the  other,  they  are 
mutually  equiangular. 

For  the  third  angles  differ  from  2  rt.  z.  s  by  equal  amounts  j 
.*.  the  third  angles  are  equal. 

Cor.  2.  — The  interior  angles  of  a  quadri-  ^ 

lateral  are  equal  to  four  right  angles.  /    \         -^D 

For  the  quadrilateral  ABCD  may  be 
divided  into  two  triangles  by  joining  4  C; 
and  the  six  angles  of  the  two  As  ABC,  ^ 
ACD  =  4rt.  ^s.  /.32 
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But  the  six  angles  of  the  two  triangles  =  the  interior  angles 
of  tlie  quadrilateral ; 
.-.  the  interior  angles  of  the  quadrilateral 

Cor.  3. — A  five-sided  figure  may- 
be divided  into  three  (that  is,  5  —  2) 
triangles  by  drawing  straight  lines 
from  one  of  its  angular  points. 
Similarly,  a  six-sided  figure  may  be 
divided  into  four  (that  is,  6-2) 
triangles ;  and  generally  a  figure  of  n 
sides  may  be  divided  into  (?z  —  2)  triangles. 

Hence,  by  a  proof  like  that  for  the  quadrilateral, 
the  interior  z.  s  of  a  five-sided  figure        =  6  rt.  ^  s ; 

„  »        six-sided       »  =  8  rt.  £.  s ;  and 

»  »        figure  with  n  sides  =  (2w  —  4)  rt.  l  s. 

1.  If  an  isosceles  triangle  be  right-angled,  each  of  the  base  angles 

is  half  a  right  angle. 

2.  If  two  isosceles  triangles  have  their  vertical  angles  equal,  they 

are  mutually  equiangular. 

3.  If  one  angle  of  a  triangle  be  equal  to  the  sum  of  the  other  two, 

it  must  be  right. 

4.  If  one  angle  of  a  triangle  be  greater  than  the  sum  of  the  other 

two,  it  must  be  obtuse. 

5.  If  one  angle  of  a  triangle  be  less  than  the  sum  of  the  other  two, 

it  must  be  acute. 

6.  Divide  a  right-angled  triangle  into  two  isosceles  triangles. 

7.  Hence  show  that  the  middle  point  of  the  hypotenuse  of  a  right- 

angled  triangle  is  equidistant  from  the  three  vertices. 

8.  Hence  also,  devise  a  method  of  drawing  a  perpendicular  t"  ^ 

given  straight  line  from  the  end  of  it  without  producing  the 
straight  line. 

9.  Each  angle  of  an  equilateral  triangle  is  two-thirds  of  a  right  angle, 
10.  Henee  show  how  to  trisect  *  a  right  angle. 

*  It  is  sometimes  stated  that  the  problem  to  trisect  any  angle  is  beyond 
the  power  of  Geometry.  This  is  not  the  case.  The  problem  is  beyond 
the  power  of  Elementary  Geometry,  which  allows  the  use  of  only  the 
ruier  and  the  compasses. 
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1 1.  Prove  the  second  part  of  the  proposition  by  drawing  through  A 

a  straight  line  DAE  \\  BC.     (The  Pythagorean  proof.) 

12.  If  any  of  the  angles  of  an  isosceles  triangle  be  two-thirds  of  a 

right  angle,  the  triangle  must  be  equilateral. 

13.  Each  of  the  base  angles  of  an  isosceles  triangle  equals  haK  the 

exterior  vertical  angle. 

14.  If  the  exterior  vertical  angle  of  an  isosceles  triangle  be  bisected, 

the  bisector  is  ||  the  base. 

15.  Show  that  the  space  round  a  point  can  be  filled  up  with  six 

equilateral  tiiangles,  or  four  squares,  or  three  regular  hexagons. 

16.  Can  a  right  angle  be  divided  into  any  other  number  of  equal 

parts  than  two  or  three  ? 

17.  In  a  right-angled  triangle,  if  a  perpendicular  be  drawn  from  the 

right  angle  to  the  hypotenuse,  the  triangles  on  each  side  of 
it  are  equiangular  to  the  whole  triangle  and  to  one  another. 
IS.  Prove  the  seventh  deduction  indirectly ;   and  also  directly  by 
producing  the  median  to  the  hypotenuse  its  own  length. 

19.  If  the  arms  of  one  angle  be  respectively  perpendicular  to  the 

arms  of  another,  the  angles  are  either  equal  or  supplementary. 

20.  Prove  Cor.  3  by  taking  a  point  inside  the  figure  and  joining  it 

to  the  angular  points. 


PEOPOSITION  33.     Theorem. 

The  straight  lines  xchich  join  the  ends  of  tivo  equal  and 
parallel  straight  lines  towards  the  same  parts,  are 
themselves  equal  and  parallel. 

A  B 


/ 


C  ^D 

Let  AB  and  CD  be  equal  and  parallel : 
it  is  required  to  prove  AC  and  BD  equal  and  parallel. 

Join  BC. 

Because  BC  meets  the  parallels  AB,  CD, 
•.    i.  ABC  =  alternate  l.  DCB.  L  29 
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(         AB  =  DO  Hyp. 
In  As  ABC,  DCB,  ]         BC  =  CB 

[  L  ABC  =  -  DCB;  Proved 
.-.  AC  =  DB,  -  ACB  =  i.  DBC  I.  4 
Because  CB  meets  J.C  and  BD,  and  makes  the  alter- 
nate L  s  ACB,  DBC  equal ;  Proved 
.-.  AG\s\\BD.  I.  27 

1.  State  a  converse  of  this  proposition. 

2.  K  a  quadrilateral  have   one  pair  of  opposite  sides  equal   and 

parallel,  it  is  a  ,™. 

3.  What  statements  may  be  made  about  the   straight  lines  which 

join  the  ends  of  two  equal  and  parallel  straight  lines  towards 
opposite  parts  ? 


PROPOSITIOX  34.     Theorem. 
A  paraUelogram  has  its  opj^osite  sides  aiid  angles  equal,  and 
is  bisected  by  either  diagonal. 


tzy 


c 

Let  ACDB  be  a  Ij""  of  which  BC  is  a  diagonal : 
it  is  required  to  proce  that  the  opposite  sides  and  angles  oj 
ACDB  are  equal,  and  that  A  ABC  =  A  DCB. 

Because  BC  meets  the  parallels  AB,  CD, 
.-.    ^  ABC  =  alternate  l  DCB;  J.  29 

and  because  BC  meets  the  parallels  AC,  BD, 
.-.    I.  ACB  =  alternate  _  DBC.  I.  29 

L-  ABC  =  _  DCB  Proved 

In  As  ABC,  DCB,  \  -  ACB  =  ^  DBG  Proved 

(         BC  =  CB; 


f4  Euclid's  elements.  [Book  L 
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C^  D 

.-.  AB  =  DC,  AC  =  DB,  l  BAC  =  ^  CDB, 
A  ABC  =  A  DCB.  L  26 

Again  because  l  ABC  was  proved  =  s.  DCB,  I.  29 

and  /.  DBC v.'as  proved  =  /.  ACB;  I.  29 

.'.  the  whole  l  ABD  =  the  whole  i.  DC  A. 

Cor. — If  the  arms  of  one  angle  be  respectively  parallel  to 
the  arms  of  another,  the  angles  are  either  (1)  equal  or  (2) 
supplementary. 

For  (1)    I.  ^^Chas  been  proved  =  ^  CDB  ; 
and  (2)  if  BA  be  produced  to  E, 

L  EAC,  which  is  supplementary  to  L  BAG,  /.  13 

must  be  supplementary  to  /.  CDB. 

1.  If  two  sides  of  a  ||™  which  are  not  opposite  to  each  other  be 

equal,  all  the  sides  are  equal. 

2.  If  two  angles  of  a  H'"  which  are  not  opposite  to  each  other  be 

equal,  all  the  angles  are  right. 

3.  If  one  angle  of  a  \Y°-  be  right,  all  the  angles  are  right. 

4.  If  two  11'"^  have  one  angle  of  the  one  =  one  angle  of  the  other, 

the  11°^  are  mutually  equiangular. 

5.  If  a  quadrilateral  have  its  opposite  sides  equal,  it  is  a  |]™. 

6.  If  a  quadrilateral  have  its  opposite  angles  equal,  it  is  a  ||™. 

7.  If  the   diagonals   of  a  |1™  be  equal  to  each  other,  the  ||"  is  a 

rectangle. 

8.  If  the  diagonals  of  a  ||"  bisect  the  angles  through  which  they 

pass,  the  |1°>  is  a  rhnofibus. 

9.  If  the  diagonals  of  a  ||™  cut  each  other  perpendicularly,  the  |p  is 

a  rhombus. 

10.  If  the   diagonals  of  a  |r  be  equal  and  cut  each  other  perpen- 

dicularly, the  !!™  is  a  square. 

11.  Show  how  to  bisect  a  straight  line  by  means  of  a  pair  of  parallel 

rulwa. 
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12.  Every  straight    line   drawn   through  the  intersection  of    the 

diagonals  of  a  ||™,  and  terminated  by  a  pair  of  opposite  sides,  is 
bisected,  and  bisects  the  |1™. 

13.  Bisect  a  given  ||"^  by  a  straight  line  drawn  through  a  given  point 

either  within  or  without  the  |i™. 
■"M.  The  straight  line  joining  the  middle  points  of  any  two  sides  of  a 
triangle  is  ||  the  third  side  and  =  half  of  it. 

15.  If  the  middle  points  of  the  three  sides  of  a  triangle  be  joined 

with  each  other,  the  four  triangles  thence  resulting  are  equal. 

16.  Construct  a  triangle,  having  given  the  middle  points  of  its  three 

sides. 


PROPOSITION  35.  Theorem. 

Parallelograms   on   the  name   base  and  hetioeen  the   same 
parallels  are  equal  in  area. 

A.  DE  F  AEDF 


B  C  B  C 

Let  ABCD,   EBCF  be   ||°"  on  the  same  base  BC,  and 
between  the  same  parallels  AF,  BG : 
it  is  required  to  prove  H""  ABCD  =  \f^  EBCF. 

Because  AF  meets  the  parallels  AB,  DO, 
.'.  interior  L  A  =  exterior  i.  FDC ;  I.  29 

and  because  AF  meets  the  parallels  EB,  FC, 
.'.  exterior  z.  ABB  =  interior  L  F.  I.  29 

(  L  FAB  =  L  FDC  Proved 

In  As  ABE,  DCF,  ]  i.  AEB  =  l  DEC  Proved 

{         AB  =  DC;  I.  34 

.-.  A  ABE  =  A  DCF.  I  26 

Hence   quadrilateral  ABCF  -  A  ABE 
=  quadrHateral  ABCF  -  A  DCF; 
ll""  EBCF  =  11"  ABCD. 

y 
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jfoTE. — This  proposition  affords  a  means  of  measuring  the  area  of 
a  II™  ;  thence  (by  I.  34  or  41)  the  area  of  a  triangle  ;  and  thence  (by 
I.  37,  Cor. )  the  area  of  any  rectilineal  figure.  For  the  area  of  any 
II™  =  the  area  of  a  rectangle  on  the  same  base  and  between  the  same 
jtarallels  ;  and  it  is,  or  ought  to  be,  explained  in  books  on  Mensura- 
tion, that  the  area  of  a  rectangle  is  found  by  taking  the  product  of 
its  length  and  breadth.  This  phrase  'taking  the  product  of  ita 
length  and  breauth.'  i»:eans  that  the  numbers,  whether  integral  or 
not,  which  express  the  length  and  Ijreadth  in  terms  of  the  same 
linear  unit,  are  to  hb  iriultiplied  together.  Hence  the  method  of 
finding  the  area  oi  t,  jr"  is  to  take  the  product  of  its  base  and 
altitude,  the  altitude  being  donned  to  be  the  perpendicular  drawn 
to  its  base  from  any  point  in  the  side  o^jposite. 

1.  Prove  the  proposition  for  the  case  when  the  points  D  and  E 

coincide. 

2.  Equal  11""  on  the  same  base  and  on  the  same  side  of  it  are 

between  the  same  parallels. 

3.  \i  through  the  vertices  of  a  triangle  straight  lines  be  drawn  ||  the 

opposite  sides,  and    produced  till  they  meet,  the  resulting 

figure  will  contain  tliree  equal  ||'"^ 
1.  On  the  same  base  and  between  the  same  parallels  as  a  given  ||™, 

construct  a  rhombus  =  the  H"". 
5r  Prove  the  equality  of  A  s  ABE  and  DCF  in  the  proposition  by 

I.  4  (as  Euclid  does),  or  by  I.  8,  instead  of  by  I.  26. 


PROPOSITION  36.     Theorem. 
Parallelograms  on  equal  basse  and  beticeen  the  same  parallels 
arc  equal  in  area. 

A D  E _H 


B  C      F  G 

Let  ABCD,  EFGH  be  ll'"^  oi    equal  bases  BC,  FG,  and 
b jtween  the  same  parallels,  AH,  ■  -G  : 
it  is  required  to  prove  T  ABCD  -    T  ^^GH. 
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Join  BE,  CH. 

Because  BG  =  FG,  and  FG  =  EH,  Hyp.,  I.  Si 

.'.  BC  =  EH. 
And  because  BC  is  \\  EH, 

.-.  EB  is  II  HC;  I.  33 

.-.  EBCH  is  a  H".  /.  Def.  33 

Now  11"  ABCD  =  II'"  EBCH,  being  on  the  same  base 
BC,  and  between  the  same  parallels  BC,  AH ;  I.  35 

and  11"  EFGH  =  ||"  EBCH,  being  on  the  same  base 
EH,  and  between  the  same  parallels  EH,  BG ;  /.  35 

.-.  II"  ABCB  =  ir  EFGH. 

1.  Prove  the  proposition  by  joining  AF,  DG  instead  of  BE,  GH. 

2.  Divide  a  given  |i™  into  two  equal  |1"^. 

3.  In  how  many  ways  may  this  be  done  ? 

4.  Of  two  ||°"  which  are  between  the  same  parallels,  that  is  the 

greater  which  stands  on  the  greater  base. 

5.  State  and  prove  a  converse  of  the  last  deductioii. 

6.  Equal  11°"  situated  between  the  same  parallels  have  equal  bases. 


PEOPOSITION  37.     Theorem. 

Triangles  on  the  same  base  and  between  the  same  parallels 
are  equal  in  area. 

E  A D F 


B  C 

Let  ABC,  DBC  be  triangles  on  the  same  base  BC,  and 
between  the  same  parallels  AD,  BC: 
it  is  required  to  prove  A  ABC  =  A  DBG. 
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Through  B  draw  BE  \\  AG,  and  through  C  draw  CF 
II  BD;  I.  31 

and  let  them  meet  AD  produced  at  E  and  F. 

Then  EBCA,  DBCF  are  p' ;  I.  Def.  33 

and  11"  EBCA  =  Ip  DBCF,  being  on  the  same  base  BC, 
and  between  the  same  parallels  BC,  EF.  I.  35 

But  A  ABC  =  half  of  H™  EBCA,  I.  34 

and  A  DBC  =  half  of  |r  DBCF;  I.  34 

.-.  A  ABC  =  A  DBC. 

Cor. — Hence  any  rectilineal  figure  may  be  converted  into 
an  equivalent  triangle. 


Let  ABCDE  be  any  rectilineal  figure  : 
it  is  required  to  convert  it  into  an  equivalent  triangle. 

Join  AG,  AD; 
through  B  draw  BF\  AG,  through  E draw  EG  \\  AD,     I.  31 
and  let  them  meet  CD  produced  at  F  and  G. 
Join  AFf  AG.  AFG  is  the  required  triangle. 


Book  I.]  PROPOSITIONS  37,  38.  79 

For  A  AFC  =  A  ABC,  and  A  ^6?!)  =  A  AED  ;  I.  37 
.-.  A  AFC  +  A  ACD  +  A  AGD  =  A  ABC  +  AACD 
+  A  AED. 
.-.  A  AFG  =  figure  ABCDE. 

1.  A  BG  is  any  triangle ;  DE  is  drawn  ||  the  base  BG,  and  meets 

AB,  AG  at  i>  and  E ;    BE  and  CZ)  are  joined.       Prove 
A  DBG  =  A  EBG,  A  5Z)^  ^  A  GED,&nA.  a  ^5^  =  A  AGD. 

2.  ABGD  is  a  quadrilateral  having  ^5  ||  CZ> ;  its  diagonals  ^C, 

BD  meet  at  0.     Prove  A  ^OZ)  =  A  SOC. 

3.  In  what  case  would  no  construction  be  necessary  for  the  proof 

of  this  proposition  ? 

4.  Convert  a  quadrilateral  into  an  equivalent  triangle. 

5.  ABC  is  any  triangle,  D  a  point  \n  AB ;  find  a  point  ^in  BC 

produced  such  that  A  DBE  =  A  ABG. 


PKOPOSITION  38.     Theorem. 

Triangles  on  equal  bases  and  betiveen  the  same  parallels  are 
equal  in  area. 

«  A  D  „ 


B  0         E  F 

Let  ABC,  DEF  be  triangles  on  equal  bases  BC,  EF,  and 
between  the  same  parallels  AD,  BE : 
it  is  required  to  prove  /\  ABC  =  A  DEF. 

Through    B    draw    BG   ||   AC,    and    through   F  draw 
FH  II  DE;  J.  31 

and  let  them  meet  AD  produced  at  G  and  H. 

Then  GBCA,  DEFH  are  H"*^ ; 
and  r  GBCA  =  |r  DEFH,  being  on  equal  bases  BC,  EF, 
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G -..-i ? ^H 


and  between  the  same  parallels  BF,  GH.  J.  36 

But  A  ABC  =  half  of  |r  GBCA,  I.  34 

and  A  DEF  =  half  of  |r  DEFH ;  '                L  34 
.-.   A  ABC  =  A  DEF. 

Cor. — The  straight  line  joining  any  vertex  of  a  triangle 
to  the  middle  point  of  the  opposite  side  bisects  the  triangle. 
Hence  the  theorem  :  If  two  triangles  have  two  sides 
of  the  one  respectively  equal  to  two  sides  of  the  other  and 
the  contained  angles  supplementary,  the  triangles  are  equal 
in  area. 

1.  Of  two  triangles  which  are  between  the  same  parallels,  that  is 

the  greater  which  stands  on  the  greater  base. 

2.  State  and  prove  a  converse  of  the  last  deduction. 

3.  Two  triangles  are  between  the  same  parallels,  and  the  base  of 

the  first  is  double  the  base  of  the  second ;  prove  the  first 
triangle  double  the  second. 

4.  The  four  triangles  into  which  the  diagonals  divide  a  |1™  are  equal. 

5.  If  one  diagonal  of  a  quadrilateral  bisects  the  other  diagonal,  it 

also  bisects  the  quadrilateral. 

6.  A  BCD  is  a  |i°^ ;  E  is  any  point  m  AD  or  AD  produced, , and  F 

any  point  in  BG  or  BC  produced;  AF,  DF,  BE,  CE  are 
joined.     Prove  a  AFD=  a  BEG. 

7.  ABG  is  any  triangle ;  L  and  K  are  the  middle  points  oi  AB 

and  AG ;  BK  and  GL  are  drawn  intersecting  at  G,  and  A G 
is  joined.     Prove  A  BGG  =  t.  AGG  =  a  AGB. 

8.  A  BCD  is  a  11™  ;  P  is  any  point  in  the  diagonal  BD  or  BD  pro- 

duced, and  PA,  PG  are  joined.     Prove   A  PAB  =  A  PGB, 
and  A  PAD^  A  PGD. 

9.  Bisect  a  triangle  by  a  straight  line  drawn  from  a  given  point  in 

»ne  of  the  sides. 
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PEOPOSITION  39.     Theorem. 

Equal  triangles  on  the  same  side  of  the  same  base  are  betio&en 
the  same  parallels. 

Arc !?yi> 


Let  As  ABC,  DBC  on  the  same  side  of  the  sa-  le  base 
EC  be  equal,  and  let  AD  be  joined  : 
it  is  required  to  prove  AD  \\  BC. 

If  AD  is  not  II  BC,  through  A  draw  AE  \\  BC,  I.  32 

meeting  BD,  or  BD  produced,  at  E,  and  join  EC. 

Then  A  ABC  =  A  EBC.  I.  37 

But  A  ABC  =  A  DBC;  Hyp. 

A  EBC  =•  A  DBC; 
which  is  impossible,  since  the  one  is  a  part  of  the  other. 
.-.  AD  is  II  BC. 

1.  The  straight  line  joining  the  middle  points  of  two  sides  of  a 

triangle  is  ||  the  third  side,  and  =  half  of  it. 

2.  Hence  prove  that  the  straight  line  joining  the  middle  point  of 

the  hypotenuse  of  a  right-angled  triangle  to  the   opposite 
vertex  =  half  the  hypotenuse. 

3.  The  middle  points  of  the  sides  of  any  quadrilateral  are  the 

vertices  of  a  i|™,  whose  perimeter  =  the  sum  of  the  diagonals 
of  the  quadrilateral.  When  wiU  this  H'"  be  a  rectangle,  a 
rhombus,  a  square  ? 
-4.  If  two  equal  triangles  be  on  the  same  base,  but  on  opposite  sides 
of  it,  the  straight  line  which  joins  their  vertices  will  be 
bisected  by  the  base. 

5.  Use  the  first  deduction  to  solve  I.  .31. 

6.  In  the  figure  to  I.  16,  prove  AF  \\  BC. 

7.  If  a  quadrilateral  be  bisected  by  each  of  its  diagonals,  it  is  a  H"". 

8.  Divide  a  given  triangle  into  four  triangles  which  shall  be  equal 

in  every  respect. 


82  EtCLID's   ELEMENTS.  [Book  L 


PEOPOSITION  40.     Theorem. 
Equal  triangles  on  the  same  side  of  equal  bases  ivhich  are  in 
the  same  straight  line  are  between  the  same  parallels. 

A  D 


B  C  E  F 

Let  As  ABC,  DEF,  on  the  same  side  of  the  equal  baaes 
BC,  EF,  which  are  in  the  same  straight  line  BF,  be  equal, 
and  let  AD  he.  joined  : 
it  is  required  to  prove  AD  \\  BF. 

n  AD  is  not  II  BF,  through  A  draw  AG  \\  BF,  I.  31 

meeting  DE,  or  DE  produced,  at  G,  and  join  GF. 

Then  A  ABC  =  A  GEE.  I.  38 

But  A  ABC  =  A  DEF;  Hyp. 

A  GEE  =  A  DEF; 
which  is  impossible,  since  the  one  is  a  part  of  the  other. 
.-.  AD  is  II  BF. 

1.  Prove  the  proposition  by  joining  AE  and  AF. 

2.  Prove  the  proposition  by  joining  DB  and  DC. 

3.  Any  number  of  equal  triangles  stand  on  the  same  side  of  equal 

b    'es.     If  their  bases  be  in  one  straight  line,  their  vertices 
will  also  be  ya  one  straight  Hne. 

4.  Equal  triangles  situated  between  the  same  parallels  have  equal 

bases. 

5.  Trapeziums  on  the  same  base  and  between  the  same  parallels 

are  equal  if  the  sides  opposite  the  common  base  are  equal. 

6.  The  median  from  the  vertex  to  the  base  of  a  triangle  biseot» 

every  parallel  to  the  base. 

7.  Hence  devise  a  method  of  bisecting  a  given  straight  line. 
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PROPOSITION  41.     Theorem. 

If  a  parallelogram  and  a  triangle  he  upon  the  same  base  and 
between  the  same  parallels,  the  parallelogram  shall  be 
double  of  the  triangle. 


B 


B  C 

Let  the  T  ABCD  and  the  A  EEC  be  on  the  same  base 

BG,  and  between  the  same  parallels  AE,  EC : 

it  is  required  to  prove  H"  AECD  =  twice  A  EEC. 

Join  AC. 

Then  A  ABC  =  AEEC.  /.  37 

But  11""  AECD  =  twice  A  ABC;  I.  34 

ll""  ABCD  =  twice  A  EEC. 

1.  Prove  the  proposition  by  drawing  through  C  a  parallel  to  BE. 

2.  If  a  11™  and  a  triangle  be  on  equal  bases  and  between  the  same 

parallels,  the  |i™  shall  be  double  of  the  triangle. 

3.  A  II™  and  a  triangle  are  equal  if  they  are  between  the  same 

parallels,  and  the  base  of  the  triangle  is  double  that  of  the  ||". 

4.  State  and  prove  a  converse  of  the  last  deduction. 

5.  If  from  any  point  within  a  ||™  straight  lines  be  drawn  to  the 

ends  of  two  opposite  sides,  the  sum  of  the  triangles  on  these 
sides  shall  be  equal  to  half  the  ||™.  Is  the  theorem  true  when 
the  point  is  taken  outside  ?     Examine  all  the  cases. 

6.  ABCD  is  any  quadrilateral,  AC  and  BD  its  diagonals.     A  |1™ 

EFOH  is  formed  by  drawing  through  A,  B,  C,  D  parallels  to 
A  C  and  BD.     Prove  A  BCD  ^  half  of  EFGH. 
7-  Hence,  show  that  the  area  of  a  quadrilateral  =  the  area  of  a 
triangle  which  has  two  of  its  sides  equal  to  the  diagonals  of 
the  quadrilateral,  and  the  included  angle  equal  to  either  of 
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the  angles  at  which  the  diagonals  intersect;  and  that  two 
quadrilaterals  are  equal  if  their  diagonals  are  equal,  and 
also  the  angles  at  the  intersection  of  tlie  diagonals. 


PEOPOSITIOI^  42.     Problem. 

To  describe  a  joarallelogram  that  shall  he  equal  to  a  given 
triangle,  and  have  one  of  its  angles  equal  to  a  given  angle. 
A  F  G 


B  E  C 

Let  ABO  be  the  given  triangle,  and  D  the  given  angle : 
it  is  required  to  describe  a  ||""  equal  to  A  ABC,  and  having 
one  of  its  angles  equal  to  L  D. 

Bisect  BC  at  E; 
and  at  E  make  l  CEF  =  l  D. 
Through  A  draw  AG  \\  BC ;  through  Cdraw  CG  \\  EF. 
FECG  is  the  ^  required. 
Join  AE. 

The  figure  FECG  is  a  |r ; 
and  f^'FECG  =  twice  A  AEC. 
But   -nee  A  ABE  =  A  AEC, 

A  ABC  =  twice  A  AEC; 
\\r  FECG  =  A  ABC, 
and  L.  CEF  was  made  =   l.  D. 

1.  Describe  a  rectangle  equal  to  a  given    I'iangle. 

2.  Describe  a  triangle  that  sha  '^  De  eqi  al  to  a  given  ||™,  and  have 

one  of  its  angles  equal  to  a  given  angle. 

3.  On  the  same  base  as  a  H™   con&oruct  a  right-angled  triangle 

=  the  ir. 

4.  Construct  a  rJboniOus  =  a  given  triangle. 


/. 

10 

/. 

23 

,    /. 

31 

Def 

33 

I.  41 

I. 

38 
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PROPOSITION"  43.     Theorem. 

The  comx)le'ments  of  the  2^ciraUelograms  which  are  about  a 
diagonal  of  any  parallelograin  are  ecjual. 

AH  D 


B  G  C 

Let  ABCD  be  a  H",  and  AC  one  of  its  diagonals  ; 
let  EH,  GF  be  11°^=  about  AC,  that  is,  through  which  AC 
j)asses,  and  BK,  KD  the  other  H""'  which  fill  up  the  figure 
ABCD,  and  are  therefore  called  the  complements  : 
it  is  required  to  j)T0ve  complement  BK  =  complement  KD. 

Because  EH  is  a  H""  and  AK  its  diagonal, 

A  AEK  =  A  AHK.  I.  34 

Similarly  A  KGC  =  A  KFC ;  I.  34 

.-.A  AEK  +  A  KGC  =  A  AHK  +  A  KFC. 
But  the  whole  A  ABC  =  whole  A  ADC;  I.  34 

.'.  the  remainder,  complement  BK  =  the  remainder,  com- 
plement KD. 


1.  Name  the  eight  ||""  into  which  ABCD  is  divided  by  EF  and 

Gil,  and  prove  that  the}'  are  all  equiangular  to  H'"  ABCD. 

2.  Prove  I]"'  AG  =  ||">  ED,  and  li'"  BF  =  H'"  DG. 

3.  If  a  point  K  be   taken    inside  a  ||"^  ABCD,  and   through  it 

parallels  he  drawn  to  A  B  and  BC,  and  if  ||™  BK  =  |i™  KD, 
the  diagonal  AC  })asses  through  K.     (Converse  of  I.  4'^.) 

4.  Each  of  the  I]'"''  about  a  diagonal  of  a  rhombus  is  itself  a  rhombus. 

5.  Each  of  the  ip"'  about  a  diagonal  of  a  square  is  itself  a  square. 

6.  Each  of  the  ||"'^  about  a  square's  diagonal  produced  is  itself  a  square. 

7.  When  are  the  complements  of  the  H""^  about  a  diagonal  of  any 

H™  equal  iu  every  respect  ? 
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PEOPOSITION  44.     Problem. 

On  a  given  straight  line  to  deso'ibe  a  j^ccrallelogram  which 
shall  be  equal  to  a  given  triangle,  and  have  one  of  its 
angles  equal  to  a  given  angle. 


Let  AB  be  the  given  straight  line,  C  the  given  triangle, 
and  D  the  given  angle  : 

it  is  required  to  describe  on  AB  a  ||™  =  A  C,  and  having  an 
angle  =  l  D. 

Describe  the  ||™  BEFG  =  A  C,  and  having  L  EBG  = 
i-  D ;  and  let  it  be  so  placed  that  BE  may  be  in  the  same 
straight  line  with  AB.  I.  42 

Through  A  draw  AH  \\  BG  or  EF,  I.  31 

and  let  it  meet  FG  produced  at  H; 
join  HB. 

Because  HF  meets  the  parallels  AH,  EF, 
.-.    L  AHF  +  L  HFE  =  2  rt.  ^  s ;  /.  29 

.-.    L  BHF  +  L  HFE  is  less  than  2  rt.  ^  s ; 
.-.  HB,  FE,  if  produced,  will  meet  towaids  B,  E.  I.  29,  Cor. 
Let  them  be  produced  and  meet  at  K  ; 
through  K  draw  KL  ||  EA  or  FH,  I.  31 

and  produce  HA,  GB  to  L  and  M. 

ABML  is  the  H"*  required. 

For  FHLK  is  a  H"",  of  which  HK  is  a  diagonal, 
and  AG,  ME  are  11"'^  about  HK ; 
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complement  BL  —  complement  BF,  /.  43 

=  A  (7. 
And  L  ABM  =  l  EBG,  I.  15 

=  L  D. 

1.  On  a  given  straight  line  describe  a  rectangle  equal  to  a  given 

triangle. 

2.  On  a  given  straight  hne  describe  a  triangle  equal  to  a  given  H™, 

and  having  one  of  its  angles  eqiial  to  a  given  angle. 

3.  On  a  given  straight  line  describe  an  isosceles  triangle  equal  to  a 

given  11™. 

4.  Cut  ofif  from  a  triangle,  by  a  straight  line  drawn  from  one  of 

tke  vertices,  a  given  area. 


PKOPOSITION  45.     Problem. 

To  describe  a  parallelogram  equal  to  any  given  rectilineal 
figure,  and  having  an  angle  equal  to  a  given  angle. 

9  F        G       L 


K        H      M 

Let  ABGD  be  the  given  rectilineal  figure,  E  the  given 
angle  : 

a  is  required  to  describe  a  ||"  =  ABCD,  and  having  an  angle 
^  L  E. 

Join  BD,  and  describe  the  ||"  FH  =  A  ABD,  and 
having  l  K  =  l  E ;  I.  42 

on  GH  describe  the  y™  GM  =  A  BCD,  and  having 
L  GHM  =  L  E.  I.  44 

FKML  is  thg  H"  rec^uired. 


8& 


EUCLID'S   ELEMENTS.  [Book  I. 

F         G        L 


K         H 

Eecause  L  K  =  l  GHM,  since  each  = 


M 
E; 


to  each  of  these  equals  add  L  GHK; 

L  K  +  L  GHK  =  L  GHM  +  l  GHK. 
But        L  K  +  -  GHK  =  2  rt.  ^s; 

.-.  L  GHM  +  L.  GHK  =  2  rt.  ^s; 

.'.  KH  and  HM  are  in  the  same  straight  line. 

Again,  because  FG  and  GL  drawn  from  G  are  both  ||  KM ; 
/.  FG  and  GL  must  he  in  the  same  straight  line.    /.  Ax.  11 

if ow  because  KF  and  ML  are  both  [|  HG, 
.-.  KF  is  \\  ML; 
and  KM  is  \\FL; 
.-.  FKML  is  a  p. 
But  ir  FK3IL  =  ir  FH  +  |r  GM, 

=  A  ABD  +  A  BCD, 
=  ^guvQABCD; 
and  L  K  =  L  E. 


L  29 


/.  14 


/.  30 

Const. 
Const. 


Could  two  11™^  have  a  common  side  and  together  not  form  one 

II™  ?     Blustrate  by  a  figure. 
Describe  a  rectangle  equal  to  a  given  rectilineal  figure. 
On  a  given  straight  line  describe  a  rectangle  equal  to  a  given 

rectilineal  figure. 
Given  one  side  and  the  area  of  a  rectangle  ;  find  the  other  side. 
Describe  a  |i™  equal  to  a  given  rectilineal  figure,  and  ha\'ing  an 

angle  equal  to  a  given  angle,  using  I.  37,  Cor. 
Describe  a  |1'"  equal  to  the  sum  of  two  given  rectilineal  figures. 
Describe  a  \\™  equal  to  the  difference  of  two  given  rectilineal 

figures. 
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PROPOSITION  46.     Probiem. 

On  a  given  straight  line  to  describe  a  square. 
G, iD 


Let  AB  be  the  given  straight  line  : 
it  is  required  to  describe  a  square  on  A  B. 

From  A  draw  AC  ±  AB  and  =  AE ;  I.   11,  3 

through  C  draw  CD  \\  AB,  I.  31 

and  through  B  draw  BD  \\  AC.  /.  31 

ABDC  is  the  .quare  required. 

For  ABDC  is  a  r  5  I-  Def.  33 


.-.  AB  =  CD  and  AG  =  BD. 
But  AB  =  AC; 

.'.  the  four  sides  AB,  BD,  DC,  CA  axe  all  equal. 
Because  AC  meets  the  parallels  AB,  CD, 

■  '.    L  A  +  L  G  =^2xi.  LB. 
But  L  A\s  right ; 

.* .    L  G  is  also  right. 
Now  L  A  =^  L  D  and  L  G  =  L  B ; 

.•,  the  four  L%  A,  B,  D,  C  are  right; 

.*.  ABDC  is  a  square. 


/.  34 

Const. 


L  29 


/.  34 


/.  Def.  32 


1.  What  is  redundant  in  Euclid's  definition  of  a  square  ? 

2.  If  two  squares  be  equal,  the  sides  on  which  they  are  described 

are  equal. 

3.  ABDC  is  constructed  thus:   At  A  and  B  draw  AC  and  BD 

±  AB  and  =  AB,  and  join  CD.     ABDC  is  a  square. 

4.  ABDC  is  constructed  thus  :    At  A  draw  AC  ±  AB  and  —  AB ; 

with  £  and  C  as  centres,  and  a  radius  =  AB  ot  AC,  describe 


so 
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two  circles  intersecting  at  D  ;  and  join  BD.  DG.    ABDG  ia 
a  square 
5.  Describe  a  sci  aare  navmg  given  a  diagonal. 


PROPOSITION  47.     Theorem. 

The  square  descj'ibed  on  the  ht/jyoli'iuse  of  a  right-angled 
triangle  is  equal  to  the  squares  dbscrib^d  on  the  other 
two  sides* 


>TL 


Let  ABC  he,  a  right-angled   triangle,  having  the   right 
angle  BAC : 

it  is  required  to  jyrove  that  the  square  described  on  BC  = 
square  on  BA  +  square  on  AC. 

On  AB,  BC,   CA  describe  the  squares  GB,  BE, 
CH; 

through  A  draw  AL  \\  BD  or  CE; 
and  join  AD,  CF. 

Because  l  BAC  +  l  BAG  =  2  vt.  l s, 
.*.   GA  and  AC  form  one  straight  line. 
Similarly,  HA  and  AB  form  one  straiglit  line. 

*'  This  theorem  is  usually  attributed  to  Pjiihagoras  (580—510  B.C.). 


/.  4G 
/  31 


/.  14 
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Now  L  DBC  =  L  FBA,  each  being  right. 
Add  to  each  l  ABC ; 
.-.    L  ABD  =  L  FBC. 

i  AB  =  FB  I.  Def.  32 

Li  As  ABD,  FBC,  ]         BD  =  BG  I.  Def.  32 

{  L.  ABD  ^  L  FBC;  Proved 

.-.  A  ABD  =  A  FBC.  I.  4 

But  ll*"  BL  =  twice  A  ABD,  being  on  the  same 
base  BD,  and  between  the  same  ||^  BD,  AL  ;  I.  41 

and  square  i?'^''  =  twice  A  FBC,  being  on  the  same 
base  BF,  and  between  the  same  |]'  BF,  CG ;  /.  41 

.-.   ir  /?Z  =  square  BG. 

Similarly,  if  AE,  BK  be  joined,  it  may  be  proved 
tliat  li"'  CL  =  square  CH ; 

.-.  r  BL  +  II"  CL  =  square  BG  +  square  CH, 
tliat  is,  square  on  BC  =  square  on  BA  +  square  on  A  C. 
[Tt  is  usual  to  write  this  result  BG'^  =  BA-  +  AG'-';  but  see  p.  113.] 
Cor. — The  difference  between  the  square  on  the  hypoten- 
use of  a  right-angled,  triangle  and  the  square  on  either  of  the 
sides  is  equal  to  the  square  on  the  other  side. 

For  since  BC^  =  BA'^  +  AC% 
.-.    BC^  -  BA'^  =  AC-\ 
and  BC-  -  AC^  =  BA\ 

Note. — This  proposition  is  an  exceedingly  important  one,  and 
iiumeroiis  demonstrations  of  it  have  been  given  by  mathematicians, 
:ome  of  them  such  as  easily  to  afford  ocular  proof  uf  the  equality 
asserted  in  the  enunciation.  With  respect  to  Euclid's  method  of 
[)ioof  (which  is  not*  that  of  the  discoverer),  it  may  be  remarked 
t!iat  ho  has  chosen  that  position  of  the  squares  when  they  are  all 
exterior  to  the  triangle.  The  pupil  is  advised  to  make  the  seven 
other  modifications  of  the  figure  which  result  from  placing  the 
squares  iu  different  positions  with  respect  to  the  sides  of  the 
iiiaii;_'le,  and  to  adapt  Euclid's  proof  thereto.  It  will  be  found  that 
AG  and  AG,  a.s  well  as  AH  and  AB,  will  always  be  in  the  same 

*  Se«  Friedlein's  Proclus,  p.  426. 
G 
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straight  line,  only,  instead  of  being  drawn  in  opposite  directions  from 
A  as  in  tlie  text,  they  will  sometimes  be  drawn  in  the  same  direction  , 
that  /s  ABD  and  FBC  wiW  sometimes  be  supplementary  instead 
of  equal;  and  that  then  the  equality  of  as  ABD  and  1 BC  will 
follow,  not  from  I.  4,  but  from  I.  38,  Cor. 

All  the  different  varieties  of  figure  are  obtained  thus  : 
Call  X  the  sqiiare  on  the  hypotenuse,  Y  and  Z  the  squares  on  tht; 
other  sides.     Describe 

(1)  X  outwardly,  Z  outwardly,  ^  outwardly. 


(2)    , 

n 

•  1 

1  inwardly. 

(3) 

1                 II 

II  inwardly      i 

1  outwardly. 

(4)    . 

1                 1. 

M                       11                      I 

1  inwardly. 

(5)   , 

T  inwardly. 

II  outwardly. 

1  outwardly. 

(6) 

1                         M 

11            11 

1  inwardly. 

(7) 

1                         II 

II  inwardly, 

1  outwardly. 

(8) 

, 

11            II 

,  inwardly. 

The  following  methods  of  exhibiting  how  two  squares  may  be 
dissected  and  put  together  so  as  to  form  a  third  square,  are  probably 
the  simplest  and  neatest  ocular  proofs  yet  given  of  this  celebrated 
proposition  : 

FIRST  METHOD. 


D  C 

ABOH,  BCEF  are  two  squares  placed  side  by  side,  and  so  that 
AB  and  BC  form  one  straight  line.  Cut  off  CD  —  AB,  and  join 
ED,  DH. 

(1)  If,  round  ^  as  a  pivot,  A  BCD  is  rotated  like  the  hands  of  a 
watch  through  a  right  angle,  it  wiU  occupy  the  position  EFK.  If, 
round  //  as  a  pivot,  A  HAD  is  rotated  in  a  manner  opposite  to  the 
hands  of  a  watch  through  a  right  angle,  it  wiU  occupy  the  position 
HUK.  The  two  squares  ABGH  and  BCEF  will  then  be  trans- 
formed into  the  square  DEKH. 
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(2)  If  A  ECD  be  slid  along  the  plane  in  such  a  way  that  EG 
alway  •■'•PTiiD'?  vertical,  and  D  moves  along  the  line  DH,  it  will 
copie  to  occupy  the  position  KGH.  If  A  HAD  be  slid  along  the 
plane  in  such  a  way  that  HA  always  remains  vertical,  and  D  moves 
along  the  line  DE,  it  will  come  to  occupy  the  position  KFE.  The 
two  squares  A  BGH  and  BCEF  will  then  be  transformed  into  the 
square  DEKH. 

[This  method  is  substantially  that  given  by  Schooten  in  his 
Exercitationes  Mathematicce  (1657),  p.  111.  The  first  or  rotational 
way  of  gettint:  as  ECD,  HAD  into  their  places  is  given  by  J.  C. 
Sturm  in  his  Mathesis  Enucleata  (1689),  p.  31  ;  the  second  or  trans- 
lational  waj^  is  mentioned  by  De  Morgan  in  the  Quarterly  Journal 
vf  Mathematics,  vol.  i.  p.  236.] 

SECOND  METHOD. 

E 


■'    1' 


ABC  is  a  right-iangled  triangle.  BCED  is  the  square  on  the 
h5'potenuse,  ACKH  and  ABFG  are  the  squares  on  the  other  sides. 

Find  the  centre  of  the  square  ABFG,  which  may  be  done  by 
drawing  the  two  diagonals  (not  shown  in  the  figure),  and  through  it 
draw  two  straight  lines,  one  of  which  is  li  BC,  and  the  other  ±  BC. 
The  square  ABFG  is  then  divided  into  four  quadrilaterals  equal  in 
every  respect.  Through  the  middle  points  of  the  sides  of  the  square 
BCED  draw  parallels  to  AB  and  ^C  as  in  the  figure.  Then  the 
parts  1,  2,  3,  4,  5  will  be  found  to  coincide  exactly  with  1',  2',  3', 
4',  5'. 

[This  method  is  due  to   Henry  Perigal,  F.R.A.S.,  and  was  dis- 
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covered  about  1830.     See  The  Messenger  of  Mathematics,  new  series, 
voL  ii.  pp.  103-106.] 

1.  Show  how  to  tind  a  square  =  the  sum  of  two  given  squares. 

2.  II  II  —           II          three             n 

3.  II  II  =  the  difference  of  two       m 

4.  II  II  double  of  a  given  square. 

5.  II  II  half                    It 

6.  M  M  triple                  ■■ 

7.  The  square  described  on  a  diagonal  of  a  given  square  is  twice 

the  given  square. 

8.  Hence  prove  that  the  square  on  a  straight  line  is  four  times  the 

square  on  half  the  line. 

9.  The  squares  described  on  the  two  diagonals  of  a  rectangle  are 
==^         together  equal  to  the  squares  described  ou  the  four  sidfes. 

W,  The  squares  described  on  the  two  diagonals  of  a  rhombus  are 
together  equal  to  the  squares  described  on  the  four  sides. 

11.  If  the  hypotenuse  and  a  side  of  one  right-angled  triangle  be 

equal  to  the  hypotenuse  and  a  side  of  another  right-angled 
triangle,  the  two  triangles  are  equal  in  every  respect. 

12.  If  from  the  vertex  of  any  triangle  a  perpendicular  be  drawn  to 

the  base,  the  difference  of  the  squares  on  the  two  sides  of 
the  triangle  is  equal  to  the  difference  of  the  squares  on  the  . 
segments  of  the  base. 

13.  The  square  on  the  side  opposite  an  acute  angle  of  a  triangle  is 

less  than  the  squares  on  the  other  two  sides. 

14.  The  square  on  the  side  opposite  an  obtuse  angle  of  a  triangle  is 

greater  than  the  squares  on  the  other  two  sides. 

15.  Five  times  the    square  on   the   hypotenuse  of   a  right-angled 

triangle  is  equal  to  four  times  the  siun  of   the  squares  on 
the  medians  drawn  to  the  other  two  sides. 

16.  Three  times  the  square  on  a  side  of  an  equilateral  triangle  is 

equal  to  four  times  the  square  on  the  perpendicular  drawn 
from  any  vertex  to  the  opposite  side. 

17.  Divide  a  given  straight  line  into  two  parts  such  that  the  sum 

of  their  squares  may  be  equal  to  a  given  square.     Is  this 
always  possible  ? 

18.  Divide  a  given  straight  line  into  two  parts  such  that  the  square 

on  one  of  them  may  be  double  the  square  on  the  other. 

19.  If  a  straight  line  be  divided  into  any  two  parts,  the  square  on 

the  whole  line  is  greater  than  the  sum  of  the  squares  on  the 
two  parts. 


Book  1.]  PROPOSITION  47.  95 

20.  The  sum  of  the  squares  of  the  distances  of  any  point  from  two 

opposite  corners  of  a  rectangle  is  equal  to  the  sum  of  the 
squares  of  its  distances  from  the  other  two  corners. 

The  following  deductions  refer  to  the  figure  of  the  proposition  in 
the  text.  They  are  all,  or  nearly  all,  given  in  an  article  in  Leyhourns 
Mathematical  Repository,  new  series,  vol.  iii.  (1814),  Part  II.  pp. 
71-80,  by  John  Bransby,  Ipswich. 

21.  What  is  the  use  of  proving  that  A  G  and  A  C  are  in  the  same 

straight  line,  and  also  AB  and  AH? 
'22.  AF  and  AK  are  in  the  same  straight  line. 

23.  BG  is  II  CH. 

24.  Prove    A  s  ^1 BD,  FBC  equal  by  rotating  the  former  round  B 

through  a  right  angle.     Similarly,  prove  A  s  .^  CE,  KCB  equal. 

25.  Hence  prove  AD  i.  FC,  and  AE  "±  KB. 

26.  z  s  ABC  and  DBF  are  supplementary,  as  also  are  z  s  ACB  and 

ECK. 

27.  Hence  prove  a&FBD,  KCE  =  a  ABC. 

28.  FG,  KH,  LA  all  meet  at  one  point  T. 

29.  AS  AGH,  THG,  GA  T,  HTA  are  each  =  a  ABC. 

30.  If  from  D  and  E,  perpendiculars  DU,  EVhe  drawn  to  FB  and 

KC  produced,    As    UBD  and    VEC  are   each  =  a  ABC. 
Prove  by  rotating. 

31.  DF^-  +  EK-  =  5  BC\ 

32.  The  squares  en  S!ie  sides  of  the  polygon  DFGHKE  =  8  BC\ 

33.  If  from  F  and  K  {lerpendieulars  FM,  KN  be   drawn  to  BG 

produced,  and  /  be  the  point  where  AL  meets  BC,  A  BFM 
=  A  ABI,  and  A  CKN  =  a  ACL 
34  FM  +  KX  =  BC,  and  BN ^CM  =  AL. 

35.  If  DB  and  EC  produced  meet  FG  and  KH  at  P  and  Q,  prove 

by  rotating  A  ABC  that  it  =  each  of  the  A  s  FBP,  KCQ. 

36.  If  PQ  be  joined,  BCQP  is  a  square. 

37.  ABFT  is  a  li"",  and  =  rectangle   BL  ;   ACQT  is  a  I:'",  and  = 

rectangle  CL. 

38.  ADBT  is  a  r,  and  =  rectangle  BL ;   AECT  is  a  !,•",  and  = 

icctangle  CL. 

39.  DFPU and  EKQ Tare  |'"^  and  each  =  4  a  ABC. 

40.  ADUH  and  AEVG  are  !r%  and  each  =  2  a  ABC. 

41.  BKw^  CT,  and  CF  s.  BT. 

42.  Hence  prove  that  AL,  BK,  CF  meet  at  one  point  0.     (See 

App.  I.  3.) 
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43.  If  BK  meet  AC  in  X,  and  CF  meet  A  Bin  W,  as  BR  X.  COW 

are  each  =  A  ABC. 

44.  A  W  =  AX. 

45.  A  ^(7r  =  A  BCX,  and  A  ^i?X  =  A  BOW. 

46.  Quadrilateral  ^  IFOX  =  A  BOC. 

47.  If  from  G  and  i/  perj>endiculars  GR,  HS  be  drawn  to  bC  or  5C 

produced,  and  if  these  perpendiculars  meet  AB  and  AC  in  Y 
and  .^,  prove  by  rotating  a  ^i?6'thatit  =  A  GA  For  A  ZAH. 

48.  DU   produced   passes   through    Z,  EV  produced    through    Y, 

G  V  through  IF,  and  HU  through  A'. 

49.  If  throiigh  A  a  parallel  to  BC  be  drawn,  meeting  GR  in  G\  and 

HS  in  //',  AS  AGG',  AZH'  are  =  A  ^5/,  and  as  J  YG' 
a,ndi  A HH'  =  A  ACL 

50.  IR  =  75;      GR  +  HS  =  MN ;      FM  +  GR  +  HS  +  KN 

^2  (BC  +  AI) ;  GR  =  BS;  HS  =  CR. 


PROPOSITION  48.     Theorem. 

If  the  square  described  on  one  of  the  sides  of  a  triangle  he 
equal  to  the  squares  described  on  the  other  tioo  sides  of 
it,  the  angle  contained  by  those  two  sides  is  a  right 
angle.  D 


7uet  ABC  be  a  triangle,  and  let  BC^  =  BA^  +  AC^ - 
it  is  required  to  j^rove  l  BAC  right. 

J^rom  A  draw  AD  _L  AC,  and  =  AB ;  L  11,  3 

and  join  CD. 

Because  AD  =  AB ;  .• .  AD^  =  A^. 
To  each  of  these  equals  add  AC^  : 
.-.  AD^  +  AC'^  =  A&  +  AC^. 
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But  AD^  +  AC^  =  CD\  L  47 

and  AB"-  +  AC^  =  BG^ ;  Hyp. 

.-.  CD^  =  BC-; 
.:    CD  =  BO. 

(BA  =  DA  Const 

In  As  BAC,  DAa  \aC  =  AG 

\BC  =  DGj  .k^ovea 

'.  -L  BAG  =   L  DAG,  I.  8 

=  a  right  angle. 

1.  In  the  construction  it  is  said,  draw  AD  ±  AG.    Would  it  not 

be  sim])ler,  and  answer  the  same  purpose,  to  say,  produce  AB 
to  D.     Why  ? 

2.  Prove  the  proposition  indirectly  by  drawing  AD  j_  AC,  and  on 

the  same  side  of  ^C  as  AB,  and  using  I.  7  (Proclus). 
"3.  If  the  sqiiare  on  one  side  of  a  triangle  be  less  than  the  sum  of 
the  squares  on  the  other  two  sides,  the  angle  opposite  that 
side  is  acute. 
'4.  If  the  square  on  one  side  of  a  triangle  be  greater  than  the  sum 
of  the  squares  on  the  other  two  sides,  the  angle  opposite  that 
side  is  obtuse. 

5.  Prove  that  the  triangle  whose  sides  are  3,  4,  5  is  right-angled.* 

(i.  Hence  derive  a  method  of  drawing  a  perpendicular  to  a  given 
straight  line  from  a  jioint  in  it. 

7.  Show  that  the  following  two  ndes,t  due  respectively  to  Pytha- 
goras and  Plato,  give  numbers  representing  the  sides  of 
right-angled  triangles,  and  show  also  that  the  two  rules  are 
fundamentally  the  same. 

(a)  Take  an  odd  number  for  the  less  side  about  the  right  angle. 
Subtract  unity  from  the  square  of  it,  and  halve  the  remain- 
der ;  this  will  give  the  greater  side  about  the  right  angle. 
Add  unity  to  the  greater  side  for  the  hypotenuse. 
.  (h)  Take  an  even  number  for  one  of  the  sides  about  the  right 
angle.  From  the  square  of  half  of  this  number  subtract 
unity  for  the  other  side  about  the  right  angle,  and  to  the 
square  of  half  this  number  add  unity  for  the  hypotenuse. 

*  This  is  said  by  Plutarch  to  have  been  known  to  the  early  Egyptians. 
+  See  Friedlein's  Proclus,  p.  428,  and  Hultsch's  Heronis  .  .  .  reliquice, 
pp.  56,  57. 
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Proposition  1. 

The  straight  line  joining  the  middle  j)oints  of  any  two  sides  of  a 
triangle  is  parallel  to  the  third  side  and  equal  to  the  half  of  it. 


Let  ABG  be  a  triangle,  and  let  L,  K  be  the  middle  points  of 
AB,AG: 
it  is  required  to  prove  LK  \\  BC  and  =  half  of  BC. 

Join  BK,  CL. 

Because      AL  =  BL,        .-.a  5i/C=  half  of  h  ABC ;         I.  38 

and  because  AK  =  CK,        .-.A  BKC  =  half  of  A  ABC;         T.  3S 
.-.  A  BLC  =  A  BKC. 

.-.  LK  is  II  BC.  I.  39 

Hence,  if  H  be  the  middle  of  BG,  and  HK  be  joined,  HK  is  ||  ^5  ; 

.-.  5i/A'Lisar  ;  I.  Def.  3S 

.-.  LK=^BH=  half  of  BC.  I.  34 

CoK.  1. — Conversely,  The  straight  line  drawn  through  the  middlt^ 
point  of  one  side  of  a  triangle  parallel  to  a  second  side  bisects  the 
third  side.* 

CoE.  2. — AB  is  a  given  straight  line,  C  and  D  are  two  points, 
either  on  the  same  side  of  A  B  or  on  opposite  sides  of  A  B,  and  such 
that  A  C  and  BD  are  parallel.  If  through  E  the  middle  point  of 
AB,  a  straight  line  be  drawn  ||  ^C  or  BD  to  meet  CD  at  F,  then 

*  The  corollaries  and  converses  given  in  the  Appendices  should  be 
proved  to  be  true.     Many  of  them  are  not  obvious. 
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F  is  the  middle  point  of  CD,  and  EF  is  equal  either  to  half  the  sum 
of  ^C  and  BD,  or  to  half  their  diflfereuce. 


Proposition  2. 


The  straight  lines  drawn  perpendicular  to  the  sides  of  a  triangle  from 
the  middle  points  of  the  sides  are  concurrent  [that  is,  pass  through 
the  same  point) . 

See  the  figure  and  demonstration  of  IV.  5. 

If  S  be  joined  to  H,  the  middle  of  BC,  then  Sff  is  ±  BC.        I.  8 

Note. — The  point  S  is  called  the  circumscribed  centre  oi  a  ABC. 


Proposition  3. 

The  straight  lines  drawn  from  the  vertices  of  a  triangle  perpendicular 
to  the  opposite  sides  are  concurrent* 

L  A  K 


\ 


H 

Let  AX,  BY,  CZ  be  the  three  perpendiculars  from  A,  B,  C oxi. 
the  opposite  sides  of  the  A  ABC ; 
it  is  required  to  prove  AX,  B  Y,  CZ  concurrent. 

Through  A,  B,  C  draw  KL,  LH,  HK  \\  BC,  CA,  AB.  I.  .31 

Then  tlie  figures  ABCK,  ACBL  are  ir^ ;  I.  Def.  33 

.-.  AK  =  BC=  AL,  I.  34 
that  is,  A  is  the  middle  point  of  KL. 

*  Pappus,  VII.  62.  The  proof  here  given  seems  to  be  due  to  F.  J. 
Servois  :  see  his  Solutions peu  connues  de  differens  problimes  de  Geometric- 
praiique  (1804),  p.  15.     It  is  attributed  to  Gauss  by  Dr  R.  Baltzer. 


100 


ET7CLIDS   ELEMENTS. 


fBook  Z, 


Hence  also.  B  and  O  are  the  middle  points  of  LH  and  HK. 
"*ut  since  AX,  BY,  CZ  are  respectively  ±  BC,  CA,  AB,  Const. 

they  must  be  respectively  x  KL,  LH,  HK,  I.  29 

and  .*.  concurrent.  App.  I.  2 

Note.— The  point  0  is  called  the  ortliocentre  of  the  A  ABC  (an 
expression  due  to  W.  H.  Eesant),  and  A  XYZ,  formed  by 
joining  the  feet  of  the  perpendiculars,  is  called  sometimes  the  pedal, 
sometimes  the  orthocentric,  triangle. 


Proposition  4. 
The  medians  of  a  triangle  are  concurrent. 


B  H  C 

Let  the  medians  BK,  CL  of  the  A  ABC  meet  at  G : 
it  is  required  to  prove    tliat,  if  H  he  the  middle  point  of  BC,  the 
median  AH  will  pass  through  G. 

Join  AG. 

Because  BL  =  AL    .:   a  BLC  =  a  ALC, 
and  A  BLG  =  A  ALG ;  I.  38 

.-.   A  BGC  =  A  AGO,  I.  Ax.  3 

=  twice  A  CKG ;  ■  I  S3 

.-.  BG  =  twice  GK,  or  BK  =  thrice  GK, 

that  is,  the  median  CL  cuts  BK  at  its  point  of  trisection  remo'-e 
from  B. 

Hence  also,  the  median  A  H  cuts  BK  at  its  point  of  trisection  remote 
from  B, 
that  is,  A  H  passes  through  G. 

Cor. — If  the  points   H,  K,  L   be  joined,  the  medians  of  the 
A  HKL  are  concurrent  at  G. 

Note. — The  point  G  is  called  the  centroid  of  the  A  ABC  (an 


Book  L] 


APPENDIX   I. 


101 


expression  due  to  T.  S.  Davies),  and  A  HKL  may  be  called  the 
median  triancrle.  The  centroid  of  a  triangle  is  the  same  point  as 
that  which  in  Statics  is  called  the  centre  of  gravity  of  the  triangle, 
and  may  be  found  by  drawing  one  median,  and  trisecting  it. 


Proposition  5. 


The  ortliocentre,  the  centroid,  and  the  ciraiTuscribed  centre  of  a 
triangle  are  collinear  {that  i,%  lie  on  the  same  straight  line),  and 
the  distance  between  the  first  two  is  double  of  the  distance  between 
the  last  t%joJ^ 


B  X         H  C 

Let  ABC  he  a  triangle,  0  its  orthocentre  determined  by  drawin 
AX  and  BY  l.  BC  and  CA  ;  S  its  circumscribed  centre  determine   i 
by  drawing  through  H  and  K  the  middle  points  of  BC  and  CA,  J^S 
and  KS  ±  BC  and  CA  ;  and  AH  the  median  from  A  : 
it  is  required  to  prove  that  if  SO  be  joined,  it  will  cut  AH  at  the 
centroid. 

Let  SO  and  AH  intersect  at  G  ; 
join  P  and  Q,  the  middle  points  of  GA,  GO  ;   . 

..   U   ..     V,  „  „  OA,  OB; 

and  join  HK. 

Because  H  and  K  are  the  middle  points  of  CB,  CA  ; 
.-.  HK  is  II  AB  and  =  half  AB.  App.  I.  1 

Because  U  and  V  are  the  middle  points  of  OA,  OB  ; 
.-.   UVia  II  AB  and  =  half  AB,  App.  I.  1 

.-.  HKiaW  f/Fand  =  UV. 


*  First  given  by  Euler  in  17G5.    See  JVovi   Commentarii  Academias 
Scientiarum  Imperialis  PetropoHtance,  vol.  xi.  pp.  1.3, 114. 
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B  X  H  C 

Because  Sff  and  OfT"  are  both  ±  ^C    .-.  SH  is  ||  0?7;       /.  28,  Cor. 
M      <S'fi:     n    or  „  CM    .-.  ,S"A' „  IIOF.        I.  28,  Cor. 

Hence  the  A  s  SHK,  0  U  V  are  mutually  equiangular,        /.  34,  Cor. 
and  since  HK  =  UV    .-.  SH  =  OU  I.  26 

^  half  MO. 
Again,  because  P  and  Q  are  the  middle  points  of  GA,  GO ; 
.-.  PQ  is  MO  and  =  half  AO  ;  App.  1.  I 

.-.  Pq  is  II  SH  and  =  SH. 

Hence  the  A  s  HGS,  PGQ  are  equal  in  all  respects  ;  /.  29,  26 

.-.  HG=  PO  =  half  ^O; 

.•.  O  is  the  centroid,  App.  I.  f- 

and  SG  =  QG  =  half  OG. 

Cor. — The  distance  of  the  circumscribed  centre  from  any  side  of  a 
triangle  is  half  the  distance  of  the  orthocentre  from  the  opposite 
vertex. 

For  SH  was  proved  =  half  OA, 

Loci. 

Many  of  the  problems  which  occur  in  geometry  consist  in  the 
finding  of  points.  Now  the  position  of  a  point — and  position  is  the 
only  property  which  a  point  possesses — is  determined  by  certain 
conditions,  and  if  we  know  these  conditions,  we  can,  in  general 
find  the  point  which  satisfies  them.  It  will  be  seen  that  in  plant 
geometry  two  conditions  suffice  to  determine  a  point,  provided  the 
conditions  be  mutually  consistent  and  independent.  When  only 
one  of  the  conditions  is  given,  though  the  point  cannot  then  be 
deternuned,  yet  its  position  may  be  so  restricted  as  to  enable  us 
to  say  that  wherever  the  point'  may  be,  it  must  always  lie  on  some 
one  or  two  lines  which  we  can  describe ;  for  example,  straight  lines 
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or  the  circumferences  of  circles.  The  given  condition  may,  however, 
be  such  that  the  point  which  satisfies  it  will  lie  ou  a  line  or  lines 
which  we  do  not  as  yet  know  how  to  describe.  Cases  where  this 
occurs  are  considered  as  not  belonging  to  elementary  plane 
geometry. 

Def. — The  line  (or  lines)  to  which  a  point  fulfilling  a  given  con- 
dition is  restricted,  that  is,  on  which  alone  it  can  lie,  is  (or  are) 
called  the  locus  of  the  point.  Instead  of  the  phrase  '  the  locus  of  a 
point,'  we  frequently  say  '  the  locus  of  points.' 

For  the  complete  establishment  of  a  locus,  it  ought  to  be  proved 
not  only  that  all  the  points  which  are  said  to  constitute  the  locus 
fulfil  the  given  condition,  but  that  no  other  points  fulfil  it.  The 
latter  part  of  the  proof  is  generally  omitted. 

Ex.  1.  Find  the  locus  of  a  point  having  the  jiroperty  (or  fulKlling 
the  condition)  of  being  situated  at  a  given  distance  from  a  given  point. 

Let   A    be   the  given   point,    and    suppose  jy 

B,  C,  D,  &c.  to  be  points  on  the  locus.  Join 
AB,AC,AD,  &c.  /  /      \C 

Then  AB  =  AC  =  AD  =  &c.  ;  Hyp. 

and  hence  B,  C,  D,  &c.  must  be  situated  on 
the  O"®  of  a  circle  whose  centre  is  A,  and 
whose  radius  is  the  given  distance. 

Moreover,  the  distance  from  A  of  any  point 
not  situated  on  the  O'^'*  would  not  be  =  AB,  AC,  AD.  &c. 

This  O*^® .'.  is  the  required  locus. 

Ex.  2.  Find  the  locus  of  a  point  having  the  property  (or  fulfilling 
the  condition)  of  being  equidistant  from 
two  given  points. 

Let  A  and  B  be  the  given  jioints. 

Join  AB,  and  bisect  it  at  C  ;   then  C 
is  a  definite  fixed  point. 

Suppose  D  to  be  any  point  on  the  locus, 
and  join  DA,  DB,  DC.  ^Z 

ThenZ>.4  =  DB  ;  Hyp. 

and  since  DOis  common,  and  AC  =  BO,  '  Const. 

.-.  DCis  ±  AB.  1.8,  Def.  10 

Hence,  if  a  set  of  other  points  on  the  locus  be  taken,  and  joined 
to  the  definite  fixed  point  C,  a  set  of  perpendiculars  to  A  B  will  be 
obtained.  The  locus  therefore  consists  of  all  the  perpendiculars  that 
can  be  drawn  to  AB  through  the  point  C ;  that  is,  CD  produced 
indefinitely  either  way  is  the  losus, 


D 


B 
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Proposition  6. 

Straight  lines  are  draivn  from  a  given  fixed  point  to  the  circvmfer- 
ence  of  a  given  fixed   circle,   and  are   bisected:  find   the   locus 


of  tlieir  middle  points. 


E. 


Let  A  be  the  given  fixed  point,  C  the  centre  of  the  given  fixed 
circle ;  let  AB,  one  of  the  straight  lines  drawn  from  A  to  the  O'*, 
be  bisected  at  E : 
it  is  required  to  find  the  locus  of  E, 

Join  A  C,  and  bisect  it  at  D  ;  I.  10 

join  DE  and  CB. 

Because  DE  joins  the  middle  points  of  two  sides  of  A  ACB, 

.•.DE=hOB.  App.I.] 

But  CB,  being  the  radius  of  a  fixed  circle,  is  a  fixed  length ; 

.•.  DE,  its  half,  is  also  a  fixed  length. 
Again,  since  A  and  C  are  fixed  points, 

.•.  AC  is  a  fixed  straight  line  ; 

.'.  D,  the  middle  point  of  ^O,  is  a  fixed  point ; 

that  is,  E,  the  middle  point  of  AB,  is  situated  at  a  fixed  distance 
from  the  fixed  point  D. 
But  AB  was  any  straight  line  drawn  from  A  to  the  O"*  ; 

.',  the  middle  points  of  all  other  straight  lines  drawn  from  A  to  the 

O™  must  be  situated  at  the  same  fixed  distance  from  the  fixed  point 

.".  the  locus  of  the  middle   points  is  the  O"*  of   a  circle,  whose 
centre  is  D,  and  whose  radius  is  half  the  radius  of  the  fixed  circle. 

From  the  figure  it  will  be  seen  that  it  is  immaterial  wliether  AB 
or  ^4  Z>'  is  to  be  considered  as  the  straight  line  drawn  from  A  to  the 
O™.  For  if  E'  be  the  middle  point  of  AB',  then  E'D  =  \RG, 
that  is  =  half  the  radius  of  the  fixed  circle ; 

.'.  the  locus  of  i^  is  the  same  O"  as  before. 
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fine  reader  is  requested  to  make  figures  for  the  cases  when  the 
given  point  A  is  inside  the  given  circle,  and  when  it  is  on  the  O  ™  of 
the  given  circle.] 


INTERSECTION   OF  LOCI. 

Since  two  conditions  determine  a  point,  if  we  can  construct  the 
locus  satisfying  each  condition,  the  point  or  points  of  intersection  of 
the  two  loci  will  be  the  point  or  points  required.  A  familiar  example 
of  this  method  of  determining  a  point,  is  the  finding  of  the  position 
of  a  town  on  a  map  Ijy  means  of  parallels  of  latitude  and  meridians 
of  longitude.  The  reader  is  recommended  to  apply  this  method  to 
the  solution  of  I.  1  and  22,  and  to  several  of  the  problems  on  tha 
construction  of  triangles. 


DEDUCTIONS. 

1.  The  straight  line  joining  the  middle  points  of  the  non-parallel 

sides  of  a  traiezium  is  |1  the  parallel  sides  and  =  half  their 
sum. 

2.  The  straight  line  joining  the  middle  jjoints  of  the  diagonals  of  a 

trapezium  is  ||  the  parallel  sides  and  —  half  their  diiference. 
?,  The  straight  line  joining  the  middle  points  of  the  non-parallel 
sides  of  a  trapezium  bisects  the  two  diagonals. 

4.  The  middle  points  of  any  two  opposite  sides  of  a  quadrilateral 

and  the  middle  j;oiuts  of  the  two  diagonals  are  the  vertices 
of  a  ll"". 

5.  The  straight  lines  which  join  the  middle  points  of  the  opposite 

sides  of  a  quadrilateral,  and  the  straight  line  which  joins  the 
middle  points  of  the  diagonals,  are  concurrent. 

6.  If  from  the  three  vertices  and  tiie  centroid  of  a  triangle  perpen- 

diculars be  drawn  to  a  straight  line  outside  the  triangle,  the 
perpendicular  from  the  centroid  =  one-third  of  the  sum  of 
the  other  perpendiculars.  Examine  the  cases  when  the 
straight  line  cuts  the  triangle,  and  when  it  passes  through 
the  centroid. 

7.  Find  a  point  in  a  given  straight  line  such  that  the  sum  of  its 

distances  from  two  given  points  may  be  the  least  possible. 
Examine  the  two  cases,  when  the  two  given  points  are  on 
the  same  side  of  the  given  line,  and  when  they  are  on 
different  sides. 


106  Euclid's  elements.  [Book  T> 

8.  Find  a  point  in  a  given  straight  line  such  that  the  difference  of 

its  distances  from  two  given  points  may  be  the  greatest 
possible.     Examine  the  two  cases. 

9.  Of  all  triangles  having  only  two  sides  given,  that  is  the  greatest 

in  which  these  sides  are  perpendicular. 
]0    The   perimeter   of   an   isosceles    triangle   is   less   than   that   of 
any   other    triangle   of   equal   area    standing    on   the    same 
base. 

11.  Of  all  triangles  having  the  same  vertical  angle,  and  the  baees 

of  which  pass  through  the  same  given  jioiut,  the  least  is  that 
which  has  its  base  bisected  by  the  given  jjoint. 

12.  Of  all  triangles  formed  with  a  given  angle  which  is  contained 

by  two  sides  whose  sum  is  constant,  the  isosceles  triangle  has 
the  least  perimeter. 

13.  The  sum  of  the  perpendiculars  drawn  from  any  point  in  the 

base  of  an  isosceles  triangle  to  the  other  two  sides  is  con- 
stant. Examine  the  case  when  the  point  is  in  the  base 
produced. 

14.  The  sum  of  the  perpendiculars  drawn  from  any  point  inside  an 

equUateral  triangle  to  the  tliree  sides  is  constant.     Examine 

the  case  when  the  point  is  outside  the  triangle. 
1 J.  The  sum  of  the  perpendiculars  from  the  vertices  of  a  triangle  on 

the  opposite  sides  is  greater  than  the  semi-perimeter  and  less 

than  the  perimeter  of  the  triangle. 
16.  If  a  perpendicular  be  drawn  from  the  A^ertical  angle  of  a  triangle 

to  the  base,  it  will  divide  the  vertical  angle  and  the  base 

into  parts  such  that  the  greater  is  next  the  greater  side  of 

the  triangle. 
•17.  The  bisector  of  the  vertical  angle  of  a  triangle  divides  the  base 

into  segments  such  that  the  greater  is  next  the  greater  side 

of  the  triangle. 

18.  The  median  from  the  vertical  angle  of  a  triangle  divides  the 

vertical  angle  into  parts  such  that  the  greater  is  next  the  less 
side  of  the  triangle. 

19.  If  from  the  vertex  of  a  triangle  there  be  drawn  a  perpendicular 

to  the  opposite  side,  a  bisector  of  the  vertical  angle  and  a 
median,  the  second  of  these  hes  in  position  and  magnitude 
between  the  other  two. 

20.  The  sum  of  the  three  angular  bisectors  of  a  triangle  is  greater 

than  the  semiperimeter,  and  less  than  the  perimeter  of  the 
triangle. 
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_'l.  If  one  side  of  a  triangle  be  greater  than  another,  the  perpen- 
dicular on  it  from  the  opposite  angle  is  less  than  the 
oovreaponding  perpendicular  on  the  other  side. 

C2.  If  one  side  of  a  triangle  be  greater  than  another,  the  median 
drawn  to  it  is  less  than  the  median  drawn  to  the  other. 

23.  If  one  side  of  a  triangle  be  greater  than  another,  the  bisector 

of  the  angle  opposite  to  it  is  less  than  the  bisector  of  the 
angle  opposite  to  the  other. 

24.  The  hypotenuse  of  a  right-angled  triangle,  together  with  the 

perpendicular  on  it  from  the  right  angle,  is  greater  than  the 
sum  of  the  other  two  sides. 

25.  The  sum  of  the  three  medians  is  greater  than  three-fourths  of 

the  perimeter  of  the  triangle. 
2G.  Construct  an  equilateral  triangle,  having  given  the  perpendicular 
from  any  vertex  on  the  opposite  side. 

Construct  an  isosceles  triangle,  having  given  : 

27.  The  vertical  angle  and  the  perpendicular  from  it  to  the  base. 

28.  The  perimeter  and  the  perpendicular  from  the  vertex  to  the 

base. 

Construct  a  right-angled  triangle,  having  given : 

29.  The  hypotenuse  and  an  acute  angle. 

30.  The  hypotenuse  and  a  side. 

.51.  The  hypotenuse  and  the  sum  of  the  other  sides. 

3'J.  The  hypotenuse  and  the  difference  of  the  other  sides. 

o3.  The  perpendicular  from  the  right  angle  on  the  hypotenuse  and 

a  side. 
34  The  median,  and  the  perpendicular  from  the  right  angle,  to  the 

hypotenuse. 

35.  An  acute  angle  and  the  sum  of  the  sides  about  the  right  angle. 

36.  An  acute  angle  and  the  difference  of  the  sides  about  the  right 

angle. 

Construct  a  triangle,  having  given  : 

37.  Two  sides  and  an  angle  opposite  to  one  of  them.     Eiamine  the 

cases  when  the  angle  is  acute,  right,  and  obtuse. 

38.  One  side,  an  aagle  adjacent  to  it,  and  the  sum  of  the  other  two 

sides. 

39.  One  side,  an  angle  adjacent  to  it,  and  the  difference  of  the  other 

two  sides. 

40.  One  side,  the  angle  opposite  to  it,  and  the  sum  of  the  oth«r  tw» 

sides. 

H 
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41.  One  side,  the  angle  oppesite  to  it,  and  the  difference  of  the 

other  two  sides. 
»42.  An  angle,  its  bisector,  and  the  perpendicular  from  the  angle  on 

the  opjiosite  side. 
43.  The  angles  and  the  sum  of  two  sides. 
>44.  The  angles  and  the  difference  of  two  sides. 
45.  The  perimeter  and  the  angles  at  the  base. 
4'J.  Two  sides  and  one  median. 
47.  One  side  and  two  medians. 
4^.  The  three  medians.  /- 

Construct  a  square,  having  given  : 
49,  The  sura  of  a  side  and  n  diagonal. 
50^  The  difference  of  a  side  and  a  diagonal. 

Construct  a  rectangle,  having  given  : 

51.  One  side  and  the  angle  of  intersection  of  the  diagonals, 

52.  The  perimeter  and  a  diajional. 

53.  The  perimeter  and  the  angle  of  intersection  of  the  diagonals. 
-154.  The  difference  of  two  sides  and  the  angle  of  intersection  of  the 

diagonals. 

Construct  a  i|™,  Laving  given  -. 
•~-o5.  The  diagonals  and  a  side. 
56.  The  diagonals  and  their  angle  of  intersection. 
.57.  A  side,  an  angle,  and  n  diagonal. 

58.  Construct  a  ||™  the  area  and  perimeter  of  which  shall  =  the  area 

and  perimeter  of  a  given  triangle. 

59.  The  diagonals  of  all  the  li'""  inscribed*  in  a  given  \\^  intersect  one 

another  at  the  same  point. 
GO.  lii  a  given  rhombus  insciibe  a  square. 
(>1.  In  a  given  right-angled  isosceles  triangle  inscribe  a  square. 

62.  In  a  given  square  inscribe  an  equilateral  triangle  having  one  of 

its  vertices  coinciding  with  a  vertex  of  the  square. 

63.  AA',  BE',  CO'  are  straight  lines  drawn  from  the  angidar  points 

of  a  triangle  thiongh  any  point  O  within  the  triangle,  and 
cutting  tbe  o])positi>  sides  at  A',B',  C  .  AP,  BQ,  CR  are  cut 
off  from  AA',  BB',  CO',  and  =  OA,  OB',  OG'.  Prove 
A  A'BC  =  A  PQR. 

*  One  figure  is  inscribed  in  amother  when  the  vertices  of  the  first  figure 
are  on  the  sides  of  the  second 
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04.  On  AB,  AC,  sides  of  A  ABC,  the  H"^  ABDE,  A  CFG  are 
describad  ;  DE  and  FG  are  produced  to  meet  at  H,  and  AH 
is  joined ;  through  B  and  C,  BL  and  CM  are  drawn  ||  A II, 
and  meeting  BE  and  FG  at  L  and  J/.  If  LM  be  joined, 
5C^VL  is  a  ||°>,  and  =  ^  5^  +  |r  0(?.  (Pappus,  IV.  1.) 
~^Q§^  Deduce  I.  47  from  the  preceding  deduction. 

66.  If  three  concurrent  straight  lines  be  respecti\  ely  perpendicular 

to  the  three  sides  of  a  triangle,  they  divide  the  sides  into 
segments  such  that  the  sums  of  the  squares  of  the  alternate 
segments  taken  cyclically  (that  is,  going  round  the  triangle) 
are  equal  ;  and  conversely. 

67.  Prove  App.  I.  2,  3  bj-  the  preceding  deduction. 

68.  If  from  the  middle  point  of  the  base  of  a  triangle,  perpendiculars 

be  drawn  to  the  bisectors  of  the  interior  and  exterior  vertical 
angles,  these  perpendiculars  will  intercejit  ou  the  sides 
segments  equal  to  half  the  sum  or  half  the  difference  of  the 
sides. 

69.  In  the  figure  to  the   preceding  deduction,  find  all  the  angles 

which  are  equal  to  half  the  sum  or  half  the  difference  of  the 
base  angles  of  the  triangle. 

70.  If  the  straight  lines  bisecting  the  angles  at  the  base  of  a  triangle, 

and  terminated  by  the  opposite  sides,  be  ecjual,  the  triangle  is 
isosceles.  Examine  the  case  when  the  angles  below  the  base 
are  bisected.  [See  NouveUes  Annales  de  Mathematiques 
(1842),  pp.  138  and  311  ;  Lady's  and  Gentlemaii's  Diary  for 
1857,  p.  58 ;  for  1859,  p.  87  ;  for  1860,  p.  84  ;  London,  Edin- 
burgh, and  Dublin  Philosopldcal  Magazine,  1852,  p.  366,  and 
1874,  p.  354.] 


Loci. 

1,  The  locus  of  the  points  situated  at  a  given  distance  from  a 

given  straight  line,  consists  of  two  straight  hues  parallel  to 
the  given  straight  line,  and  on  opposite  sides  of  it. 

2.  The  locus  of  the  jjoints  situated  at  a  given  distance  from  the 

O*^^  of  a  given  circle  consists  of  the  O'^'^''  of  two  circles  con- 
centric with  the  given  circle.  Examine  whether  the  locus 
will  always  consist  of  two  O  '^. 

[The  distance  of  a  point  from  the  circumference  of  a  circle  is 
measured  on  the  straight  line  joining  the  point  to  the  centre 
of  the  circle.] 
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3.  The  locus  of  the  points  equidistant  from  two  given  straight  lines 

which  intersect,  consists  of  the  two  bisectors  of  the  angles 
made  by  the  given  straight  lines. 

4.  What   is   the  locus   when   the  two  given  straight    lines   are 

parallel  ? 

5.  The  locus  of  the  vertices  of  all  the  triangles  which  have  the 

same  base,  and  one  of  their  sides  equal  to  a  given  length, 
consists  of  the  O  "^^  of  two  circles.  Determine  their  centres 
and  the  length  of  their  radii. 

6.  The  locus  of  the  vertices  of  all  the  triangles  which  have  the 

same  base,  and  one  of  the  angles  at  the  base  equal  to  a  given 
angle,  consists  of  the  sides  or  the  sides  produced  of  a  certain 
rhombus. 

7.  Find  the  locus  of  the  centre  of  a  circle  which  shall  pass  through 

a  given  point,  and  have  its  radius  equal  to  a  given  straight 
line. 

8.  Find  the  locus  of  the  centres  of  the  circles  which  pass  through 

two  given  points. 

9.  Find  the  locus  of  the  vertices  of  all  the  isosceles  triangles  which 

stand  on  a  given  base. 

10.  Find  the  locus  of  the  vertices  of  all  the  triangles  which  have 

the  same  base,  and  the  median  to  that  base  equal  to  a  given 
length. 

11.  Find  the  locus  of  the  vertices  of  all  the  triangles  which  have  the 

same  base  and  equal  altitudes. 

12.  Find  the  locus  of  the  vertices  of  all  the  triangles  which  have  the 

same  base,  and  their  areas  equal. 

13.  Find  the  locus  of  the  middle  points  of  all  the  straight  lines 

drawn  from  a  given  point  to  meet  a  given  straight  line, 

14.  A  series  of  triangles  stand  on  the  same  base  and  between  the 

same  parallels.  Find  the  locus  of  tlie  middle  points  of  their 
sides. 

15.  A  series  of  ||™'  stand  on  the  same  base  and  between  the  same 

parallels.  Find  the  locus  of  the  intersection  of  their 
diagonals, 

16.  From   any  point   in  the  base  of   a  triangle  straight  lines  are 

drawn  parallel  to  the  sides.    Find  the  locus  of  the  intersection 
of  the  diagonals  of  every  ||'"  thus  formed, 
iV".  Straight  lines   are  drawn   ])arallel  to  the  base  of  a  triangle,  to 
meet  the  sides  or  the  sides  produced.     Find  the  locus  of  their 
middle  points. 
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IS.  Find  the  locus  of  the  angular  point  opposite  to  the  hypotenuse 
of  all  the  right-angled  triangles  that  have  the  same  hypoten- 
use. 

19.  A  ladder  stands  upright  against  a  perpendicular  wall.     The  foot 

of  it  is  gradually  drawn  outwards  till  the  ladder  lies  on  the 
ground.  Prove  that  the  middle  point  of  the  ladder  has 
described  part  of  the  O  °*  of  a  circle. 

20.  Find  the  locus  of  the  points  at  which  two  equal  segments  of  a 

straight  line  subtend  equal  angles. 

21.  A  straight  line  of  constant  length  remains  always  parallel  to 

itseK,  while  one  of  its  extremities  describes  the  O  **  of  a  circle. 
Find  the  locus  of  the  other  extremity. 

22.  Find  the  locus  of  the  vertices  of  all  the  triangles  which  have  the 

same  base  BC,  and  the  median  from  B  equal  to  a  given 
length. 
2$L.The  base  and  the  difference  of  the  two  sides  of  a  triangle  are 
given  ;  find  the  locus  of  the  feet  of  the  perpendiculars  drawn 
from  the  ends  of  the  base  to  the  bisector  of  the  interior 
/      vertical  angle. 

24.  The  base  and  the  siim  of  the  two  sides  of  a  triangle  are  given  ; 

find  the  locus  of  the  feet  of  the  perpendiculars  drawn  from 
the  ends  of  the  base  to  the  bisector  of  the  exterior  vertical 
angle. 

25.  Three  sides  and  a  diagonal  of  a  quadrilateral  are  given  :  find  the 

locus  (1)  of  the  undetermined  vertex,  (2)  of  the  middle  point 
of  the  second  diagonal,  (3)  of  the  middle  point  of  the  straight 
line  which  joins  the  middle  points  of  the  two  diagonals. 
(Solutions  raisonnees  des  ProUevies  enonces  dam  U»  ElemenU 
dt  Geometric  de  M.  A.  Aviiot,  1^^^  ed.  p.  120 
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definitio:n"s. 

1.  A  rectangle  (or  rectangular  parallelogram)  is  said  to 
be  contained  by  any  two  of  its  conterminous  sides. 

Thus  the  rectangle  A  BCD  is  said  to    ^r  — —      iB 

be  contained  hy  AB  and  BC ;  or  by  BC 
and  CD ;  or  by  CD  and  DA  ;  or  by    ^ 
DA  and  AB. 


C 


The  reason  of  this  is,  that  if  the  lengths  of  any  two  conterminous 
sides  of  a  rectangle  are  given,  the  rectangle  can  be  constructed  ;  or, 
what  comes  to  the  same  thing,  that  if  two  conterminous  sides  of  one 
rectangle  are  respectively  equal  to  two  conterminous  sides  of  anothei 
rectangle,  the  two  rectangles  are  equal  in  all  respects.  The  truth 
of  the  latter  statement  may  be  proved  by  applying  the  one  rectangle 
to  the  other. 

2.  It  is  oftener  the  case  than  not,  that  the  rectangle  con- 
tained by  two  straight  lines  is  spoken  of  when  the  two 
straight  lines  do  not  actually  contain  any  rectangle.  "When 
this  is  so,  the  rectangle  contained  by  the  two  straight  lines 
will  signify  the  rectangle  contained  by  either  of  them,  and 
a  straight  line  equal  to  the  other,  or  the  rectangle  contained 
by  two  other  straight  lines  respectively  equal  to  them. 


Fig.  1. 


-D 


Fig.  2. 
Ci iD 
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Fig.  3. 
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Thus  ABEF  (fig.  1)  maybe  considered  the  rectangle  contained 
by  AB  and  CD,  if  BE  =  CD  ;  CDEF  (fig.  2)  may  be  considered 
the  rectangle  contained  hy  AB  and  CD,  ii  DE  =  AB ;  and  EFOB 
(tig.  3)  may  be  considered  the  rectangle  contained  by  AB  and  GD,  if 
EF  =  AB  and  FG  =  CD 

3.  As  the  rectangle  and  the  square  are  the  figures  which 
the  Second  Book  of  Euclid  treats  of,  phrases  such  as  '  the 
rectangle  contained  by  AB  and  AC,^  and  'the  square 
described  on  AB,'  will  be  of  constant  occurrence.  It  is 
usual,  therefore,  to  employ  abbreviations  for  these  phrases. 
The  abbreviation  which  will  be  made  use  of  in  the  present 
text-book*  for  'the  rectangle  contained  by  AB  and  BC  is 
ABBC,  and  for  ' the  square  described  on  AB,'  ABK 

4.  When  a  point  is  taken  in  a  straight  line,  it  is  often 

called  a  point  of  section,  and  the  distances  of  this  point 

from  the  ends  of  the  line  are  called  segments  of  the  line. 

D 
A 1 "B 


Thus  the  point  of  section  D  divides  AB  into  two  segments  AD 
and  BD. 

In  this  case  .45  is  said  to  be  divided  internally  at  D,  and  AD  and 
BD  are  called  internal  segments. 

The  given  straight  line  is  equal  to  the  sum  of  its  internal  seg- 
ments -^  iov  AB  =  AD  +  BD. 

b.  When  a  point  is  taken  in  a  straight  line  produced,  it 
is  also  called  a  point  of  section,  and  its  distances  from  the 
ends  of  the  line  are  called  segments  of  the  line. 

A B  D  D A B 


Thus  D  is  called  a  point  of  section  of  AB,  and  the  segments  into 
which  it  is  said  to  divide  AB  are  AD  and  BD. 

*  In  certain  written  examinations  in  England,  the  only  abbreviatiou 
allowed  for  'the  rectangle  contained  by  AB  and  BC^  is  rect.  AB,  BC, 
and  for  '  the  square  described  on  AB,'  sq.  on  AB ;  the  pupil,  therefore,  if 
preparing  for  these  examinations,  should  practise  himself  in  the  use  of 
«uch  abbreviations. 
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In  this  case,  AB  is  said  to  be  divided  externally  at  D,  aud 
AD,  BD  are  called  exteryial  segments. 

The  uiven  straight  line  is  equal  to  the  difference  of  its  external 
segments;  iov  AB  =  AD  -  BD,  or  BD  -  AD. 

6.  When  a  straight  Hue  is  divided  into  two  segments, 
such  that  the  rectangle  contained  by  the  whole  line  and 
one  of  the  segments  is  equal  to  the  Square  on  the  other 
segment,  the  straight  line  is  said  to  be  divided  in  medial 
section.* 

H 
A. 1 B 

Thus,  if  AB  be  divided  at  //  into  two  segments  AH  and  BH, 
such  that  AB  ■  BH  =  AH"^,  AB  is  said  to  be  divided  in  medial 
section  at  H. 

It  will  be  seen  that  AB  is  internally  divided  at  H ;  and  in 
general,  when  a  straight  line  is  said  to  be  divided  in  medial  section, 
it  is  understood  to  be  internally  divided.  But  the  definition  need 
not  be  restricted  to  internal  division. 

H; A B 

Thus,  if  .45  be  divided  at  H'  into  two  segments  AH'  and  BH', 
such  that  AB  ■  BH'  =  AH"^,  AB  in  this  case  also  may  be  said  to  be 
divided  in  medial  section. 

7.  The  projection  t  of  a  point  on  a  straight  line  is  the 
foot  of  the  perpendicular  drawn  from  the  point  to  the 
straight  line.  . 


B- 


-0 


D 

Thus  D  is  the  projection  of  A  on  the  straight  line  BC. 
8.  The  projection  of  one  straight  line  on  another  straight 

*  The  phrase,  'medial  section,'  seems  to  he  due  to  Leslie.  See  his 
"Jlemcnts  of  Geometrii  (1809),  p.  66. 

t  Sometimes  the  adjective  'orthogonal'  is  prefixed  to  the  word  pro- 
jection, to  distinguish  this  kind  from  othen. 
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line  is  that  portion  of  tne  secona  intercepted  between  per- 
pendiculars drawn  to  it  from  the  ends  of  the  first. 


Fig.  1. 


Fig.  2. 


EG  HK  LiFEA  H      K  DF 

Thus  the  projections  oi  AB  and  CD  on  EF  are,  in  fig.  1,  GH  and 
KL  ;  in  tig.  2,  AH  and  KB. 

While  the  straight  hne  to  be  projected  must  be  hmited  in  length, 
the  straight  line  on  which  it  is  to  be  projected  must  be  considered 
as  unlimited. 

9.  If  from  a  parallelogram  there  be  taken  away  either 
of  the  parallelograms  about  one  of  its  diagonals,  the 
remaining  figure  is  called  a  gnomon. 

A.  C      B  A  C      B  . 


H 


G 

/ 

/ 

G 

/ 

/ 

K 


D  F      E  D  F      E 

Thus  if  A  DEB  is  a  H'",  BD  one  of  its  diagonals,  and  HF,  CK 
11"^  about  the  diagonal  BD^  the  figure  which  remains  when  HF  or 
CK  is  taken  away  from  A  DEB  is  called  a  gnomon.  In  the  first 
case,  when  HF  is  taken  away,  the  gnomon  ABEFGH  (inclosed 
within  thick  lines)  is  usually,  for  shortness'  sake,  caUed  AKF  or 
HCE ;  in  the  second  case,  when  CK  is  taken  away,  the  gnomon 
ADEKGC  would  similarly  be  called  AFK  or  CHE. 

The  word  '  gnomon '  in  Greek  means,  among  other  things,  a 
carpenter's  square,*  which,  when  the  H™  ADEB  is  a  square  or  a 

*  Another  less  known  figure  was,  from  its  shape,  called  by  the  ancient 
geometers,  'the  shoemaker's  knife.'    See  Pappus,  IV.  section  14. 
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rectangle,  the  figure  ^^i^  resembles.     The  only  gnomons  mentioned 
by  Euclid  in  the  second  book  are  parts  of  squares. 

The  more  general  definition  given  by  Heron  of  Alexandria,  that  a 
gnomon  is  any  figure  which,  when  added  to  another  figure,  produces 
a  figiire  similar  to  the  original  one,  will  be  partly  understood  after 
the  fourth  proposition  has  been  read. 


PEOPOSITION  1.     Theorem. 

//  iliere  he  two  straight  lines,  one  of  which  is  divided  inter- 
nally into  any  number  of  segments,  the  rectangle  con- 
tained hy  the  two  s'raigltt  lines  is  equal  to  the  rectangles 
contained  hy  the  undivided  line  and  the  several  segments 
of  the  divided  line. 

C  E       F  D 


G 


K 


H 


Let  AB  and  CD  he  the  two  straight  liaes, 
and  let   CD  he  divided  internally  into  any  numher  of  seg- 
ments CE,  EF,  FD  : 

it   is   required   to  prove    AB -CD  =  AB  ■  CE  +  AB-EF 
+  AB  ■  FD. 


AB; 


L  11,  3 


From  C  draw  CG  ±  CD  and 
through  G  draw  GH  \\  CD, 
and  through  E,  F,  D  draw  EK,  FL,  DH  \\  CG. 

Then  CH  =  CK  +  EL  +  FH; 
that  is,  GC-  CD  =  GC  •  CE  +  KE-  EF  +  LF-FD. 
But  GC,  KE,  LF  are  each  =  AB ;  Const,  I.  34 

.'.  AB-  CD  =  AB-  CE  +  AB-EF  +  AB ■  FD. 


J.  31 
/.  Ax.  8 
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ALGEBRAICAL   ILLUSTRATION. 

Let  AB  ^a,CD  =  b,  CE=c,  EF=d,  FD  =  «; 
then  6  =  c  +  rf  +  e. 
Now^5.0i)  =  ab, 

and  AB  ■  CE  +  AB  •  EF  +  AB  ■  FD  =  ac  +  ad  +  a«. 
But  since  b  =  c  +  d  +  e, 

.:  ab  =  ac  +  ad  +  ae  ; 

.',  AB-CD  =  AB.CE+AB.EF+AB.  FD. 

h  The  rectangle  contained  by  two  straight  lines  is  equal  to  twice 
the  rectangle  contained^ by  one  of  them  and  half  of  the  other. 

2.  The  rectangle  contained  by  two  straight  lines  is  equal  to  thrice 

the  rectangle  contained  by  one  of  them  and  one-third  of  the 
other. 

3.  The  rectangle  contained  by  two  equal  straight  lines  is  equal  to 

the  square  on  either  of  them. 

4.  If  two  straight  lines  be  each  of  them  divided  internally  into  any 

number  of  segments,  the  rectangle  contained  by  the  two 
straight  lines  is  equal  to  the  several  rectangles  contained  by 
all  the  segments  of  the  one  taken  separately  with  all  the 
segments  of  the  other. 


PKOPOSITIOJ^  2.     Theorem. 

If  a  straight  line  be  divided yif^'nally  into  any  tivo  segments, 
tiie  square  on  the  straight  line  is  equal  to  the  sum^of  the 
rectangles  contained  hy  the  straight  line  and  the  two 
segments.  k  ^      t.  /? 


F       E 

Let   AB  be  divided  internally  into   any  two   segments 
AC,  OB:  "' 

it  is  required  to  prove  AB^  =  AB  •  AC  ±,  AB  •  CB. 
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On  AB  describe  the  square  ADEB,  J.  46 

and  through  C  draw  CF  \\  AD,  meeting  DE  at  F.         /.  31 

Then  AE  =  AF  +  CE;  J.  Ax.  8 

that  is,  AB-^  =  DA-AC .-h  EB-  CB. 
But  DA  and  ^i?  are  each  =  AB  ; 
.-.  ^^2  =  ^5  .  ^(7  i  ^5.  CB. 


ALGEBRAICAL   ILLUSTRATION. 

Let  AC  =  a,  CB  =  b ; 
then  AB  =  a  +  b. 

Now,  ^fi2  =  (a  +  6)2  =  a2  +  2a6  +  62, 

and  ^5  •  ^C  +  ^5  •  C5  =  (a  +  6)  a  +  («  +  6)  6  =  a"  +  2a6  +  6«; 
.:AB^  =  AB-AG  +  AB-CB. 

1.  Prove  this  proposition  by  taking  another  straight  line  =  AB, 

and  using  the  preceding  proposition. 

2.  If  a  straight  line  be  divided  internallj'  into  any  three  segments, 

the  square  on  the  straight  line  is  equal  to  the  sum  of  the 
rectangles  contained  by  the  straight  line  and  the  three 
segments. 

3.  If  a  straight   line   be  divided  internally  into   any  number  of 

segments,  the  square  on  the  straight  line  is  equal  to  the  sum 
of  the   rectangles   contained  by  the  straight  line  and  the 
several  segments. 
Show  that  the  proposition  is  equivalent  to  either  of  the  following  : 

4.  The  square  on  the  sum  of  two  straight  lines  is  equal  to  the  two 

rectangles  contained  by  the  sum  and  each  of  the  straight  lines. 

5.  The  square  on  the  greater  of  two  straight  lines  is  equal  to  the 

rectangle  contained  by  the  two  straight  lines  together  with 
the  rectangle  contained  by  the  greater  and  the  difference 
between  the  two. 
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PEOPOSITION  3.     Theorem. 

If  a  straight  line  he  divided  externally  into  any  two  segments, 

the  square  on  the  straight  line  is  equal'to  the  difference 

of  the  rectangles  contained  by  the  straight  line  and  the 

two  segments. 

A  BO 


. I 


D  E        F 

Let  AB  be  divided  externally  into  any  two  segments 
AC,  CB: 
it  is  required  to  prove  AB^  =  AB  •  AC  —  AB  ■  CB. 

On  AB  describe  the  square  A  DEB,  /.  46 

and  through  C  draw  CF  \\  AD,  meeting  DE  produced  at 
F.  I.  31 

Then  AE  =  AF  -  CE ;  I.  Ax.  8 

that  is,  ABT-  =  DAAC-EB-  CB. 
But  DA  and  EB  are  each  =  AB  ; 
.-.  AB-^  =  AB-AC  -  AB.  CB. 

Note. — The  enunciation  of  this  proposition  usually  given  is  : 
If  a  straight  line  be  divided  into  any  two  parts,  the  rectangle 
contained  by  the  whole  and  one  of  the  parts  is  equal  to  the  rectangle 
contained  by  the  two  parts  together  with  the  square  on  the  afore- 
said part. 

That  is,  in  reference  to  the  figure, 

AC-AB  =  AB^  +  AB-BC, 
an  expression  which  can  be  easily  derived  from  that  in  the  text, 

ALGEBRAICAL   ILLUSTRATION. 

LetAG=a,CB  =  b; 
then  AB  =  a  -  b. 
Now,  AB'  =  (a  -  6)2  =  o2  -  2o6  +  6=», 
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and  AB  ■  AO  -  AB  ■  CB  =  (a  -  b)  a  -  {a  -  b)  b  =  a^  -  2ab  +  6*  ; 
.•.AB^  =  AB-AG-AB-CB. 

1.  Prove  this  proposition  by  taking  another  straight  line  =  AB, 

and  using  the  first  proposition. 
Show   that    the    proposition    is    equivalent   to   either   of    the 
following  : 

2.  The  rectangle  contained  by  the  sum  of  two  straight  lines  and 

one  of  them  is  equal  to  the  square  on  that  one  together  with 
the  rectangle  contained  by  the  two  straight  lines. 

3.  The  rectangle  contained  by  two  straight  lines  is  equal  to  the 

square  on  the  less  together  with  the  rectangle  contained  by 
the  less  and  the  difference  of  the  two  straight  lines. 


\ qi,/  j 


PEOPOSITION  4.     Theorem. 

If  a  straight  line  be  divided  internally  into  any  two  se§ments, 
the  sqy.ore  on  the  straight  line  is  equal  to  the  squares  on 
the  tioo  segments  increased  by  twice  the  rectangle  con- 
tained by  the  segments.  ' 
A                      C       B 


H 


\ 
D  F  ""E 

Let  AB  be  divided   internally   into  any  two  segments 
AC,  CB: 
it  is  required  to  prove  AB^  ^  AC'^  +  CB^  ±  2  AC  ■  CB. 

On  AB  describe  the  square  ADEB,  and  join  BD.      I.  4n 
Through  G  draw  CF  \\  AD,  meeting  DB  at  G  ; 
and  through  G  draw  HK  \\  AB,  meeting  DA  and  EB 
at  H  and  K.  I.  31 

Because  CG  ||  AD,         .'.    z.  CGB  =  l  ADB ;         I.  29 
and  because  AD  =  AB,    .-.    l  ADB  =  _  ABD ;  I.  5 
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.-.    L  CGB  =  L  ABD, 

=   L    CBUr; 

CB  =  CG.  I.  6 

Hence  the  ||™  CK,  having  two  adjacent  sides  equal,  has 
all  its  sides  equal.  /.  34 

But  the  II'"  CK  has  one  of  its  angles,  KBC,  rignt, 
since  l  KBC  is  the  same  as  l  ABE; 
.".  it  has  aU  its  angles  right ;  /.  34 

.-.  the  ir  CK  is  a  square,  and  =  (751  /.  Drf.  32 

Similarly,  the  H""  HF  is  a  square,  and  =  HG^  =  AC'\ 
Again,  the  |r  AG  =  AC-  CG  =  AC-  CB; 

GE  =  AC-  CB;  I.  43 

AG  +  GE='i  AC-CB. 
^ow  AB^  =  ADEB, 

=  HF+  CK  +  AG  +  GE,      I.  Ax.  8 
=  AC-  +  CB^  +  2  AC-  CB. 

Cor.  1. — The  square  on  the  sum  of  two  straight  lines  is 
equal  to  the  sum  of  the  squares  on  the  two  straight  lines, 
increased  hy  twice  the  rectangle  contained  by  the  two 
sftraight  lines. 

For  if  AC  and  CB  be  the  two  straight  lines, 
then  their  sum      =  AC  +  CB   =  AB. 
Now  since     AB-  =  AC'^  +  CB^  +  2  AC-  CB,  11.  4 

.-.  {AC  +  CBf  =  AC-  +  CB^  +  2AC-CB. 

Cor.  2. — The  |r"  about  a  diagonal  of  a  square  are  them- 
selves squares. 

[It  is  recommended  that  II.  7  be  read  immediately  after  II.  4.] 


OTHERWISE  : 


C 

\  B 


4B2  =  AB-AG  +  AB-  BC,  II.  2 

^{AC-AC  +  BC-AG)  +  {AG  -  BG  +  BG  •  BG),        11.3 
=  AG^  +  BC^+2AG-BG. 
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Let  AC  =  a,  CB  =  b; 
then  AB  =  a  +  b. 

Now  AB^  =  (a  +  6)2  =  a^  +  2ab  +  b\ 
aud  AC^  +  CB^  +  2AC  ■  CB  =  a^-  +  b^  +  2ab  ; 
.■ .  AB^  =  AC^  +  CB^  +  2  AC  ■  CB. 

1.  Name  the  two  figures  which  form  the  sum  of  the  squares  <m  AC 

and  CB. 

2.  Name  the  figure  which  is  the  square  on  the  sum  of  A  C  and  CB. 

3.  Name  the  figure  which  is  the  difference  of  the  squares  on  ^  JS 

and  AC. 

4.  Name  the  figure  which  is  the  difference  of  the  squares  on  AB 

and  BC 

5.  Name  the  figure  which  is  the  square  on  the  difference  oi  AB  and 

AC. 

6.  Name  the  figure  which  is  the  square  on  the  difference  oi  AB  and 

BC. 

7.  By  how  much  does  the  square  on  the  sum  of  ^C  and  CB  exceed. 

the  sum  of  the  squares  on  ^  C  and  CB  1 

8.  Show  that  the  proposition  may  be  enunciated :     The  square  on 

the  sum  of  two  straight  lines  is  greater  than  the  sum  of 
the  squares  on  the  two  straight  lines  by  twice  the  rectangle 
contained  by  the  two  straight  lines. 

9.  The  square  on  any  straight  line  is  equal  to  four  times  the  square 

on  half  of  the  line. 
VO.  If  a  straight  line  be  divided  internally  into  any  three  segments, 

the  square  on  the  whole  line  is  equal  to  the  squares  on  the 

three  segments,  together  with  twice  the  rectangles  contained 

by  every  two  of  the  segments. 
11.  Illustrate  the  preceding  deduction  algebraically. 


PEOPOSITION  5.     Theorem. 

If  a  straight  line  he  divided  info  two  eqi(.al,  and  also  internally 
into  two  unequal  segments,  the  rectangle  contained  by 
the  unequal  segments  is  equal  to  the  difference  between 
the  square  on  half  the  litie  and  the  square  on  the  dine 
between  the  points  of  section. 
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Let  AB  he  divided  into  two  equal  segments  AC,  CB, 
and  also  internally  into  two  unequal  segments  AD,  DB : 
it  is  required  to  prove  AD  •  DB  =  CB^  —  GD^. 

Gn  GB  describe  the  square  GEFB,  and  join  BE.       I.  46 
Through  D  draw  DHG  \\  CE,  meeting  EB  and  EF  at 
//  and  G; 

through  H  draw  MHLK  \\  AB,  meeting  FB  and  EG  at 
M  and  L  ; 


and  tlirough  A  draw  AK  \\  GL. 

7.31 

Then             AD-DB  =  AD-  DH, 

IL  4.  Gor.  2 

-  AH, 

=  AL+  GH, 

/.  Ax.  8 

=  GM+  HF, 

/.  36,  43 

=  gnomon  GMG. 

I.  Ax.  8 

3u?              Cfi2  _  CD'-  =  GB'  -  LH\ 

I.  34 

=  GEFB  -  LEGH, 

-  gnomon  GMG. 

/.  Ax.  8 

.-.  AD-DB  =  GB^  -  GD\ 

Cor. — The  difference  of  the  squares  on  two  straight  lines  is 
equal  to  the  rectangle  contained  by  the  sum  and  the  differ- 
ence of  the  two  straight  lines. 

Let  A  G  and  GD  be  the  two  straight  lines  : 
it  is  required  to  prove 
AG^  -  GD"-  =  {AG  +  GD)  ■  {AG  -  GD). 
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AO  +  CD  =  AD, 
and  AG  -  CD  ^  CB  -  CD     =  DB; 

.-.  (AC  +  CD)  •  {AC  -  CD)  =  AD  ■  DB, 

=  CB^  -  CD^, 
^  AC^  -  CD". 
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ALGEBRAICAL  ILLUSTRATION. 

het  AG  =  CB  =  a,  CD  ^  h ; 
then  AD  —  a  +  b,  and  DB  =  a-  b. 
Now  AD-DB  =  (a  +  b)  (a-  b)  =  a^  -  62, 
and  GB-^  -  CD^  =  a^  -  b^ ; 
.'.  AD-DB  =  GB^  -  CDK 

1.  By  how  much  does  the  rectangle  A  G  •  CB  exceed  the  rectanglp 

AD  •  DB  ?  The  rectangle  contained  liy  the  two  interna^ 
segments  of  a  straight  line  is  the  greatest  possible  when  th^ 
segments  are  equal.     (Pappus,  VII.  13.) 

2.  The  rectangle  contained  by  the   two   internal   segments  of  ::. 

straight  line  grows  less  according  as  the  point  of  section  is 
removed  farther  from  the  middle  point  of  the  straight  line. 
(Pappus,  VII.  14.) 

3.  Prove  that  AG  =  half  the  sum  and  CD  =  half  the  difference  of 

AD  and  DB. 

4.  Name  two  figures  in  the  diagram,  each  of  which  =  the  rectangle 

contained  by  half  the  sum,  and  half  the  difference  oi  AD  and 
DB. 

5.  Name  that  figure  iu  the  diagram  which  is  the  square  on  half  the 

sum  ol  AD  and  DB. 

6.  Name  that  figure  in  the  diagram  which  is  the  square  on  half  the 

difference  oi  AD  and  DB. 
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7.  Hence  show  that  the  proposition  may  be  enunciated  :    The  rect- 

angle contained  by  any  two  straight  lines  is  equal  to  the 
square  on  half  their  sum  diminished  by  the  square  on  half 
their  difference. 

8.  The  perimeter  of  the  rectangle  AD  ■  DB  =  the  perimeter  of  the 

square  on  CB. 

9.  Hence  show  that  if  a  square  and  a  rectangle  have  equal  peri- 

meters, the  square  has  the  greater  area. 

10.  Construct  a  rectangle   equal   to  the  difference   of  two  given 

squares. 

11.  By  means  of  the  first  deduction  above,  and  II.  4,  show  that  the 

sum  of  the  squares  on  the  two  segments  of  a  straight  line  is 
least  when  the  segments  are  equal. 

12.  The   square  on  either  of  the  sides  about  the  right  angle  of  a 

right-angled  triangle,  is  equal  to  the  rectangle  contained  by 
the  sum  and  the  difference  of  the  hypotenuse  and  the  other 
side. 


PROPOSITION"  6.     Theorem. 

If  a  straight  line  he  divided  into  two  equal,  and  also  exter- 
nally into  two  unequal  segments,  the  rectangle  con- 
tained by  the  unequal  segments  is  equal  to  the  difference 
between  the  square  on  the  line  between  the  points  of 
section  and  the  square  on  half  the  line. 
K  L  M      H 
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Let  AB  be  divided  into  two  equal  segments  AC,  CB,  and 
also  externally  into  two  unequal  segments  AD,  BD  : 
ii  is  required  to  prove  AD  •  DB  =  CD^  —  CB^. 

On  CB  describe  the  square  CEFS,  and  join  BE.       /.  46 
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Through  D  draw  HDG  \\  GE,  meeting  EB  and  EF  produced 
at  ZTand  G; 

tlirough  H  draw  HMLK  \\  AB,  meeting  FB  and  EG  pro- 
duced at  M  and  L  ; 
and  through  A  draw  vl^  ||  CL.  /.  31 

Then  ADDB  =  AD-  DH,  II.  7,  Gor.  2 

-  ^L  +  CZT,  /.  Ax.  8 
=  (771/+  iYi^,  /.  36,  43 
=  gnomon  CMG.  I.  Ax.  8 

B«t  CD"  -  GB^  =  LH-^  -  CB\  /.  34 

=  LEGH  -  CEFB, 

-  gnomon  CMG.  I.  Ax.  8 
.-.  AD-DB  =  GD^  -  GB^. 

Cor. — The  difference  of  the  squares  on  two  straight  lines 
IB  equal  to  the  rectangle  contained  by  the  sum  and  the 
difference  of  the  two  straight  lines. 

Let  AC  and  CD  be  the  two  straight  lines  : 
it  is  required  to  prove 
G&  -  AG^  =  {CD  +  AG)  •  (CD  -  AG). 


GD  +  AC  = 
arid  CD  -  AC  = 

.-.  {GD  +  AG) 


AD, 

CD  -  CB     =  DB; 

{CD  -  AG)  =  ADDB, 

=  CD^  -  GB^, 
=  CD^  -  AC'. 


II  tj 
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OTHKRWISK  :  * 
A  C  B         ^ 

Let  AB  he  divided  into  two  equal  segments  A  C,  CB,  »nd  also 
externally  into  two  unequal  segments  A  D,  DB  : 
it  is  required  to  prove  AD  •  DB  —  CD^  -  CB'. 

Produce  BA  to  £",  making  AE  =  BD.  I.  3 

Then  EG  =  CD,  and  EB  =  AD. 
Now,  because  ED  is  divided  into  two  equal  segments  EC,  CD,  and 
also  internally  into  two  unequal  segments  EB,  BD, 
.:  EB-BD  =  CD^  -  CB- ;  II.  5 

.-.  AD-BD=  CD'-  -  CB\ 

ALGEBRAICAL  ILLUSTRATIOK. 

l.^AC=CB  =  a,CD  =  h; 
then  AD  =  b  +  a,  and  DB  =  b  -  a. 
Now  AD  •  DB  =  (b  +  a)  (b  -  a)  ^  b-  -  a", 
and  CD^  -  CBT- =  b^  -  a^ ; 
.:  AD-DB  =  CD-  -  CB'l 

1.  Does  the  rectangle  AD  •  DB  exceed  the  rectangle  AC  •  CB'/ 

Examine  the  various  cases. 

2.  The   rectaiii^le   contained  by  the  two    external  segments  of  a 

straight  line  grows  greater  according  as  the  point  of  section 
is  removed  farther  from  the  middle  point  of  the  straight 
line. 

3.  Prove  that  AC  =  half  the  difference,  and  CD  =  half  the  sum  of 

AD  and  DB. 

4.  Name  two  figures  in  the  diagram  each  of  which  =  the  rectangle 

contained  by  half  the  sum  and  half  the  difference  oi  AD  and 

DB. 
&  Name  that  figure  in  the  diagram  which  is  the  square  on  half  the 

sum  oi  AD  and  DB. 
6.  Name  that  figure  in  the  diagram  which  ia  the  square  on  half  the 

difference  oi  AD  and  DB. 

*  Due  to  Mauricius  Brescius  (of  Grenoble),  a  professor  of  Mathematics 
in  Paris  (probably  about  the  end  of  the  sixteenth  century). 
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7.  Hence,  show  that  the  proposition   may  be  enunciated  :    The 

rectangle  contained  by  any  two  straight  lines  is  equal  to 
the  square  on  half  their  sum  diminished  by  the  square  on 
half  their  diiference. 

8.  The  perimeter  of  the  rectangle  A  D  •  DB  =  the  perimeter  of  the 

square  on  CD. 


PEOPOSITION  7.     Theorem. 

If  a  straight  line  be  divided  externally  into  any  two  seg- 
ments, the  square  on  the  straight  line  is  equal  to  the 
squares  on  the  two  segments  diminished  by  twice  the 
rectangle  contained  by  the  segments. 
H  KG 


AH 


AO 
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D  E      F 


Let  AB  be  divided '  externally  into  any  two  segments 
AC,  GB: 
it  is  required  to  prove  AB^  =  AC^  +  CB^  -  2  AC- CB. 

On  AB  describe  the  square  A  DEB,  and  join  BD.  I.  46 
Through  C  draw  CF  ||  AD,  meeting  DB  produced  at  G  ; 
and  through  G  draw  HK  \\  AB,  meeting  DA  and  £B  pro- 
duced at  H  and  K.  L  31 
Because  CG  ||  AD,  .'.  l  CGB  =  l  ADB  ;  I.  29 
and  because  AD  =  AB,  .-.  ^  ADB  =  ..  ABD;  I.  5 
.-.  L  CGB  =  L  ABD, 

=  L  CBG;  I.  15 

GB  =  CG.  I  6 

Hence  the  H""  CK,  having  two  adjacent  sides  equal,  has  all 

its  sides  equal.  J-  34 
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But  the  II™  CK  has  one  of  its  angles,  KBC,  right, 
since  l  KBC  =  l  ABE;  I.  15 

.*.  it  has  all  its  angles  right;  /.  34 

.-.  the  IP  CK  is  a  square,  and  =  GB^.  I.  Def.  32 

Similarly,  the  H""  HF  is  a  square,  and  =  HG'^  -  AC'^. 
Again,  the  ||™  AG  ^  AC ■  CG  =  AC ■  CB ; 

GE  =  AC'  CB;  I.  43 

AG  -[■  GE  =='2  AC-  CB. 
Now  AB"^  =  ^Z)^5, 

=  HF  +  CK  -  AG  -  GE,      I.  Ax.  8 
=  AC'^  +  CB'^  -  2  AC-  CB. 

Cor.  1. — The  square  on  the  difference  of  two  straight 
lines  is  equal  to  the  sum  of  the  squares  on  the  two  straight 
lines  diminished  by  twice  the  rectangle  contained  by  the 
two  straight  lines. 

For  ii  AC  and  CB  be  the  two  straight  lines, 
then  their  difference  =  AC   -  CB   =  AB. 
Now  since         AB'  =  AC'  +  CB^  -  2  AC-  CB,         II.  7 
(AC  -  CBf  =  AC^  +  CB^  -2  AC-  CB. 

Cor.  2. — The  |p  about  a  square's  diagonal  produced  are 
themselves  squares. 


OTHERWISE  ; 


B 
■H — C 


A&=  ABAC  -  AB-BG,  II.  S 

=  {AC-AC  -  BC-AC)  -  {AC - BC  -  BC . BC),  //.  2,  3 

=  AC^  +  BC^-2AC-BC. 

ALGEBRAICAL   ILLUSTRATION. 

Let  AC  =  a,  CB  =  b; 
then  AB  =  a  -  b. 

Now  AB^  =  {a  -  bf  =  a^  -  2ab  +  h\ 
and  AC'  ^  CB^  -  2  AC -CB  =  a"  +  V^  -  lab: 
.-.  AB'  =  AC^  +  CB^-2AC-  CB. 
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1.  Name  the  two  figures  which  form  the  sum  of  the  squares  on  AC 

and  OB. 

2.  Name  the  figure  which  is  the  square  on  the  diflference  of  AC 

and  CB. 
.3.  Name  the  figure  which  is  the  difference  of  the  squares  on  A  B 
and  AG. 

4.  Name  the  figure  which  is  the  square  on  the  difference  of  A  B 

and  AC. 

5.  By  how  much  is  the  square  on  the  difference  of  ^C  and  CB 

exceeded  by  the  sum  of  the  squares  on  A  C  and  CB  ? 

6.  Show  that  the  proposition  may  be  enunciated  :  Tlie  square  on 

the  difference  of  two  straight  lines  is  less  than  the  sum  of 
the  squares  on  the  two  straight  lines  by  twice  the  rectangle 
contained  by  the  two  straight  lines. 

7.  The  sum  of  the  squares  on  two  straight  lines  is  never  less  than 

twice  the  rectangle  contained  by  the  two  straight  lines. 

8.  If  a  straight  line  be  divided  internally  into  two  segments,  and 

if  twice  the  rectangle  contained  by  the  segments  be  equal  to 
the  simi  of  the  squares  on  the  segments,  the  straight  line  is 
bisected. 


PROPOSITION  8.     Theorem. 

The  square  on  the  sum  of  two  straight  lines  diminished  by 
c/ie  square  on  their  difference,  is  equal  to  four  times  the 
rectangle  contained  by  the  two  straight  lines. 

A  B      C 
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EG  D 

Let  AB  and  BO  be  two  straight  lines : 
it  is  required  to  prove    {AB  +  BGY  —  {AB  —  BC)' 
4ABBC. 
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Place  AB  and  BO  in  the  same  straight  line, 
and  on  ^C  describe  the  square  AGDE.  I.  46 

From  CD,  DE,  EA  cut  off  CF,  DG,  EH  each  =  AB ;     I.  3 
through  B  and  G  draw  BL,  GN  \\  AE, 
and  through  F  and  H  draw  F3I,  HK  \\  AG.  /.  31 

Then  all  the  ||™  in  the  figure  are  rectangles.      /.  34,  Cor. 
Now  because  CD,  DE,  EA  are  each  ^  AC,  I.  Def.  32 

j^nd  CF,  DG,  EH  are  each  =  AB ;  Const. 

DF,  EG,  AH  are  each  =  BC; 
.-.   the    four    rectangles    AK,    CL,   DM,   EN  are    each 
=  AB  •  BC. 

Because  AC  =  AB  +  BC, 
.-.  ACDE  =  AC^  =  {AB  +  BCy. 

Because  BL,  FM,  GN,  HK  are  each  =  AB,  I.  34 

and  BK,  FL,  GM,  HN  are  each  =  BC ;  I.  34 

KL,  LM,  MN,  NK  are  each  ^  AB  -  BC ; 
.'.  the  rectangle  KLMN  is  a  square,  and  =  {AB  —  BC)^. 
Hence  {AB  +  BC)'^  -  {AB  -  BCf  =  ACDE  -  KLAJN, 

=  AK  +  CL  +  DM  +  EN, 
=  AAB.BC. 

OTHERWISB  : 

(AB  +  BC)'  =  AB^  +  BC'  +  2  AB  ■  BC,  II.  4,  Cor.  1 

(AB  -  BO)^  =  AB^  +  BC'  -  2  AB .  BC.  II.  7,  Cor.  1 

Subtract  the  second  equality  from  the  first ; 
then  {AB  +  BCf  -  (AB  -  BCf  =  4.  AB  .  BG. 

ALGEBRAICAL    ILLUSTRATION. 

Let  ^5=  a,  BC=b; 
then  AB  +  BC  =  a  +  b,  a,nd  AB  -  BC  =  a  -  b. 
Now  {AB  +  BCf  -  {AB  -  BCf  =  (a  +  bf  -  {a  -  bf  =  *ab, 
*iid4ABBC=  'ktb; 
.%  (AB  +  BCf  -  {AB  -  BCf  ^iAB-  BC. 
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1.  Name  the  figure  which  is  the  square  on  the  sum  oi  AB  and  BG. 

2.  Name  the  figure  which  is  the  square  on  the  difiierence  of  AB 

and  BC. 

3.  Name  the  figiires  by  which  the  square  on  the  sum  o{  AB  and 

BC  exceeds  the  square  on  the  difference  oi  AB  and  BC. 

4.  By  how  much  does  the  square  on  the  sum  oi  AB  and  BC  exceed 

the  sum  of  the  squares  on  ^  i?  and  BC  ? 

5.  By  how  much  does  the  sum  of  the  squares  on  ^^  and  BC 

exceed  the  square  on  the  diff'erence  of  AB  and  BCl 


PROPOSITION  9.     Theorem. 

If  a  straight  line  he  divided  into  two  equal,  and  also  inter- 
nally into  ttvo  unequal  segments,  the  sum  of  the  squares 
on  the  two  unequal  segments  is  double  the  sum  of  the 
squares  on  half  the  line  and  on  the  line  between  the 

points  of  section. 

£ 


AL 


A  CD  B 

Let  AB  be  divided  into  two  equal  segments  AC,  CB,  and 
also  internally  into  two  unequal  segments  AD,  DB  : 
it  is  required  to  prove  AD-  +  DB^  =  2  AC^  +  2  GD^. 

From  G  draw  GE  _L  AB,  and  -  ^C  or  GB,         /.  11,  3 
and  join  AJS,  EB. 

Through  D  draw  DF  ||  GE,  meeting  EB  at  F;  I.  31 

through  F  draw  FG  \\  AB,  meeting  EG  at  G;  I.  31 

and  join  AF. 

(1)  To  prove  l  AEB  right. 
Because  z.  A  GE  is  right, 
.♦.  L.  GAE  +  -  GEA  =  a  right  angle.  /.  32 
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But  L  CAE  =  L  CEA;  L  5 

.•.  each  of  them  is  half  a  right  angle. 
Similarly,  l  CBE  and  l  CEB  are  each  half  a  right  angle ; 

.-.   L  AEB  is  right. 

(2)  To  prove  EG  =  GF. 

L  EGF  is  right,  because  it  =>   z.  ECB ;  /.  29 

and  L.  GEF  was  proved  to  be  half  a  right  angle ; 
.-.    L  GEE  is  half  a  right  angle ;  /.  32 

.-.    I.  GEF  =  L  GEE; 

EG  =  GF.  .         I.  6 

(3)  To  prove  DF  =  DB. 

L  FDB  is  right,  because  it  -   a  ECB;  I.  29 
and  L  DBF  is  half  a  right  angle,  being  the  same  as  L  CBE  ; 

.'.   L  DEB  is  half  a  right  angle;  /.  32 
.-.  L  DBF  -    L.  DEB; 

DF  =  DB.           .  I.  6 

Now  AD'^  +  DB'  =             AD^  +  DF^,  (3) 

AF',  I.  47 

AE^        +        Er-,  L  47,  (1) 

=  AC'~  +  CE^  +  EG^  +  GF\  I.  47 

2AC^  +  2GF\  Const,  {2) 

2AC^  +  2CDK  /.  34 

OTHERWISE  : 

Consider  A  C  and  CD  as  two  straight  lines ; 
then      AD  =  AC  +  CD, 
and        DB  =  CB  -  CD  =  AC  -  CD. 

Hence  AD"^  =  (AC  +  CDf  =  AC"- +  CD^  +  2  AC  CD,    II.  4,  Cor.  1 
and      DB*={AC -CDf  =  AC'--vCD^-2AC'CD.    II.l,Cor.l 
Add  the  second  equality  to  the  first ; 
then  AD^  +  DB^  =  2AC^  +  2  CDK 

ALGEBRAICAL  ILLUSTRATION. 

Let  AC=CB  =  a,CD  =  b; 
then  AD  =  a  +  b,  and  DB  =  a  -  b. 
Now  AD'  +  DB^  =  (a  +  b)^  +  (a  -  6)2  =  2a2  +  ^, 
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and  2 ^C2  +  2  CZ>2  =  2a»  +  W ; 
.-.  AD^  +  Dm  ==  2^02  +  2CZ)». 

^•^l.  Show  that  the  proposition  may  be  enunciated :  The  square  on 

j^vt^  "O/-^^  the  sum  together  with  the  square  on  the  difference  of  two 

straight  lines  =  twice  the  sum  of  the  squares  on  the  two 

_|      Ai    .,  straight  lines.     Or,  The  sum  of  the  squares  on  two  straight 

'^  JJr^  dy  (j   lines  =  twice   the   square  on  lialf   their  sum  together  with 


y  twice  the  square  on  halt  their  dmerence.  ^  1 C 

V/2.  By  how  much  does  AD-  +  DB''  exceed  AC-  ^^ ClS^t     X   b  *■*' 


twice  the  square  on  half  their  difference. 

vp.  B: 

\(  8,  The  sum  of  the  squares  on  two  internal  segments  of  a  straight 

/         line  is  the  least  possible  when  the  straight  line  is  bisected. 
<|4.  The  sum  of  tlie  squares  on  two  internal  segments  of  a  straight 
line  becomes  greater   and  greater  tlie  nearer  the  point  of 
section  approaches  either  end  of  the  line.     (Euclid,  x.  Lemma 
y      before  Prop.  43.) 
•^  Prove  that  AD^  +  DBT-  =  4CD'-+2AD-  DB. 
L/o.  In  the  hypotenuse  of  an  isosceles  right-angled  triangle  any  ])oint 
is  taken  and  joined  to  the  oj)posite  vertex  ;  prove  that  twice 
the  square  on  this  straight  line  is  equal  to  the  sum  of  the 
squares  on  the  segments  of  the  hypotenuse. 


PROPOSITION  10.     Theorem. 

If  a  straight  line  he  divided  into  two  equal,  and  also  exter- 
nally into  two  unequal  segments,  the  sum  of  the  squares 
on  the  two  unequal  segments  is  double  the  sum  of  the 
squares  on  half  the  line  and  on  the  line  between  the 
points  of  section.  „ 
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Let  ^5  be  divided  into  two  equal  segments  AC,  CB,  and 
also  externally  into  two  unequal  segments  AD,  DB : 
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it  is  required  to  prove  AD-  +  DB^  =  2AC-  +  2  CD-. 

From  C  draw  CE  ±  AB,  and  =  ^C  or  CB,  /.  11,  3 

and  join  AE,  EB. 

Through  D  draw  DF\\  CE,  meeting  EB  produced 
at  F;  I.  31 

through  F  draw  FG  \\  AB,  meeting  EC  produced 
at  G;  I.  31 

and  join  AF. 

(1)  To  prove  l  AEB  right. 
Because  l  ACE  is  right, 

,-.  L  CAE  +  L  CEA  -  a  right  angle.  /.  32 

But  L  CAE  =  L  CEA;  I.  5 

.•.  each  of  them  is  half  a  right  angle. 
Similarly,  l  CBE  and  l  CEB  are  each  half  a  right  angle ; 

.-.  L  AEB  is  right. 

(2)  To  prove  EG  =  GF. 

L  EGF  is  right,  because  it  =   _  ECB ;  I.  29 

and  L  GEF  was  proved  to  be  half  a  right  angle ; 
.-.  L  GEE  is  half  a  right  angle ;  /.  32 

.-.  L  GEF  =   L  GFE; 

EG  =  GF.  L  6 

(3)  To  prove  DF  =  DB. 

L  FDB  is  right,  because  it  =   .'.  ECB; 
and  L  DBF  is  half  a  right  angle,  being  =  l  CBE; 
.',   L  DFB  is  half  a  right  angle.; 
.•-  L  DBF  =   L.  DFB; 

DF  =  DB. 
Vow  ^Z)2  +  DB^  =  AD2   .-  DF\ 

AF^, 

AE'-       +        EF\ 

=  AC-  +  CE^  +  EG^  +  GF"^, 

2AC^  +  2GF% 

2  AC-  +  2CDK 


I.  29 

I.  15 

/.  32 

/.  6 

(3) 

/.  47 

/.  47,  (1) 

/.  47 

Const.,  (2) 

/.  34 
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OTHERWISE  : 

Consider  A  C  and  CD  as  two  straight  lines ; 
then      AD  =  CD  +  AC, 
and        DB  =  CD  -  CB=CD  -  AG. 
Hence  AD^-  =  (CD  +  ACr-^  CD^  +  AC^  +  2CD-  AG; 
and       Dm=(CD-AC)^=CD'-  +  AC^  -2CD-AG. 
Add  the  second  equality  to  the  first ; 
then  AD^  +  Dm  =  2  CD^  +  2AG\ 


HA,  Cor.  I 
II.  7,  Cor.  1 


E- 


C 


■  D 


Let  AB  he  divided  into  two  equal  segments  AC,  CB,  and  also 
externally  into  two  unequal  segments  AD,  DB  : 
it  is  required  to  jirove  AD^  +  DB^  =  2AC^  +  2  CDK 

Produce  BA  to  E,  making  AE  =  BD.  I.  3 

Then  EG  =  CD,  and  EB  =  AD. 
Now  because  ED  is  divided  into  two  equal  segments  EG,  CD,  and 
also  internally  into  two  unequal  segments  EB,  BD  ; 
.'.    Em  +  BD^  =  2EG^  +2Cm;  II.  9 

.-.  AD^  +  BD2  =  2  CD^  +  2AC\ 

ALGEBRAICAL   ILLUSTRATION, 

lje%  AC  =  CB  =  a,  CD  =  h ; 
then  AD  =  b  +  a,  and  DB  =  h  -  a. 
Now  AD"^  +  Dm  =  (b  +  a)2  +  (6  -  af  =  262  +  2««, 
and  2  AC^  +  2  CD"-  =  2  «-  +  26^ ; 
.-.  AD^  +  Dm  =  2AC-^  +  2  6'Z>2. 


Clavii  Commentaria  in  EucUdis  Elementa  Geometrica  (1612),  p.  93^ 
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1ST 


XL 


,  2. 
S3. 


4. 


Show  that  the  proposition  may  be  enunciated  :    The  square  on  ^  "IT  'f^  I. 
the  sum  together  with  the  square  on  the  difference  of  two 
straight  lines  =  twice  the  sum  of  the  squares  on  the  two 
straight  lines.     Or,  The  sum  of  the  squares  on  two  straight    *  i  Q^ }0 ^ 
lines  =  twice  the  square   on  half  their  sum  together  with 
twice  the  square  on  half  their  difference.  '  ^ 

By  how  much  does  AD"  +  DB-  exceed  AC-  +  CB^t     ^   ' 

The  sum  of  the  squares  on  two  external  segments  of  a  straight 
line  becomes  less  and  less  the  nearer  the  point  of  section 
approaches  either  end  of  the  line. 

Prove  that  AD^  +  DB^  =  4  CD"-  -2  AD-  DB. 

In  the  hypotenuse  produced  of  an  isosceles  right-angled  triangle, 
any  point  is  taken  and  joined  to  the  opposite  vertex  ;  prove 
that  twice  the  square  on  this  straight  line  is  equal  to  the  sum 
of  the  squares  on  the  segments  of  the  hypotenuse. 


PROPOSITION  11.     Problem. 

To  divide  a  gioen  straight  line  internally  and  externally*  in 
medial  section. 


F 

G 

H' 

A 

H 

B 

^ 

E 

^ 

11 

D 

C 

] 

L 

O' 

F 

Let  AB  be  the  given  straight  line : 
^  is  required  to  divide  it  in  medial  section. 


The  second  part  of  this  proposition  is  not  given  by  EucliiL 
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A 

H 

£ 

^ 

L' 

0 

L 

ft' 

F 

[Botikn. 


(1)  Internally: 

On  AB  describe  the  square  ABDC.  I.  46 

Bisect  4(7  at  ^;  /.  TO 

join  EB,  and  produce  CA  to  F,  making  EF  =  EB.        I.  3 
On  AF  (the  diiference  of  EF  and  EA)  describe  the 
square  AFGH.  I.  46 

H  is  the  point  required. 

Complete  the  rectangle  FL. 

Because  CA  is  divided  into  two  equal  segments  CE,  EA, 
and  also  externally  into  two  unequal  segments  CF,  FA  ; 


CF .  FA  =  EF^  -  EA\ 
=  Em  -  EA\ 
=  AB^; 
that  is,  CF-FG  =  AB^; 

that  is,  CG  =  AD. 

From  each  of  these  equals  take  AL; 

FH  -  HD; 
that  is,  AH^  =  DB  ■  BH, 

=  AB-BH, 

(2)  Externally: 

On  AB  describe  the  square  ABDC. 
Bisect  AG &tE; 


11.  6 


/.  47,  Cor. 


I  46 

/.  10 


join  EB,  and  produce  ACio  F',  making  EF'  =  EB.      I.  3 
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On  AF'  (the  sum  of  EF'  and  EA)  describe  the  square 
AF'G'H',  I.  46 

H'  is  the  point  required. 
Complete  the  rectangle  F'L'. 

Because  CA  is  divided  into  two  equal  segments  CE,  EA, 
and  also  externally  into  two  unequal  segments  OF',  F'A  ; 

CF'  •  F'A  =  EF'-^  -  EA\  II.  6 

=  EB^   -  EA\ 

=  AB^ ;  I.  47,  Cor. 

that  is,  Cr-F'G'=AB-^; 

tliat  is,  CG'  =  AD. 

To  each  of  these  equals  add  AL' ; 

F'H'  =  H'D; 
that  is,  AH'^  =  DB  •  BH', 

=  AB  ■  BH'. 

Cor.  1. — If  a  straight  line  be  divided  internally  in  medial  section, 
and  from  the  greater  segment  a  part  be  cut  off  equal  to  the  less 
segment,  the  greater  segment  will  be  divided  in  medial  section. 

For  in  the  proof  of  the  proposition  it  has  been  shown  that  CF  ■  FA 
=  AR',  that  is  =  AC-, 
.'.  GF  is  divided  internally  in  medial  section  at  A. 

Now,  from  A  B,  which  =  A  C,  the  greater  segment  of  CF,  a  part 
AH  has  been  cut  off  =  AF,  the  less  segment  of  CF; 
and  A  B  has  been  shown  to  be  divided  in  medial  section  at  H. 

Let  AB  be  divided  internally  in  medial  section  at  C,  so  that  AC 
is  the  greater  segment. 

G     F         E              D                         C 
A 1 1  i -H 1  B 

From  A  C  cut  o^AD  =  BC ;  then  JC  is  divided  in  medial  section 
at  I),  and  AD  is  the  greater  segment. 

From  A D  cut  off  ^^  =  CD  ;  then  AD\s  divided  in  medial  aectioi 
at  E,  and  AE  is  the  greater  segment. 

From  .4^ out  o^  AF  =  DE ;  then  AE'vA  divided  in  medial  aectior 
at  F,  and  AF  '\%  the  greater  segment. 
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Ftom  ^i^cut  oS  AO  =  EF ;  then  ^i^  is  divided  in  medial  section 
at  G,  and  AG  \s  the  greater  segment. 

This  process  may  evidently  be  continued  as  long  as  we  please,  and  it 
will  be  seen  on  comparison  that  it  is  equivalent  to  the  arithmetical 
method  of  finding  the  greatest  common  measure.  That  method,  if 
applied  to  two  integers,  always,  however,  comes  to  an  end ;  unity,  in 
default  of  any  other  number,  being  always  a  common  measure  of  any 
two  integers.  In  like  manner  any  two  fractions,  whether  vulgar  or 
decimal,  have  always  some  common  measure,  for  instance,  unity 
divided  by  their  least  common  denominator.  From  these  considera- 
tions, therefore,  it  will  appear  that  the  segments  of  a  straight  line 
divided  in  medial  section  cannot  both  be  expressed  exactly  either 
in  integers  or  fractions ;  in  other  words,  these  segments  are  incom- 
mensurable. 

Cor.  2. — If  a  straight  line  be  divided  internally  in  medial  section, 
and  to  the  given  straight  line  a  part  be  added  equal  to  the  greater 
segment,  the  whole  straight  line  will  be  divided  in  medial  section. 

For  this  process  is  just  the  reversal  of  that  described  in  Cor.  1, 
as  will  be  evident  from  the  following.     (See  fig.  to  Cor.  1.) 

Let  AF  he  divided  in  medial  section  at  G,  so  that  AG  is  the 
greater  segment. 

To  AF  add  FE,  which  =  AG ;  then  AE  is  divided  in  medial 
section  at  F,  and  ^i^  is  the  greater  segment. 

To  AE  add  ED,  which  =  AF ;  then  ^i*  is  divided  in  medial 
section  at  E,  and  ^^  is  the  greater  segment. 

To  AD  add  DC,  which  =  AE ;  then  AC  is  divided  in  medial 
section  at  D,  and  AD  is,  the  greater  segment. 

To  .4C  add  CB,  which  =  AD ;  then  AB  is  divided  in  medial 
section  at  C,  and  ^  C  is  the  greater  segment. 


ALGEBRAICAL   APPLICATION. 

Let  ^5  =  a;  to  find  the  length  ot  AH  or  AIT. 
Denote  AH  hy  x  ;  then  BH  =  a  -  x. 
Now,  since  AB  •  BH  =  AH- 
.'.  a  (a  —  x)  =  x",  a.  quadratic  equation,  which  beii^g  solved  gives 

a(\/5-l)        -  a  (\/5"-f-  1) 
X  =  — 5^ — ;; or ^i . 
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\fK-  1 

The  first  value  of  x,  which  is  less  than  a,  since ^ —  is  less  thaK 

unity,  corresponds  to  AH ;  and  the  second  ralue  of  x,  which  is 

numerically  greater  than  a,  since  ^—    is  greater  than  unity, 

corresj>onds  to  AH'.  The  significance  of  the  -  in  the  second  value 
cannot  be  explained  here  ;  it  will  be  enough  to  say  that  it  indicates 
that  AH  and  AH  are  measured  in  opposite  directions  from  A. 

The  following  approximation  to  the  values  of  the  segments  of  a 
straight  line  divided  internally  in  medial  section,  is  given  in  Leslie's 
Elements  of  Geometry  (4th  edition,  p.  312),  and  attributed  to  Girard, 
a  Flemish  mathematician  (17th  cent.). 

Take  the  series  1,  1,  2,  3,  5,  8,  13,  21,  34,  55,  89,  144,  &c.,  where 
each  term  is  got  by  taking  the  sum  of  the  preceding  two.  If  any 
term  be  considered  as  denoting  the  length  of  the  straight  line,  the 
two  preceding  terms  will  approximately  denote  the  lengths  of  its 
segments  when  it  is  divided  internally  in  medial  section.  Thus,  if 
89  be  the  length  of  the  Une,  its  segments  will  be  nearly  34  and  55  ; 
because  89  x  34  =  3026,  and  55^  =  3025.  If  144  be  the  length  of 
the  line,  its  segments  will  be  nearly  55  and  89 ;  because  144  x  55 
=  7920,  and  89^  =  7921. 

1.  It  is  assumed  in  the  construction  that  a  side  of  the  square 

described  on  AF  will  coincide  with  AB.     Prove  this. 

2.  li  AB  ■  BH  =  AH\  prove  that  AH  is  greater  than  BH. 

•  3.  If  CH  be  produced,  it  will  cut  BF  at  right  angles. 

•  4.  The  point  of  intersection  of  BE  and  CH  is  the  projection  of  A 

on  CH. 

5.  It  is  assumed  in  the  proof  of  the  second  part  that  a  side  of  the 

square  described  on  AF'  will  be  in  the  same  straight  line  with 
AB.     Prove  this. 

6.  If  AB  ■  BH  =  AH'^,  prove  that  AH'  is  greater  than  AB. 

7.  If  CH'  be  produced,  it  will  cut  BF'  at  right  angles. 

-  8.  The  point  of  intersection  of  BE  and  CH  is  the  projection  of 

A  on  CH. 

-  9.  Prove  that  HB  is  divided  externally  in  medial  section  at  A, 

and  H'B  internally  at  A. 
•    10.  Hence  name  all  the  straight  lines  in  the  figure  that  are  divided 
internally  or  externally  in  medial  section. 


142 


EUCLID  8   BLEMENT8. 


[Book  n. 


PROPOSITION  12.     Theorem. 

In  ohttise-angled  triangles,  the  square  on  the  side  opposite  the 
obtuse  angle  is  equal  to  the  sum  of  the  squares  on  the 
other  two  sides  increased  by  twice  the  rectangle  cmitained 
by  either  of  those  sides  and  the  projection  on  it  of  the 
other  side. 


Let  ABC  be  an  obtuse-angled  triangle,  having  the  obtuse 
angle  ACB ;  and  let  CD  be  the  projection  of  CA  on  BC: 
it  is  required  to  prove  AB'^  -  BC''  +  CA^  +  2BC-  CD. 

Because  BD  is  divided  internally  into  any  two  segments 
BC,  CD, 

.'.  BD""  =  BC^  +  CZ)2  +  2  BC-  CD.  II.  4 

Adding  DA-  to  both  sides, 

BD'^  +  DA^  =  BC-^  +  CZ>2  +  DA""  +  2BC-  CD; 
.-.       AB""        =  BC^  +         CA^        +2BC-CD.     7.47 

ALGEBRAICAL  APPLICATION. 

Let  the  sides  opposite  the  /  s  J,  .B,  C  be  denoted  by  a,  b,  c, 
BO  that  AB  =  c,  BC  =  a,  CA  ^  b  ; 

then,  since  AB'  =  BC"-  +  CA"-  +  2BC-  CD,  II.  12 

c^  =  a^  +  b-  +  2a -CD; 
c-  -  a?  -  b^ , 


CD  = 


2a 


BD:=  BC  +  CD  =  a  + 


c^  -  a-  -  b-      a^  -  b^  +  (? 


Hence,  if  the  three  sides  of  an  obtnsc-angled  triangle  are  known, 
we  can  calculate  the  lengths  of  the  segments  into  which  either  side 
about  the  obtuse  angle  is  divided  by  a  perpendicular  from  one  of  the 
acute  angles. 
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1.  If  from  B  there  be  drawn  BE  x  AC  produced,  then  BC  •  CD 

=  AC-CE. 

2.  A  BCD  is  a  ||™  having  z  ^£C  equal  to  an  angle  of  an  equilateral 

triangle ;  prove  BD^  =  BG'^  +  CD'  +  BC  ■  CD. 

3.  If  AB-  =  AC-  +  3  CD-   (figure  to  proposition),  how  will  the 

perpendicular  AD  divide  BC? 
'L  11  I  A  CB  become  more  and  more  obtuse,  till  at  length  A  falls 
on  BC  produced,  what  does  the  proposition  become  ? 


PKOPOSITION  13.     Theorem. 

In  every  triangle  the  square  on  the  side  opposite  an  acute 
angle  is  equal  to  the  sum  of  the  squares  on  the  other  two 
sides  diminished  by  twice  the  rectangle  contained  by 
either  of  those  sides  and  the  projection  on  it  of  the  other 
side. 


B       D  C  D       B  O 

Let  ABC  he  any  triangle,  having  the  acute  angle  ACB  ; 
and  let  CD  be  the  projection  of  CA  on  BC: 
it  is  required  to  prove  AB^  =  BC'^  +  CA"^  -  2  BC  -  CD. 

Because  BD  is  divided  externally  into  any  two  segments 
BC,  CD, 

BD"^  =  BC^  +  CD"^  -2BC'  CD.  II.  7 

Adding  DA'^  to  both  sides, 

5Z)2  +  Z)^2  =  BC^  +  Qjyi  +  2)^2  -2BC-  CD; 
.-.      AB^         =  BC^  +        CA^         -2BC-CD.     1.47 


ALOEBRATCAL  APPLICATION. 

As  before,  let  AB  =  c,  BC  =  a,  CA  =  b ; 
then,  since         AB^  =  BC^  +  CA^  -2BG-  CD, 


II.  IB 
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CD 


c2  =  a2  +  62  _  2a  •  CD  ; 

a^  +  J2  _  ^2 


.-.  (fig.  1)  BD  =  BC  -  CD  =  a  - 


2a 

a"-  +  b"^  -  c*       a2  -  62  4-  c^ 


2a  2a 


and  (fig.  2)  BD  =  CD  -  BG  =  ^— t-? ^  -  a  =  ^ ^ ^. 

^  *     '  2a  2a 

Hence,  from  the  results  of  this  proposition  and  the  preceding,  if  the 
three  sides  of  any  triangle  are  known,  we  can  calculate  the  lengthb 
of  the  segments  into  which  any  side  is  divided  by  a  perpendicular 
from  the  opposite  angle. 

Hence,  again,  if  the  three  sides  of  any  triangle  are  known,  we  cap 
calculate  the  length  of  the  perpendicular  drawn  from  any  angle  of  {► 
triangle  to  the  opposite  side. 

For  example  (fig.  1),  to  find  the  length  of  AD. 

AD"^  =  AC^-  CD\  I.  47,  Cor 

,  „         /a2  +  62  _  c2\2 

=  ^'-( 2^—) 

_4o2  62-(a2  +  62  -  c2)2 
~  4a2  ' 

_  (2a6  +  a2  +  62  -  c^)  (2ab  -  a^  -  b^  +  c') 

4a2 
^  {(a2  +  2a6  +  62)  -  c^  {c^  -  (a^  -  2a6  +  62)} 

4a2 
_  {(g  +  6)2-  c2}  {c2-  (a  -  b)^ 

_  (g  +  6  +  c)  (g  +  6  -  c)  (c  +  g  -  6)  (e  -  d  +  6) , 
4a2  ' 

.'.  AD  =  ^  V(«  +  i  +  c)  {a  +  b  -  c)  (a  -  b  +  c)  (I  '+  b  -  a). 

This  expression  for  the  length  oi  AD  may  be  put  into  a  ahortei 
and  more  convenient  form,  thus  : 

Denote  the  semi-perimeter  of  the  A  ABC  by  s; 
then  a  +  6  +  c  =  the  perimeter      =  2s; 

.'.a  +  b-c  —  a  +  b  +  c-2c=2s-2c  =  2{s  —  c), 

a  -  b  +  c  =  a  +  b  +  c  -  2b  =  2s  -  2b  =  2{s  -  b), 

and    6  +  c  —  a  =  g  +  6  +  c  -  2a  =  2s  -  2a  =  2  («  -  a). 
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Hence  -42)  -  ^  v2<.2  («  -  c)  •2(«  -  6)  •2(«  -  •), 


—  Vfi  (s  -  a)  (*  —  b)  (8  —  c). 


Similarly,  the  perpendicular  from  B  onCA  =-r\/s  (s  ~  a)  (s  -  b)  (s-  c) 


and  II  II  ConAB  =-^/s(s-a)(s-b)(8-c). 

c 

Hence,  lastly,  if  the  three  sides  of  a  triangle  are  known,  \re  can 
calculate  the  area  of  the  triangle. 
For  the  area  of  A  ABG  =  ^  BG  ■  AD,  I.  41,  35 

„      2 

=  ^  •  —  Vs  (s  -  a)  (s      b)(6  -  c). 


=  \/s  («  -  a)  (s  -  b)  {s  -  c); 
which  expression  may  be  put  into  the  form  of  a  rvde,  thus  : 

From  half  the  sum  of  the  three  sides,  subtract  each  side  separ- 
ately ;  miUtiply  the  half  sum  and  the  three  remainders  together,  and 
the  square  root  of  the  product  will  be  the  area.* 

1.  If  from  B  there  be  drawn  BJE  X  AC  or  AC  produced,  then 

BC-CB^AC-CK 

2.  A  BCD  is  a  |1™  having  z  ABG  dovible  of  an  angle  of  an  equilateral 

triangle  ;  prove  BD"  =  BC^  +  CD^  -  BG  ■  CD. 

3.  If  AB^  =  AC-  +  3CD'^  (fig.  1   to  proposition),  how  will  the 

perpendiciilar  AD  divide  BG ? 

4.  U  ^  A  CB  become  more  and  more  acute  till  at  length  A  falls  on 

CB  or  CB  produced,  what  does  the  proposition  become  ? 

5.  If  the  square  on  one  side  of  a  triangle  be  greater  than  the  sum 

of  the  squares  on  the  other  two  sides,  the  angle  contained  by 
these  two  sides  is  obtuse.     (Converse  of  II.  12.) 

6.  If  the  square  on  one  side  of  a  triangle  be  less  than  the  sum  of 

the  squares  on  the  other  two  sides,  the  angle  contained  by 
these  two  sides  is  acute.     (Converse  of  II.  13.) 

7.  The  square  on  the  base  of  an  isosceles  triangle  is  equal  to  twice 

the  rectangle  contained  by  either  of  the  equal  sides  and  the 
projection  on  it  of  the  base. 

*  The  discovery  of  this  expression  for  the  area  of  a  triangle  is  due  to 
Heron  of  Alexandria.  See  Hultsoh's  Heronis  Alexandrini  .  .  .  reliquice 
(Berlin,  1864),  pp.  235-237. 
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PEOPOSITION  14.     Problem. 

To  describe  a  square  that  shall  he  equal  to  a  given  recMlineal 
figure. 


^  / 

K 

G 

E        ' 

D 

Let  A  be  the  given  rectilineal  figure : 
it  is  required  to  describe  a  square  =  A. 


45 


Describe  the  rectangle  BCDE  =  A.  I. 

Then,  if  BE  =  ED,  the  rectangle  is  a  sqnare,  and  what 
was  required  is  done. 

But  if  not,  produce  BE  to  F,  making  EF  =  ED.  I.  3 

Bisect  5i^  in  (?;  /.  10 

with  centre  G  and  radius  Cr'i^  describe  the  semicircle  BHF ; 
and  produce  DE  to  H.  EW-  =  A. 

Join  GH. 

Because  BF  is  divided  into  two  equal  segments  BG, 
GF^  and  also  internally  into  two  unequal  segments  BE, 
EF; 

BE.EF  =  GF^-  -  GE\ 

=  Gm  -  GE\     . 

=  EW-. 

BD  =  EK'^ ; 

A  =  EHK 

1.  Prom  any  point  in  the  arc  of  a  semicircle,  a  perpendicular  is 
drawn  to  the  diameter.  Prove  that  the  square  on  this  per- 
pendicular =  the  rectangle  contained  by  the  segments  into 
which  it  divides  the  diameter. 


77.5 


/.  47,  Co- 
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2.  Divide  a  given  straight  line  internally  into  two  segments,  such 

that  the  rectangle  cnutained  by  them  may  be  equal  to  the 
square  on  another  given  straight  line.  What  limits  are  there 
to  the  length  of  the  second  straight  line  ? 

3.  Divide  a  given  straight  line  externally  into  two  segments,  such 

that  the  rectangle  contained  by  them  may  be  equal  to  the 
square  on  another  given  straight  line.  Are  there  any  limits 
to  the  length  of  the  second  straight  line  ? 

4.  Describe  a  rectangle  equal  to  a  given  square,  and  having  one  of 

its  sides  equal  to  a  given  straight  line. 


APPENDIX    II. 


Proposition  1. 

The  turn  of  the  squares  on  two  sides  of  a  triangle  is  double  the  sum 
of  the  squares  on  half  the  base  and  on  the  median  to  the  base* 


B  DEC 

Let  ABC  be  a  triangle,  AD  the  median  to  the  base  BG 
it  is  required  to  prove  AB^  +  AG^  =  2  BD'^  +  2  AB^ 

Draw  AE  j.  BC. 

Then  AB^  =  BD^  +  AD^  +  2BD-  DE, 

and  AC"'  =  CB"^  +  AD"^  -  2  CD  ■  DE. 

But  BD"-  =  CD\  and  BD  •  DE  =  CD  •  DE,  since  BD  =  CD  ; 
.-.  ABT'  +  AC"'  =  2  BD^  +  2  AD"-. 


I.  12 
//.  12 
//.  13 


CoE. — The  theorem  is  true,  however  near  the  vertex  A  may  b«  to 
tne  base  BC.  When  A  falls  on  BC,  the  theorem  becomes  IL  9; 
when  A  falW  on  BC  produced,  the  theorem  becomes  II,  10. 

*  Pappus,  Vn.  122. 
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NoTB. — It  may  be  well  to  remark  that  the  converse  of  the 
theorem,  '  If  A  BC  be  a  triangle,  and  from  the  vertex  A  a  straight 
line  ^i>  be  drawn  to  the  base  BC,  so  that  AB^  +  AC^  =  2BD''- 
+  2  AD"^,  then  D  is  the  middle  point  of  BC^  is  not  always  true. 

A 
A 


B  D      C  C  B      D'     C    D  C 

For,  let  ABC,  ABC  be  two  triangles  having  AC  =  AC. 

Find  D,  the  middle  point  of  BC.     D  must  fall  either  between  B 
and  C,  between  C  and  C",  or  on  C. 

In  the  first  case,  join  AD. 

Then  AB^  +  AC^  =  2 BD^  +  2AD'^ ;  App.  II.  1 

AB^ -\- AC"^  =  2BD^ +  2AD^; 
and  we  know  that  D  is  not  the  middle  point  of  BC. 

lu  the  second  case,  find  D'  the  middle  point  of  BC,  and  join  AD". 

ihen  AB-  +  AC"-  =  2  BD'^  +  2  AU- ;  App.  II.  1 

AE'  ^  ACP'    =2BD'-^  +  2AD'^; 
and  we  know  that  D'  is  not  the  middle  point  of  BG. 

The  third  case  needs  no  discussion. 


Proposition  2. 


Tht  difference  of  the  squares  on  two  sides  of  a  triangle  is  double  the 
rectangle  contained  by  the  base  and  the  distance  of  its  middle  point 
from  the  perpendicular  on  Ufrovi  the  vertex.* 

A 


B  DEC  B  D  CE 

Let  ABC  be  a  triangle,  D  the  middle  point  of  the  base  BC,  and 
AE  the  perpendicular  from  A  on  BC: 
it  is  required  to  prove  AB"-  -  AC^  =  2  BC  •  DE. 

*  Pappus,  Vn.  120. 
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AB*  -  AC-=  (BE^  +  Am  -  {EC^  +  AE"^), 
=  BE"-  -  EG% 

=  (BE  +  EC)  (BE  -  EC),      II.  5,  6,  Gorr. 
^  BC-2DE    in  %  1  ; 
or  =2  DEBC    in  fig.  2, 
=  2BG-  DE. 


Proposition  3. 


If  the  straight  line  AD  he  divided  internally  at  any  two  points  C  and 
B,  then  AC  ■  BD  +  AD  ■  BC  =  AB  .  CD.* 

A  C  B 


D 


FotAG-BD  +  AD.BC=AC 


■-L 


=  AC 
=  BD 
=  BD 
^AB 
^AB 


BD  +  (BD  +  AB)  ■  BC, 

BD  +  BD  ■  BC  +  AB  ■  BC,  II.  1 

(AC  +  BC)        +  ABBC,  II.  1 

AB  +  AB.  BC, 

(BD  +  BC),  11.  1 

CD. 


LOCI. 

Proposition  4. 

^ind  the  locus  of  the  vertices  of  all  the  triangles  which  have  the  same 
base  and  the  sum  of  the  squares  of  their  sides  equal  to  a  given 
square. 

M 


Let  BC  be  the  given  base,  M^  the  given  square. 

Suppose  ^  to  be  a  point  situated  on  the  required  locus. 
Join  ^5,  AC ; 
bisect  BC  in  D,  and  join  AD. 

*  £uler,  Novi  Comm.  Petrop.,  vol  L  p.  49. 


/.W 


150  Euclid's  elements.  [Book  n. 

Then,  since  ^  is  a  point  on  tlie  locus,  AB^  +  AC^  =  M"^.  Hyp. 
But  ^fi2  +  J (72  =  2  BD-^  +  2  AD^ ;  App.  II.  1 

.-.  2  5Z>2  +  2JZ)2  =  iJf2; 

.-.    ^2)2  =  ^if2    -    5i)2. 

Now  i  ilf  -  is  a  constant  magnitude,  and  so  is  BD^,  being  the  square 
on  half  the  given  base  ; 

.•.  J  M-  -  BD-  must  be  constant ; 

.•.  AD"^  must  be  constant. 

And  since  AD-  is  constant,  AD  must  be  equal  to  a  fixed  length ; 
that  is,  the  vertex  of  any  triangle  fulfilling  the  given  conditions  ia 
always  at  a  constant  distance  from  a  fixed  point  D,  the  middle  of 
the  given  base.     Hence,  the  locus  required  is  the  C*  of  a  circle 
whose  centre  is  the  middle  point  of  the  base. 

To  determine  the  locus  completely,  it  would  be  necessary  to  find 
the  length  of  the  radius  of  the  circle.  This  may  be  left  to  the 
reader.  

Proposition  5. 

Find  the  locus  of  the  vertices  of  all  the  triangles  which  have  the  same 
base,  and  the  difference  of  the  squares  of  their  sides  equal  to  a 
given  square. 


TO. 


B  D      E 


C 


Let  BC  be  the  given  base,  M^  the  given  square. 

Suppose  vl  to  be  a  point  situated  on  the  required  locus. 

Join  AB,  AC; 
bisect  BC  in  D,  and  draw  AE  x  BC  or  BC  produced.  I.  10,  12 

Then,  since  .4  is  a  point  on  the  locus  AB-  -  AC^  =  M-.        Hyp- 
But  AB^  -  AC^  =  2BC-  DE ;  App.  II.  2 

.-.  2BCDE=M\ 

Now  M^  is  a  constant  magnitude,  and  so  is  2  BC ; 
.'.  DE  must  be  constant ; 

.'.a  perpendicular  drawn  to  BC  from  the  vertex  of  any  triangle 
fulfilling  the  given  conditions  wUl  cut  BC  at  a  fixed  point. 
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li  AC  -  AB^  =  M-,  the  perpendicular  from  A  on  BG  will  cut 
BC  at  a  point  E'  on  the  other  side  of  D,  such  that  DE'  =  DE. 

Hence,  the  locus  consists  of  two  straight  lines  drawn  perpendicular 
to  the  base  and  equally  distant  from  the  middle  point  of  the  base. 


^1. 


v/. 


DEDUCTIONS. 

K  from  the  vertex  of  an  isosceles  triangle  a  straight  line  be 
drawn  to  cut  the  base  either  internally  or  externally,  the 
diflference  between  the  squares  on  this  line  and  either  side 
is  equal  to  the  rectangle  contained  by  the  segments  of  the 
base.     (Pappus,  III.  5.) 

The  sum  of  the  squares  on  the  diagonals  of  a  ||°»  is  equal  to  the 
sum  of  the  squares  on  the  four  sides. 

3.  The  sum  of  the  squares  on  the  diagonals  of  any  quadrilateral  is 

equal  to  twice  the  sum  of  the  squares  on  the  straight  lines 
joining  the  middle  points  of  opposite  sides. 

4.  The  sum  of  the  squares  on  the  four  sides  of  any  quadrilateral 

exceeds  the  sum  of  the  squares  on  the  two  diagonals  by  four 
times  the  square  on  the  straight  line  which  joins  the  middle 
points  of  the  diagonals.    (Euler,  Novi  Comm.  Petrop.,  i.  p.  66.) 

\Jb.  The  centre  of  a  fixed  circle  is  the  middle  point  of  the  base  of  a 
triangle.     If  the  vertex  of  the  triangle  be  on  the   O",  the 
sum  of  the  squares  on  the  two  sides  of  the  triangle  is  con- 
stant. 
"•L,  The  centre  of  a  fixed  circle  is  the  point  of  intersection  of  the 
'         diagonals  of  a  |1™ .     Prove  that  the  sum  of  the  squares  on  the 
straight  lines  drawn  from  any  point  on  the  O  "•  to  the  four 
vertices  of  the  H*"  is  constant. 
7.  Two  circles  are  coticentric.     Prove  that  the  sum  of  the  square* 
of  the  distances  from  any  point  on  the  O"*  of  one  of  the 
,  circles  to  the  ends  of  a  diameter  of  the  other  is  constant. 

JS.  The  middle  point  of  the  hypotenuse  of  a  right-angled  triangle  is 
equidistant  from  the  three  vertices. 

"^  Three  times  the  sum  of  the  squares  on  the  sides  of  a  triangle 
is  equal  to  four  times  the  sum  of  the  squares  on  the  three 
medians,  or  equal  to  nine  times  the  sum  of  the  squares 
on  the  straight  lines  which  join  the  centroid  to  the  three 
vertices. 

■t*.  If  A  BCD  be  a  quadrilateral,  and  P,  Q,  R,  S  be  the  middle 
points  of  AB,  BC,  CD,  DA  respectively,  then  2  PB^  +  A& 
+  CD^  =  2QS'  +  BC'  +  DA\ 
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11.  Thrice  the  sum  of  the  squares  on  the  sides  ©f  any  pentagon  = 
the  sum  of  the  squares  on  the  diagonals  together  with  four 
times  the  sum  of  the  squares  on  the  five  straight  lines  joining, 

/  in  order,  the  middle  points  of  those  diagonals. 

^12.  Ji  A,  B  he  fixed  points,  and  0  any  other  point,  the  sum  of  the 
squares  on  OA  and  OB  is  least  when  O  is  the  middle  point 
oiAB. 

13.  Prove  II.  9,  10  by  the  following  construction  :  On  AD  describe 

a  rectangle  AEFD  whose  sides  AE,  JDF  are  each  =  AG  or 
CB.  According  &&  D  is  in  AB,  ox  va  AB  produced,  from 
DF,  or  ZJi?"  produced,  cut  off  FG  =-  DB ;  and  join  EC,  CG, 
GE.  Show  how  these  figures  may  be  derived  from  those  in 
the  text. 

14.  If  from  the  vertex  of  the  right  angle  of  a  right-angled  triangle  a 

perpendicular  be  drawn  to  the  hypotenuse,  then  (1)  the  square 
on  this  perpendicular  is  equal  to  the  rectangle  contained  by 
the  segments  of  the  hypotenuse  ;  (2)  the  square  on  either  sidt. 
is  equal  to  the  rectangle  contained  by  the  hypotenuse  and  the 
segment  of  it  adjacent  to  that  side. 

15.  The   sum   of  the    squares   on   two   unequal    straight   lines   is 

greater  than  twice  the  rectangle  contained  by  the  straight 
lines. 

16.  The  sum  of  the  squares  on  three  unequal  straight  lines  is  greater 

than  the  sum  of  the  rectangles  contained  by  every  two  of  the 
straight  Hnes. 

17.  The  square  on  the  sum  of  three  unequal  straight  lines  is  greater 

than  three   times  the  sum  of  the  rectangles  contained  by 
every  two  of  the  straight  hues. 
18k  The  sum  of  the   squares  on  the  sides  of  a  triangle  is  less  than 
twice  the  sum  of  the  rectangles  contained  by  every  two  of 
the  sides. 

19.  If  one  side  of  a  triangle  be  greater  than  another,  the  median 

drawn  to  it  is  less  than  the  median  drawn  to  the  other. 

20.  If  a  straight  line  AB  he  bisected  in  C,  and  divided  internally 

at  D  and  E,  D  being  nearer  the  middle  than  E,  then 
AD  ■  DB  =  AE  .  EB  +  CD  .  DE  +  CE  ■  ED. 

21.  .450  is  an  isosceles  triangle  having  each  of  the  angles  £  and 

C  =  2  J.     BD  is  drawn  ±  AC;  prove  AD-  +  DC"  =  2  BD^ 

22.  Divide  a  given  straight  line  internally  so  that  the  squares  on 

the  whole  and  on  one  of  the  segments  may  be  double  of  the 
square  on  the  other  segment. 
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23.  Given  that  AB  is  divided  internally  at  H,  and  externally  at  H', 

in  medial  section,  prove  the  following  : 

(1)  AH  -BH  =  {AH  +  BH)  ■  (AH  -  BH); 
AH  ■  BH  =  (BH  +  AH)  '  (BH  -  AH). 

(2)  AH  .  (AH  -  BH)  =  BH"-;  AH  ■  (AH  +  BH)  =  BH^. 

(3)  ABT-  +  BH'-  ^  3  AH^ ;  AB^  +  BH"^  =  3  AH\ 

(4)  (AB  +  BH)"^  =  5AH^;  {AB  +  BH)^  =  5  AH"-. 

(5)  (AH  -BH)"-  =  3BH^  -  AH"^;  {BH -  AHy-=S  AH^  -  BH"-. 
'(6)  (AH +BH)"-  =  2Am  -BH'^;  (AH  +  BH)"-  =  ZBH'^-AH\ 

(7)  (AB  +  AH)''  =  S  AH-'-Z BH"- ;  (AH -  AB)"  =  8AH-'-SBH'\ 

(8)  AB^  +  AH>  =  -iAH^  -  BH"- ;  AB'  +  AH'=^AH^  -  BH\ 

24.  In  any  triangle  ABC,  if  BP,  CQ  be  drawn  j.  CA,  BA,  produced 
,  if  necessai^',  then  shaU  BC'^  =  AB  ■  BQ  +  AC  ■  CP. 

jte5.  If  from  the  hypotenuse  of  a  right-angled  triangle  segments  be 
cut  off  equal  to  the  adjacent  sides,  the  square  of  the  middle 
segment  thus  formed  =  twice  tl:e  rectangle  contained  by  the 
extreme  segments.  Show  how  this  theorem  may  be  used  to 
find  nunibers  expressing  the  sides  of  a  right-angled  triangle. 
(Leslie's  Elements  of  Geometry,  1820,  j).  315.) 

Loci. 

•*1.  Given  a  A  ABC ;  find  the  locus  of  the  points  the  sum  of  the 
squares  of  whose  distances  from  B  and  C,  the  ends  of  the 

/  base,  is  equal  to  the  sum  of  the  squares  of  the  sides  AB,  AC. 

^2.  Given  a  A  ABC ;  find  the  locus  of  the  pi  ants  the  difference 
of  the  squares  of  whose  distances  from  B  and  C,  the  ends 
of  the  base,  is  equal  to  the  difference  of  the  squares  of  the 

I  sides  AB,  AC. 

As.  C*  the  A  ABC,  the  base  BC  is  given,  and  the  sum  of  the  sides 
AB,  AC ;  find  the  locus  of  the  point  where  the  perpendicular 
from  C  to  .4C  meets  the  bisector  of  the  exterior  vertical 

t  angle  at  A. 

'I*  Ot  the  A  ABC,  the  base  BC  is  given,  and  the  difference  of  the 
sides  AB,  AC ;  find  the  locus  of  the  point  where  the  per- 
pendiciUar  from  C  to  AC  meets  the  bisector  of  the  interior 

\  vertical  angle  at  A. 

5.  A  variable  chord  of  a  given  circle  subtends  a  right  angle  at  a 
fixed  point ;  find  the  locus  of  the  middle  point  of  the  chord. 
Examine  the  cases  when  the  fixed  point  is  inside  the  circle^ 
outside  the  circle,  and  on  the  O"^ 
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DEFINITIONS. 

i.  A  circle  is  a  plane  figure  contained  by  one  lino 
which  is  called  the  circumference,  and  is  such  that  all 
straight  lines  drawn  from  a  certain  point  within  the  figure 
to  the  circumference  are  equal.  This  point  is  called  the 
centre  of  the  circle,  and  the  straight  lines  drawn  from  the 
centre  to  the  circumferen'^  are  called  radii 

Cor.  1. — If  a  point  be  situated  inside  a  circle,  its  distance 
from  the  centre  is  less  than  a  radius ;  and  if  it  be  situated 
outside,  its  distance  from  the  centre  is  greater  than  a  radius 

Thus,  in  fig.  1, 
OP,  the  distance 
of  the  point  P 
from  the  centre 
O,  is  less  than 
the  radius  OA ; 
in  fig.  2,  OP  is 
greater  than  the 
radius  OA. 

Cor.  2. — Conversely,  if  the  distance  of  a  point  from  the 
centre  of  a  circle  be  less  than  a  radius,  the  point  must  be 
situated  inside  the  circle ;  if  its  distance  from  the  centre  be 
greater  than  a  radius,  it  must  be  situated  outside  the  circle. 

Cor.  3. — If  the  radii  of  two  circles  be  equal,  the  circum- 
ferences are  equal,  and  so  are  the  circles  themselves. 

This  may  be  rendered  evident  liy  aiijilyins:;  the  one  circle  to  th-d 
other,  so  that  their  centres  shall  coincide.  Since  the  radii  of  the  oae 
circle  are  equal  to  those  of  the  other,  every  point  in  the  circum- 
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ference  of  the  one 
circumference  of  the 
other ;  therefore,  the 
two  cu-ciunferences 
coinoide  and  are  equal. 
•Jonsequently  also  the 
two  circles  coincide 
and  are  equal. 

Cor.  4. — Conversely,  if  two  circles  be  equal,  their  radii 
are  equal,  and  also  their  circumferences. 

This  may  be  proved  indirectly,  by  supposing  the  radii  unequal. 

Cop.  5. — A  circle  is  given  in  magnitude  when  the  length 
of  its  radius  is  given,  and  a  circle  is  given  in  position  and 
magnitude  when  the  position  of  its  centre  and  the  length  of 
its  radius  are  given.     (Euclid's  Data,  Definitions  5  and  6.) 

Cor.  6. — The  two  parts  into  which  a  diameter  divides  a 
circle  are  equal. 

This  may  be  proved,  like  Cor.  3,  by  superposition. 
The  two  parts  are  therefore  called  semicircles. 

Cor.  7. — The  two  parts  into  which  a  straight  line  not  a 
liameter  di\ides  a  circle  are  unequal. 

Thus  if  ^5  is  not  a  diameter  of  the  circle 
ABC,  the  two  parts  ACB  ami  ADB  into 
which  AB  divides  the  circle  are  unequaL 

For  if  a  diameter  AE  be  drawn,  the  part 
A  CB  is  less  than  the  semicircle  A  BE,  and  the 
part  ADB  is  p-eater  than  the  semicircle  ADE. 

2.  Concentric  circles   are  those  which  have  a 
centre.  B  A 

3,  A  straight  line  is  said  to  touch  a 
circle,  or  to  be  a  tangent  to  it,  when  it 
meets  the  circle,  but  being  produced 
does  not  cut  it. 

Thus  BC  is  a  tangent  to  the  circle  ADE. 
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4.  A  straight  line  drawn  from  a  point  outside  a  circle, 
and  cutting  the  circumference,  is  called  a  secant. 

Thus  EGA  and  EBD  are  secants  of 
the  circle  ABG. 

If  the  secant  EC  .i  were,  like  one  of 
the  hands  of  a  wau^ii,  to  revolve  round 
^  as  a  pivot,  ae  points  A  and  G 
would  approac'  one  another,  and  at  D^ 
length  coincif'  .  When  the  points  A 
and    G   coincided,  the    secant    would 

have  become  a  tangent.  Hence  a  tangent  to  a  circle  may  be 
defined  to  be  a  secant  in  its  limiting  position,  or  a  secant  which 
meets  the  circle  in  two  coincident  points. 

This  way  of  regarding  a  tangent  straight  line  may  be  applied  also 
to  a  tangent  circle. 

5,  Circles  which  meet  but  do  not  cut  one  another,  are 
said  to  touch  one  another. 

Fig.  2. 


Thus  the  circles  ABG,  ADE,  which  meet  but  do  not  intersect,  are 
said  to  touch  each  other.  In  fig.  1,  the  circles  are  said  to 
touch  one  another  internally,  although  in  strictness  only  one  of 
them  touches  the  other  internally ;  in  fig.  2,  they  are  said  to 
touch  one  another  externally. 

6.  The  points  at  which  circles  touch  each  other,  or  at 
which  straight  lines  touch  circles,  are  called  points  of 
contact. 

Thus  in  the  figi'i^ee  to  definitions  3  and  5,  the  points  A  are  points 
oi  eoniact. 
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7.  A  chord  of  a  circle  is  the  straight  line  joining  any 
two  points  on  the  circumference. 

Thus  AB  iaa  chord  of  the  circle  ABC. 

8.  An  arc  of  a  circle  is  any  part 
of  the  circumference. 

Thus  ACB  is  an  arc  of  the  circle  ABG; 
so  is  ABB. 

9.  A  chord  of  a  circle  which  does  not  pass  through  the 
centre  divides  the  circumference  into  two  unequal  arcs. 
These  arcs  are  called  the  major  and  the  minor  arcs,  and 
they  are  said  to  be  conjugate  to  each  other. 

Thus  the  chord  AB  divides  the  circumference  of  the  circle  ABC 
into  the  conjugate  arcs  ADB,  ACB,  of  which  ADB  is  a  major  arc, 
and  A  GB  a  minor  arc. 

10.  Chords  of  a  circle  are  said  to  be  equidistant  from  the 
centre  when  the  perpendicidars  drawn  to  them  from  the 
centre  are  equal ;  and  one  chord  is  farther  from  the  centre 
than  another,  when  the  perpendicular  on  it  from  the  centre 
is  greater  than  the  perpendicular  on  the 
other. 

Thus  in  the  circle  ABC,  whose  centre  is  0, 
if  the  perpendiculars  OG,  OH  on  the  chords 
AB,  CI)  are  equal,  AB  and  CD  are  said  to  he 
ecpiidistaiit  from  0 ;  if  the  pt-rpendicidar  Oh 
on  the  chord  EF  is  greater  than  OG  or  OH, 
the  chord  EF  is  said  to  be  farther  from  the 
centre  than  AB  or  CD. 

11.  A  segment  of  a  circle  is  the  figure  contained  by  a 
chord,  and  either  of  the  arcs  into  Avhich  the  chord  divides 
the  circumference.  The  segments  are  called  major  or  minor 
segments,  according  as  their  arcs  are  major  or  muior  arcs. 

Thus  (see  figure  to  definition  7)  the  figure  contained  by  the 
minor  arc  ACB  and  the  chord  AB'vi  2k  minor  segment ;  the  figure 
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contained  by  the  major  arc  ADB  and  the  chord  AB  is  a  major 

segment. 

It  is  worthy  of  observation  that  a  segment,  like  a  circle,  is 
generally  named  by  three  letters  ;  but  the  letters  may  not  be 
arranged  anyhow.  The  letters  at  the  ends  of  the  chord  miist  be 
placed  either  first  or  last. 

12.  An  angle  in  a  segment  of  a   circle   is   the   angle 
contained  by  two  straight  lines  drawn 
from   any  point   in    the   arc   of    the 
segment  to  the  ends  of  the  chord. 

Thus  ACE  and  ADB  are  angles  in  the 
segment  AGB. 

13.  Similar  segments  of  circles  are  those  which  contain 
equal  angles. 

Thus  if  the  angles 
G  and  F  are  equal, 
the  segment  ACB   is 

said  to  be  similar  to  \^\^ ^g      £)[ 

the  segment  DFE. 

14.  A  sector  of  a  circle  is  the  figure  contained  by  an 
arc  and  the  two  radii  drawn  to  the  ends  of  the  arc. 

Thus  if  O  be  the  centre  of  the  circle  ABD, 
the  figure  OACB  is  a  sector  ;  so  is  OADB. 

It  is  obvious  that,  when  the  radii  are  in  the 
same  straight  line,  the  sector  becomes  a  semi- 
circle. 

15.  The  angle  of  a  sector  is  the  angle 
contained  by  the  two  radii. 

Thus  the  angle  of  the  sector  OACB  is  the  angle  AOB. 

16.  Two  radii  of  a  circle  not  in  the  same  straight  line 
divide  the  circle  into  two  sectors,  one  of  which  is  greater 
and  the  other  less  than  a  semicircle;  the  former  may  be 
called  a  major,  and  the  latter  a  minor  sector. 

Thus  OADB  is  a  major  sector,  and  OACB  is  a  minor  sector. 
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17.  Sectors  have  received  particular  names  according  to 
the  size  of  the  angle  contained  by  the  radii.  When  the 
contained  angle  is  a  right  angle,  the  sector  is  called  a 
quadrant ;  when  the  contained  angle  is  equal  to  one  of  the 
angles  of  an  equilateral  triangle,  the  sector 

is  called  a  sextant.  ^-?-^c 

Thus  if  A  OB  is  a  right  angle,  or  one-fourth 
of  four  right  angles,  the  sector  OAB  is  a 
quadrant;  if  AOC  is  two- thirds  of  one  right 
angle  (see  p.  71,  deduction  9),  or  one-sixth 
of  four  right  angles,  the  sector  OAG  is  a 
sextant. 

18.  An  angle  is  said  to  be  at  the  centre,  or  at  the 
circumference  of  a  circle,  when  its  vertex  is  at  the  centre, 
or  on  the  circumference  of  the  circle. 

Thus  BEC  is  an  ani;le  at  the  centre,  and 
BAC  an  angle  at  the  circumference  of  the 
circle  ABC. 

19.  An  angle  either  at  the  centre  or  at 
the  circumference  of  a  circle  is  said  to 
stand  on  the  arc  intercepted  between  the 
arms  of  the  angle. 

Thus  the  angle  BEC  at  the  centre  and  the  angle  BAC  at  the 
circumference  both  stand  on  the  same  arc  BDG. 

In  respect  to  the  angle  BEC  a,t  the  centre  of  the  circle  ABC,  it 
may  readily  occur  to  the  reader  to  inquire  whether  the  minor  arc 
BDC  is  the  only  arc  intercepted  by  EB  and  EC,  the  arms  of  the  angle. 
Obviously  enough  EB  and  EC  intercept  also  the  major  arc  BAG. 
What,  then,  is  the  angle  which  stands  on  the  major  arc  BAC ?  This 
inquiry  leads  us  naturally  to  reconsider  our  definition  of  an  angle. 

20.  An  angle  may  be  regarded  as  generated  (or  described) 
by  a  straight  line  which  revolves '  round  one  of  its  end 
points,  the  size  of  the  angle  depending  on  the  amount  of 
revolution. 
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Thus  if  the  straight  line  OB  occupy  at  first  the  position  OA,  and 
then  revolve  round  0  in  a  manner  opposite  to  that  of  the  hands  of 
a  watch,  till  it  comes  into  the  position  OB, 
it  will  have  generated  or  described  the  angle 
A  OB.  If  OB  continue  its  revolution  round 
0  till  it  occupies  the  position  OD,  it  will 
have  generated  the  angle  AOD ;  if  OB 
still  continiie  its  revolution  round  O  till  it 
occupies  successively  the  positions  OF,  Off, 
it  will  have  generated  the  angles  A  OF, 
AOH.  The  angles  AOB,  AOD,  AOF, 
A  OH,  being  successively  generated  by  the 
revolution  of  OB,  are  therefore  arranged  in  order  of  magnitude, 
AOD  being  greater  than  AOB,  AOF gresAer  than  AOD,  and  AOH 
greater  than  A  OF. 

It  is  plain  enough  that  OB,  after  reaching  the  position  OH,  may 
continue  its  revolution  till  it  occupies  the  position  it  started  from, 
when  it  will  coincide  again  with  OA .  OB  wiU  then  have  described 
a  complete  revolution.  If  the  revolution  be  sujiposed  to  continue, 
the  angle  generated  by  OB  will  grow  greater  and  greater  (since  its 
size  depends  on  the  amount  of  revolution),  but  OB  itself  will  return 
to  the  positions  it  occupied  before ;  and  therefore  in  its  second 
revolution  OB  will  not  indicate  any  new  direction  relatively  to  OA, 
which  it  did  not  indicate  in  its  first.  Hence  there  is  no  need  at 
present  to  consider  angles  greater  than  those  generated  by  a  straight 
line  in  one  complete  revolution. 

21.  In  the  course  of  the  revokition  of  OB  from  the 
position  of  OA  round  to  OA  again,  OB  will  at  some  time  or 
other  occupy  the  position  OE,  which  is  in  a  straight  line 
with  OA  ;  the  angle  AOE  thus  generated  is  called  a  straight 
(or  sometimes  a  flat)  angle. 

When  OB  occupies  the  position  00  midway  between  that 
of  OA  and  OE  (that  is,  when  the  angles  AOC  and  COE  are 
equal),  the  angle  AOC  thus  generated  is  called  a  right 
angle.     Hence  a  straight  angle  is  equal  to  two  right  angles. 

When  OB  occupies  the  position  OG  which  is  in  a  straight 
line  with  OC,  the  angle  AOG  thus  generated  is  an  angle  of 
three  right  angles ;  when  OB  again  coincides  with  OA,  it  has 
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generated,  an  ansle  of  four  right  angles.  Hence  angle  AOB 
is  less  than  a  right  angle ;  angle  A  OD  is  greater  than  one 
right  angle,  and  /ess  than  two;  angle  AOF is  greater  than 
two  and  less  than  three  right  angles;  angle  AOH  is  greater 
than  three  and  less  than  four  right  angles. 

22.  It  has  been  explained  how  OB,  starting  from  the 
position  OA,  and  revolving  in  a  man- 
ner opposite  to  that  of  the  hands  of  a 
watch,  generates  the  angle  AOB,  less 
than  a  right  angle  when  it  reaches  the 
position  OB.  But  we  may  suppose 
that  OB,  starting  from  OA,  reaches  the  position  OB  by 
revohang  round  0  in  the  same  manner  as  the  hands  of  a 
watch;  it  will  then  have  generated  another  angle  AOB, 
greater  than  three  right  angles.  Thus  it  appears  that  two 
straight  lines  drawn  from  a  point  contain  two  angles  having 
common  arms  and  a  common  vertex.  Such  angles  are  said  to 
be  conjugate,  the  greater  being  called  the  major  conjugate, 
and  the  less  the  minor  conjugate  angle.  When,  however, 
the  angle  contained  by  two  straight  lines  is  spoken  of,  the 
minor  conjugate  angle  is  understood  to  be  meant. 

23.  It  will  be  apparent  from  the  preceding  that  the  sum 
of  two  conjugate  angles  is  equal  to  four  right  angles ;  and 
that  when  two  conjugate  angles  are  unequal,  the  minor 
conjugate  must  be  less  than  two  right  angles,  and  the  major 
conjugate  greater  than  two  right  angles.  When  two  con- 
jugate angles  are  equal,  each  of  them  must  be  a  straight 
angle. 

Major  conjugate  angles  are  often  called  reflex  angles,  and 
to  prevent  obtuse  angles  from  being  confounded  with  reflex 
angles,  obtuse  angles  may  now  be  defined  to  be  angles  greater 
than  one  right  angle,  and  less  than  two  right  angles. 
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PROPOSITION  1.     Problem. 
To  find  the  centre  of  a  given  circle. 

c 


Let  ABC  be  the  given  circle : 
it  is  required  to  find  its  centre. 

Draw  any  chord  AB,  and  bisect  it  at  D;  I.  10 

from  D  draw  DC  _L  AB,  L  11 

and  let  DC,  produced  if  necessary,  meet  the  Q"  at  C  and  E. 
Bisect  CE  at  F.  /.  10 

F  is  the  centre  of  0  ABC. 
For  if  F  be  not  the  centre,  let  G  be  the  centre ; 
and  join  GA,  GD,  GB. 

iAD  =  BD  Const 

In  As  ADG,  BDG,  )dG=DG 

(GA  =  GB;  III.  Def.  1 

.-.    L  ADG  =  L  BDG;  I.  8 

.-.    L  ADG  is  right.  /.  Def.  10 

But  L  ^Z)C  is  right;  Const. 

.-.    ^  ADG  =  L  ADC,  which  is  impossible; 
.'.  (x  is  not  the  centre. 

Now  G  is  any  point  out  of  CE; 
.'.  the  centre  is  in  CE. 

But,  since  the  centre  is  in  CE,  it  must  be  at  F,  the  middle 
point  of  CE. 
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Cor.  1. — The  straight  line  which  bisects  any  chord  of  a 
circle  perpendicularly,  passes  through  the  centre  of  the  circle. 

Cor.  2. — Hence  a  circle  may  be  described  which  shall 
pass  through  the  tliree  vertices  of  a  triangle. 


For  if  a  circle  could  be  described  to  pass  through  A,  B,  C, 
the  vertices  of  the  triangle  ABC,  AB  and  AC  would  be 
chords  of  this  circle  ; 

.•.  DF,    which    bisects   AB   perpendicularly,    would    pass 
through  the  centre.  ///.  1,  Cor.  1 

Similarly  EF,  which  bisects  AC  perpendicularly,  woidd 
pass  through  the  centre.  ///.  1,  Cor.  1 

Hence  F  will  be  the  centre,  and  FA,  FB,  or  FC  the  radius. 

1.  Show  how,  by  twice  applying  Cor.  1,  to  find  the  centre  of  a 

given  circle. 

2.  Similarly,  show  how  to  find  the  centre  -of  a  circle,  an  arc  only 

of  which  is  given. 

3.  Describe  a  circle  to  pass  through  three  given  points.     When  is 

this  impossible  ? 

4.  Describe  a  circle  to  pass  through  two  given  points,  and  have 

its  centre  in  a  given  straight  line.     When  is  this  impossible  ? 

5.  Describe   a  circle    to    pass    through    two    given    points,    and 

have  its  radius  equal  to  a  given  straight  line.     When  is  this 
impossible  ? 

6.  A  quadrilateral  has  its  vertices  situated  on  the  O  ™  of  a  circle. 

Prove  that  the  straight  lines  which  bisect  the  sides  perpen- 
dicularly are  concurrent. 

7.  From  a  point  outside   a  circle  two  equal   straight   lines  are 

drawn  to  the  O '®.     Prove  that  the  bisector  of  the  angle  they 
contain  passes  through  the  centre  of  the  circle. 
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8.  Show  also  that  the  same  thing  is  true  when  the  point  is  taken 

either  within  the  circle  or  on  the  O  '^^. 

9.  Hence  give  another  method  of  finding  the  centre  of  a  given 

circle. 


PEOPOSITION  2.     Theorem. 

If  any  two  points  he  taken  in  the  circumference  of  a  circle, 
the  straight  Utic  which  joins  them  shall  fall  within  the 
circle.* 


Let  ABC  be  a  circle,  A  and  B  any  two  points  in  the  Q*^  * 
it  is  required  to  prove  that  AB  shall  fall  tvithin  the  circle. 

Find  D  the  centre  of  the  0  ABC;  IIL  1 

take  any  point  U  in  AB,  and  join  DA,  DE,  DB. 

Because  DA  =  DB,  .-.  l  A  =  l  B.  1.5 

But  L  DEB  is  greater  than  l  A  ;  /.  16 

.'.    L  DEB  is  greater  than  L  B ; 

DB  is  greatev  than  DE.  /.  19 

Now  since  DE  drawn  from  the  centre  of  the  0  ABC  is  less 

than  a  radius,  Emusi  be  within  the  circle.     IIL  Def.  I,  Cor.  1 

But  E  is  any  point  in  AB,  except  the  end  points  A  and  B; 

.'.  AB  itself  is  within  the  circle. 

1.  Prove  that  a  straight  line  cannot  cut  the  0*=®  of  a  circle  in  more 
than  two  points. 

*  Euclid's  proof  is  indirect.    The  one  in  the  text  is^  found  iii  Clavii 
Commentaria  in  Euclidis  Elementa  (1612),  p.  109. 
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2.  Describe  a  circle  whose  0"^  shjJl  pass  through  a  given  point, 
whose  centre  shall  be  in  one  given  straight  line,  and  whose 
radins  shall  be  equal  to  another  given  straight  line.  May- 
more  than  one  circle  be  so  drawn  ?  If  so,  how  many  ?  When 
will  there  be  only  one,  and  when  none  at  all  ? 


PEOPOSITIOX  3.     Theorems. 

If  a  straight  line  drawn  through  the  centre  of  a  circle  bisect 
a  chord  which  does  not  pass  through  the  centre,  it  shall 
cut  it  at  right  angles. 

Conversely :  If  it  cut  it  at  right  angles,  it  shall  bisect  it. 

C 


(1)  Let  ABC  be  a  circle,  F  its  centre ;  and  let  CE,  which 
passes  tlixough  F,  bisect  the  chord  AB  which  does  not  pass 
through  F: 
it  is  required  to  prove  CE  _L  AB. 


Join  FA,  FB. 

(AD  =  BD 
In  As  ADF,  BDF,  \dF=DF 
I  FA  =  FB; 
.'.   L.  ADF  =   L  BDF; 
.'.  CFis  ±  AB. 

(2)  In  0  ABC  let  CE  he  ±  AB: 
it  is  r&juired  to  prove  AD  =  BD. 


Syv. 

in.  Def.  1 

/.  8 

/.  Def.  10 
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Join  FA,  FB. 

(  L ADF =   L  BDF 
In  As  ADF,  BDF,  ]  l  FAD  =   l  FBD 

(         DF  =  DF; 
'.  AD  =  BD. 


Hyp. 
I.  5 

/.  26 

Need 


1.  In  the  figure  to  the  proposition,  C  and  E  are  on  the  O'^®. 

they  be  so  ? 

2.  The  O™  of  a  circle  passes  through  the  vertices  of  a  triangle. 

Prove  that  the  straight  lines  drawn  from  the  centre  of  the 
circle  perpendicular  to  the  sides  will  bisect  those  sides. 

3.  Two  concentric  circles  intercept  between  their  O  "^'^  two  equal 

portions  of  a  straight  line  cutting  them  both. 

4.  Through  a  given  point  within  a  circle  draw  a  chord  which  shall 

be  bisected  at  that  point. 

5.  If  two  chords  in  a  circle  be  parallel,  their  middle  points  will  lie 

on  the  same  diameter. 

6.  Hence  give  a  method  of  finding  the  centre  of  a  given  circle. 

7.  If  the  vertex  of  an  isosceles  triangle  be  taken  as  centre,  and  a 

circle  be  described  cutting  the  base  or  the  base  produced,  the 
segments  of  the  base  intercepted  between  the  C^  and  the 
ends  of  the  base  will  be  equal. 

8.  If  two  circles  cut  each  other,  any  two  parallel  straight  lines 

drawn  through  the  points  of  intersection  to  the  O  "*  will  be 
equal. 

9.  If  two  circles  cut  each   other,  any  two  straight  lines  drawn 

thrcygh  one  of  the  points  of  intersection  to  the  O""^^  and 
laaking  equal  angles  with  the  line  of  centres  will  be  equaL 
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PROPOSITION  4.     Theorem. 

If  two  chords  of  a  circle  cut  one  another  and  do  not  both  pass 
through  the  centre,  theij  do  not  bisect  one  another. 


B""* -^C 

Let  ABC  be  a  circle,  AC,  BD  two  chords  which  cut 
one  another  at  E,  but  do  not  both  pass  through  the  centre  : 
it  is  required  to  prove  that  AC,  BD  do  not  bisect  one  another. 

(1)  If  one  of  them  pass  through  the  centre,  it  may  bisect 
the  other  which  does  not  pass  through  the  centre ;  but  it 
cannot  be  itself  bisected  by  that  other. 

(2)  If  neither  of  them  pass  through  the  centre,  let  AE 
=  EC,  and  BE  =  ED. 

Find  F  the  centre  of  ©  ABCy  III.  1 

and  join  FE. 

Because  FE  passes  through  the  centre,  and  bisects  A  C, 

.'.  L  FEA  is  right.  ///.  3 

Because  FE  passes  through  the  centre,  and  bisects  BD, 

.-.   L  FEB  is  Tight;  III  3 

.•.  L  FEA  =   L  FEB,  which  is  impossible. 

.'.  AC,  BD  do  not  bisect  one  another. 

1.  If  two  chords  of  a  circle  bisect  each  other,  what  must  both  of 

them  be  ? 

2.  No  II™  whose  diagonals  are  unequal  can  have  its  vertices  on  the 

O"^®  of  a  circle. 
U  2<^o  11™  except  a  rectangle  can  have  its  vertices  on  the  C"  of  a 
circle. 
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PKOPOSITION  5.     Theorem. 

If  two  circles  cut  one  another,  they  cannot  have  the  same 
centre. 

A 


Let  the  0s  ABC,  ADE  cut  one  another  at  A: 
it  is  required  to  prove  that  they  cannot  have  the  same  centre. 

If  they  can,  let  F  be  the  common  centre. 
Join  FA,  and  draw  any  other  straight  line  FCE  to  meet 
the  two  O'"'- 

Then  FA  =  FC,  being  radii  of  0  ABC,  III.  Def.  1 

and         FA  =  FE,  being  radii  of  0  ADE;        III.  Def.  1 

FG  —  FE,  which  is  impossible. 
.•.  0s  ABC,  ADE  cannot  have  the  same  centre. 

1.  If  two  circles  do  not  cut  one  another,  can  they  have  the  same 

centre  ? 

2.  If  two  circles  out  one  another,  can  their  common  chord  be  a 

diameter  of  either  of  them  ?     Can  it  be  a  diameter  of  both  ? 

3.  If  the  common  chord  of  two  intersecting  circles  is  the  diameter 

of  one  of  them,  prove  that  it  is  ±  the  straight  line  joining  the 

centres. 
i.  If  two    circles   cut  one   another,  the   distance   between   their 

centres  is  less  than  the  sum,  and  greater  than  the  diflference 

of  their  radii. 
5.  Prove  the  converse  of  the  preceding  deduction. 
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PEOPOSITION  6.     Theorem. 

If  two  circles  touch  one  another  internally,  they  cannot  have 
tlie  same  centre. 

A 


Let  the  QsABC,  ADE  touch  one  another  internally  at  A  : 
it  is  required  to  proce  Unit  they  cannot  have  the  same  centre. 

If  they  can,  let  F  be  the  common  centre. 
Jom  FA,  and  draw  any  other  straight  line  FEC  to  meet 
the  two  O""- 

Then  FA  =  FC,  being  radii  of  0  ABO, 
and        FA  =  FE,  being  radii  of  0  ADE; 

FG  =  FE,  which  is  impossible, 
.'.  0s  4^BG,  ADE  cannot  have  the  same  centre. 


///.  Def.  1 
///.  Def.  1 


1.  If  two  circles  touch  one  another  externally,  can  they  hare  the 

same  centre  ? 

2.  Enunciate  III,  5,  6,  and  the  preceding  deduction  in  one  state- 

ment. 

3.  If  one  circle  be  inside  another,  and  do  not  touch  it,  the  distance 

between  their  centres  is  less   than  the   dilYerence  of  their 
radii. 

4.  If  one  circle  be  outside  another  and  do  not  touch  it,  the  distance 

between  their  centres  is  greater  than  the  sum  of  their  radii. 

5.  Prove  the  converses  of  the  two  preceding  deductions. 
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PROPOSITION  7.     Theorem, 

If  from  any  point  within  a  circle  which  is  not  the  centre, 
straight  lines  he  draion  to  the  circumference,  the  greatest 
is  that  which  passes  through  the  centre,  and  the  remain- 
ing part  of  that  diameter  is  the  least ;  of  the  others, 
that  which  is  nearer  to  the  greatest  is  greater  than  the 
more  remote ;  and  from  the  given  2Joint  straight  lines 
which  are  equal  to  one  another  can  he  drawn  to  the 
circumference  only  in  pairs,  one  on  each  side  of  the 
diameter. 


Let  ABO  be  a  circle,  and  P  any  point  within  it  which  is 
not  the  centre ;  from  Plet  there  be  drawn  to  the  Q"*  DP  A, 
PB,  PC,  of  which  DP  A  passes  through  the  centre  0  : 
it  is  required  to  prove  (1)  that  PA  is  greater  than  PB  ; 

(2)  that  PB  is  greater  than  PC ; 

(3)  that  PD  is  less  than  PC ; 

(4)  that  only  one  straight  line  can  he 

drawn  from  P  to  the  Q*^^  =  PO 


Join  OB,  00. 

(1)  Because  OB 
.-.    PO  +  OB 

But  PO  +  OB  is  greater  than  PB  ; 
PA  is  greater  than  PB. 


=  OA,  being  radii  of  the  same  circle ; 
=  PO  +  OA,  or  PA. 

/.  20 


Book  III.]  PROPOSITION    7.  171 

[PO  =  PO 

(2)  •  In  As  FOB,  POC,  \oB=OG  III.  Def.  i 

(  _  POB  is  greater  than  l  POC; 
.'.  PB  is  greater  than  PC.  I.  24 

(3)  Because  OC  -  OP  is  less  than  PC,  I.  20,  Cor. 
and  OC  =  OD,  bemg  radii  of  the  same  circle ; 

.-.  OD  -  OP  is  less  than  PC ; 
.-.  PD  is  less  than  PC. 

(4)  At  0  make  L  POL  =  l  POC,  I.  23 
and  join  PL. 

C         PO  =  PC 
In  As  POL,  POC, }         OL  =  00  -  III  Def.  1 

(  ^  POL  =    L  POC;'  Const. 

.-.  PL  =  PC.  I.  4 

And  besides  PL  no  other  straight  line  can  be  drawn  from 
P  to  the  O"'  =  PG. 
For  if  PM  were  also  =  PC, 
then  P3I  =  PL,  which  is  impossible. 

Cor. — If  from  a  point  inside  a  circle  more  than  two  equal 
straight  lines  can  be  drawn  to  the  Q"")  that  point  must  be 
the  centre. 

For  another  proof  of  this  Cor.,  see  III.  9. 

1.  Prove  PC  greater  than  PD,  using  I.  20  insteatl  of  I.  20,  Cor. 

2.  Wherever  the  point  P  be  taken,  provided  it  be  inside  the  circle 

ABC,  the  Slim  of  the  greatest  and  the  least  straight  lines 
that  can  be  drawn  from  it  to  the  O  '^^   is  constant. 

3.  Find  another  point  whose  greatest  and  least  distances  from  the 

O**  are  respectively  =  those  of  P  from  the  0"=^     How  many 
such  points  are  there  ?     Where  do  they  lie  ? 

4.  Prove,  by  considering  POA  and  POD  as  infinitely  thin  triangles, 

that  PA  is  greater  than  PB,  and  PC  greater  than  FJJ  by 
L24. 
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PROPOSITION  8.  Theorem. 
If  from  any  point  ivithout  a  circle  straight  lines  he  drawn  to 
the  circumference,  of  those  which  fall  upon  the  concave  part 
of  the  circumference  the  greatest  is  that  which  jjassef 
through  the  centre,  and  of  the  others  that  ivhich  is  nearer  to 
the  greatest  is  greater  than  the  more  remote:  hut  of  those 
which  fall  on  the  convex  part  of  the  circumference  the  least 
is  that  which,  when  produced,  passes  through  the  centre, 
and  of  the  others  that  which  is  nearer  to  the  least  is  less  than 
the  more  remote  ;  and  from  the  given  point  straight  lines 
which  are  equal  to  one  another  can  he  drawn  to  the  circumr 
ference  only  in  pairs,  one  on  each  side  of  the  diameter. 
C 


Let  ABC  he  a  circle,  and  P  any  point  without  it ;  from 
P  let  there  be  drawn  to  the  Q"'  PDA,  PEB,  PFC,   of 
which  PDA  passes  through  the  centre  0  : 
it  is  required  to  prove  (1)  that  PA  is  greater  than  PB  ; 

(2)  that  PB  is  greater  than  PC ; 

(3)'  that  PD  is  less  than  PE ; 

(4)  that  PE  is  less  than  PF  ; 

(5)  that   only   one  straight   line   can 
he  dratvnfrom  P  to  the  0"=  PF. 

Join  OB,  OC,  OE,  OF. 

(1)  Because  OB  =  OA,  being  radii  of  the  same  circle ; 
PO  +  OB  =  PO  +  OA,  or  PA. 
But        PO  +  OB  is  greater  than  PB ;  I.  20 

,',  PA  is  greater  than  PB, 
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(PO  =  PO 

(2)  In  As  FOB,  POC,  lOB  =  OC  III.  Def.  1 

(  L  P05  is  greater  than  l  POG  , 
.-.  PB  is  greater  than  PC.  I.  24: 

(3)  Because  OP  -  OE  is  less  than  PE,  I.  20,  Cor. 
and  OE  =  OD,  being  radii  of  the  same  circle ; 

.'.OP  -  OD  is  less  than  PE  ; 

.'.  PD  is  less  than  PE.     .  p^  _  p^ 

(4)  In  As  POE,  POP,  \oE  =  OF  III.  Def.  1 

(  L  POE  is  less  than  l  FOE  ; 
.-.  PE  is  less  than  FF.  I.  24 

(5)  At  0  make  l  FOG  =   l  FOF,  I.  23 
^ndjoinP(?.                          FO  =  FO 

In  As  POG^,  POP,  ]         OG  =  OP  ///.  Def.  1 

(  L  FOG  =   L  FOF,-^  Const. 

.'.  PG  =  PE.  L  4 

And  besides  PG  no  other  straight  line  can  be  drawn  from 
P  to  the  0*=*  =  FF. 
For  if  PH  were  also  =  FF, 
then  PH  =  PG,  which  is  impossible. 

1.  Prove  PE  greater  than  PD,  using  I.  20  instead  of  I.  20,  Cor. 

2.  Prove  that  PE  is  less  than  PF,  using  I.  21  instead  of  I.  24. 

3.  Wherever  the  point  P  be  taken,  provided  it  be  outside  the  circle 

ABC,  the  difference  of  the  greatest  and  the  least  straight 
lines  that  can  be  drawn  from  it  to  the  O  "^^  is  constant. 

4.  Compare  the  enunciations  of  the  last  deduction  and  of  the  analo- 

gous one  from  III.  7,  and  state  and  prove  the  corresponding 
theorem  when  the  point  P  is  on  the  o*=*  of  the  ©  ABC. 

5.  Prove  that  A  D  is  greater  than  BE,  and  BE  greater  than  CF. 

6.  If  the  straight  line  PFC  be  supposed  to  revolve  round  P  as  a 

pivot,   till   the   points  F  and   C  coincide,  what  would   the 
straight  line  PFG  become  ? 

7.  The  tangent  to  a  circle  from  any  external  point  is  leas  than  any 

secant  to  the  circle  from   that   point,  and  greater  than  the 
external  segment  of  the  secant. 
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8.  Could  a  line  be  drawn  to  separate  the  concave  from  the  convex 
part  of  the  O  "=®  of  the  ©  A  BC  viewed  from  the  point  P  ?  How  ? 


PROPOSITION  9.     Theorem. 

If  from  a  point  within  a  circle  more  than  two  equal  straight 
lines  can  be  drawn  to  the  circumference,  that  point  is  the 
centre* 


Let  ABC  be  a  circle,  and  let  three  equal  straight  lines 
DA,  DB,  DC  be  drawn  from  the  point.  D  to  the  Q"* : 
it  is  required  to  prove  that  D  is  the  centre  of  the  circle. 

Join  AB,  BC,  and  bisect  them  at  E,  F;  /.  10 

and  join  DE,  DF. 

(AE  =  BE  Const. 

In  As  AED,  BED,  )eD  =  ED 

(da  =  DB;  Hyp. 

.-.    L  AED  =  L  BED;  I.  8 

.-.  DE  is  ±  AB; 

.•.  DE,   since   it  bisects  AB  perpendicularly,  must   pass 
through  the  centre  of  the  circle.  ///.  1,  Cor.  1 

Henc-e  also  DF  must  pass  through  the  centre  ; 
.-.  D,  the  only  point  common  to  DE  and  DF,  is  the  centre. 

Prove  the  proposition  by  using  the  eighth  deduction  from  III.  1. 

*  In  the  MSS.  of  Euclid,  two  proofs  of  this  proposition  occur,  only  the 
second  of  which  Simson  inserted  in  his  edition.  The  one  given  in  the 
t«xt  is  the  first. 
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PROPOSITION  10.     Theorem. 
One  circle  cannot  cut  another  at  more  than  two  pointer* 


If  it  be  possible,  let  the  0  ABO  cut  the  ©  EBC  at  more 
than  two  points — namely,  at  B,  C,  D. 

Join  BC,  CD,  and  bisect  them  at  i^and  G  ;  /.  10 

through  F  and  G  draw  FO,  GO  ±  BO,  CD,  I.  1 1 

and  let  FO,  GO  intersect  at  O. 

Because  BC  is  a  chord  in  both  circles,  and  FO  bisects  it 
perpendicularly, 

.•.  the  centres  of  both  circles  lie  in  FO.  III.  1,  Cor.  1 

Hence  also  the  centres  of  both  circles  lie  in  GO  ; 

.*.  O  is  the  centre  of  both  circles, 
which  is  impossible,  since  they  cut  one  another.  III.  5 

.*.  one  circle  cannot  cut  another  at  more  than  two  points. 

1.  Two  circles  cannot  meet  each  other  in  more  than  two  points. 

2.  If  two  circles  have  three  jioints  in  common,  how  must  they  be 

situated  ? 

3.  Show,  by  supposing  the  radius  of  one  of  the  circles  to  increase 

indefinitely  in  length,  that  the  first  deduction  from  III.  2  is 
a  particular  case  of  this  proposition. 

*  In  the  MSS.  of  EucUd,  two  proofs  of  this  proposition  occur,  only  the 
second  of  which  Simson  inserted  in  his  edition.  The  one  given  in  the 
text  is  the  first. 
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PROPOSITION  11.     Theorem. 

If  two  circles  touch  one  another  internally  at  any  2^oint,  the 
straight  line  which  joins  their  centres,  being  2)roduced, 
shall  pass  through  that  point. 
A 


Let  the  two  Os  ABC,  ADE,  whose  centres  are  F  and  G, 
touch  one  another  internally  at  the  point  A : 
it  is  required  to  prove  that  FG  produced  passes  through  A. 

If  not,  let  it  pass  otherwise,  as  FGHL. 
Join  FA,  GA. 

Because  FA  =  FL,  being  radii  of  0  ABC,      III.  Def.  1 
and  GA  =  GH,  being  radii  of  0  ADE;  III.  Def.  1 

.-.  FA  -  GA  =  FL  -  GH, 
=  FG  +  HL; 
.-.  FA  -  GAis  greater  than  FG  by  EL. 
But  FA  -  GA  is  less  than  FG  ;  L  20,  Cor. 

.-.  FA  -  GA  is  both  greater  and  less  than  FG,  which  is 
impossible ; 
.*.  FG  produced  must  pass  through  A. 

1.  If  two  circles  touch  internally,  the  distance  between  their  centres 

is  equal  to  the  difference  of  their  radii. 

2.  Two  circles  touch  internally  at  a  point,  and  through  that  point  a 

straight  line  is  drawn  to  cut  the  o  '^^^  of  the  two  circles.  If 
the  points  of  intersection  be  joined  with  the  respective 
centres,  the  two  straight  lines  will  be  parallel. 

3.  This  proposition  is  a  particular  case  of  the  tenth  deduction  from  L  8. 
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PROPOSITION   12.     Theorem. 

If  two  circles  touch  one  another  externalhj  at  any  point,  the 
straight  line  which  joins  their  centres  shall  pass  through 
that  point. 


Let  the  two  0s  ABC,  ADE,  whose  centres  are  F  and  (?, 
touch  one  another  externally  at  the  point  A  : 
it  is  required  to  prove  that  FG  passes  through  A. 

If  not,  let  it  pass  otherwise,  as  FLHG. 
Join  FA,  GA. 

Because  FA  =  FL,  being  radii  of  ©  ABC,      III.  Def.  1 
and  GA  =  GH,  being  radii  of  0  ADF;  III.  Def.  1 

.-.  FA  +  GA  =  FL  +  GH, 
=  FG  -  HL; 
.-.  FA  +  GA'is,  less  than  FG  by  HL. 
Buti^^  +  GA  is  greater  than  FG;  I.  20 

.•.  FA  +  GA  is  both  less  and  greater  than  FG,  which  is 
impossible ; 
.*.  FG  must  pass  through  A. 

1.  If  two  circles  touch   externally,  the   distance   between    their 

centres  is  equal  to  the  sum  of  their  radii. 

2.  Two  circles  touch  externally  at  a  point,  and  through  that  point 

a  straight  line  is  drawn  to  cut  the  O  "=*"  of  the  two  circles.  K 
the  points  of  intersection  be  joined  with  the  respective 
centres,  the  two  straight  lines  will  be  parallel. 

3.  This  proposition  isajjartioular  case  of  the  tenth  deduction  from  1. 8. 
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PROPOSITION  13.     Theorem. 

Two  circles  cannot  touch  each  other  at  more  points  than  mi9, 
whether  internally  or  externally, 
A 


C  A 


For,  if  it  be  possible,  let  the  two  0s  ABC,  BDC  touch 
each  other  at  the  points  B  and  G. 

Join  BG,  and  draw  AD  bisecting  BG  perpen- 
dicularly. /.  10,  11 

Because  B  and  G  are  points  in  the  O*"^'  of  both  circles, 

.'.  BG  is  a  chord  of  both  circles. 
And  because  AD  bisects  BG  perpendicularly,  Gond. 

.'.  AD  passes  through  the  centres  of  both  circles ; 

///.  1,  Gor.  1. 

/.  AD  passes  also  through  the  points  of  contact 
J5andC,  ///.  11,  12 

which  is  impossible. 

Hence  the  two  0r  ABG,  BDC  cannot  touch  each  other  at 
more  points  than  one,  whether  internally  or  externally. 

1.  If  the  distance  between  the  centres  of  two  circles  be  equal  to 

the  sum   of  their   radii,  the   two   circles   touch   each   other 
externally. 

2.  If  the  distance  between  the  centres  of  two  circles  be  equal  to 

the  difference  of  their  radii,  the  two  circles  touch  each  other 
internally. 
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PEOPOSITION  14.     Theorems. 

Equal  chords  in  a  circle  are  equidistant  from  the  centre. 
Conversely :  Chords  in  a  circle  which  are  equidistant  from 
tJie  centre  are  equal. 


(1)  Let  AB,   CD  be  equal  chords  in  the  0  ABC,  and 
EF,  EG  their  distances  from  the  centre  E  : 

it  is  required  to  prove  EF  =  EG. 

Join  EA,  EC. 

Because  EF  drawn  through  the  centre  J57  is  J_  AB, 
.'.  EF  bisects  AB,  that  is,  AB  is  double  of  AF.         III.  3 
Hence  also  CD  is  double  of  CG. 

Now  since     AB  =  CD,    .'.    AF  =  CG,  and  AF^  =  CG^. 
But  because  EA  =  EC,     .'.  EA^  =  EC^ ; 
.-.  AF-^  +  FE-^  =  C(?2  +  QE-2,  /.  47 

Take  away  AF^  and  CG"^  which  are  equal ; 
.-.  FE^  =  GE^,  and  FE  =  GE. 

(2)  Let   AB,    CD   be  chords  in  the    0    ABC,    and  let 
EF,  EG,  their  distances  from  the  centre  E,  be  equal : 

it  is  required  to  prove  AB  =  CD. 

Join  EA,  EC. 

It  may  be  proved  as  before  that  AB  ^  2  AF,   CD  =  2  CG, 
and  that  AF'^  +  FE'^  =  CG^  +  GE^-. 
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Now  FE^  =  GE\       since  FE  -  GE; 
.-.     AF^  =  CG%  and  AF  =  CG ; 

.-.  2  AF  =2  CG,  that  is,  AB  =  CD. 

1.  If  a  series  of  ecjual  chords  be  placed  iu  a  circle,  their  middle 

points  will  lie  on  the  O  '^^  of  another  circle. 

2.  Two  parallel  chords  in  a  circle  whose  diameter  is  10  inches,  are 

8  inches  and  6  inches  ;  find  the  distance  between  them. 

3.  If  two  chords  of  a  circle  intersect  each  other  and  make  equal 

angles  with  the  diameter  drawn  through  their  point  of  inter- 
section, they  are  equal. 

4.  If  two  secants  of.a  circle  intersect,  and  make  equal  angles  with 

the  diameter  drawn  through  their  point  of  intersection,  those 
parts  of  the  secants  intercepted  by  the  O  '^^  are  equaL 

5.  If  in  a  given  circle  a  chord   of  given  length  be   placed,  the 

distance  of  the  chord  from  the  centre  will  be  fixed. 

6.  Prove  the  converse  of  the  preceding  deduction. 

7.  If  two  equal  chords  intersect  either  within  or  without  a  circle, 

the  segments  of  the  one  are  equal  to  the  segments  of  the 
other. 


PROPOSITION  15.     Theorems. 

The  diameter  is  the  greatest  chord  in  a  circle;  and  of  all 
others  that  which  is  nearer  to  the  centre  is  greater  than 
one  more  remote. 

Conversely :  The  greater  cJiord  is  nearer  to  the  centre  than 


the  less. 


A  B 
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Let  ABC  be  a  circle  of  whicli  AD  is  a  diameter,  and 
BC,  FG  two  other  chords  whose  distances  from  the  centre 
EzxqEH^EK: 
it  is  required  to  prove  : 

(1)  that  AD  is  greater  than  BC  or  FG ; 

(2)  that,  if  EH  is  less  than  EK,  BC  must  he  greater  than  FG ; 

(3)  that,  if  BC  is  greater  than  FG,  EH  must  he  less  than  EK. 


(1)  Join  EB,  EG. 

Because  AE  =  BE,  and  ED  =  EG;  III.  Def  1 

.-.  AD  =  BE  +  EC. 
But  BE  +  EC  is  greater  than  BO;  /.  20 

.'.  AD  is  greater  than  BC. 

(2)  Join  EB,  EC,  EF. 

It  may  be  proved,  as  in  the  preceding  proposition, 
that  BC  is  double  of  BH,  that  FG  is  double  of  FK, 
and  that  EW-  +  HB^  =  EK^  +  KF'^. 
Now  EH'^  is  less  than  EK^,  since  EH  is  less  than  EK  ;  Hyp. 

.-.  HB^  is  greater  than  KF'^,  and  HB  greater  than  KF. 

.'.  twice  HB  is  greater  than  twice  KF, 
that  is,  BCis,  greater  than  FG. 

(3)  Join  EB,  EC,  EF. 

It  may  be  proved,  as  before,  that  BC=2  BH,  FG  =  2  FK, 
and  that  Em  +  HBT-  =  EK'-  +  KF\ 
Now,  since  BCis  greater  than  FG,  Hyp>. 

.'.  BH  is  greater  than  FK,  and  B^  greater  than  FK". 
Hence  EH^  must  be  less  than  EK'^,  and  EH  less  than  EK 

1.  'ITie  shortest  chord  that  can  be  drawn  through  a  given  point 
within  a  circle  is  that  which  is  perpendicular  to  the  diametw 
through  the  point. 
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2.  Of  two  chords  of  a  circle  which  intersect  each  other,  and  make 

unequal  angles  with  the  diameter  drawn  through  their  point 
of  intersection,  that  which  makes  the  less  angle  is  the 
greater. 

3.  If  two  secants  of  a  circle  intersect  each  other,  and  make  unequal 

angles  with  the  diameter  drawn  through  their  point  of  inter- 
section, that  part  which  is  intercepted  by  the  0"=*  on  the 
secant  making  the  less  angle  is  greater  than  the  corresponding 
part  on  the  other. 

4.  Through  either  of  the  points  of  intersection  of  two  circles  draw 

the  greatest  possible  straight  line  terminated  both  ways  by 
the  o  "^^^  Draw  also  the  least  possible,  and  show  that  tb* 
two  are  at  right  angles  to  each  other. 


PROPOSITION  16.    Theorem. 

TJie  straight  line  drawn  perpendicular  to  a  diameter  of  a 
circle  from  either  end  of  it,  is  a  tangent  to  the  circle ; 
and  every  other  straight  line  drawn  through  the  same 
point  cuts  the  circle* 


*  Euclid's  proof  of  this  proposition  is  indirect.  The  one  in  the 
text  is  given  by  Orontius  Finseus  (1544),  the  second  part,  however, 
being  somewhat  simplified. 
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Let  ABC  he  a  circle,  of  which  Fis  the  centre  and  AG  a. 
diameter;  through  C  let  there  be  drawn  DU  ±  AC,  and 
any  other  straight  line  HK  : 

it  is  required  to  prove  that  DE  is  a  tangent  to  the  0  ABC, 
and  that  HK  cuts  the  circle. 

Take  any  point  G  in  DE,  and  join  FG; 
from  F  draw  FL  ±  HK.  /.  12 

Because  l  FCG  is  right,  Hyp. 

,*.  FG  is  greater  than  FC,  a  radius  of  the  circle ;  /.  19  Cor. 

.'.  the  point  G  must  be  outside  the  circle.    ///.  Def.  1,  Cor.  2 

Now  G  is  any  point  in  DE,  except  the  poiat  C; 

.•.  DE  is  a  tangent  to  the  circle.  ///.  Def.  3 

Again,  because  z.  FLG  is  right,  Const. 

.'.  FL  is  less  than  FC,  a  radius  of  the  circle  ;       7.  19  Cor. 
.'.  the  point  L  must  be  inside  the  circle.     ///.  Def.  1,  Cor.  2 
Now  Z  is  a  point  in  HK; 
.•.  HK  cuts  the  circle. 

1.  Draw  a  tangent  to  a  circle  at  a  given  point  on  the  0*=®. 

2.  Only  one  tangent  can  be  drawn  to  a  circle  at  a  given  point  on 

its  0'=«. 

3.  Two   (or  a  series  of)  circles   touch   each   other,  externally  or 

internally,  at  the  same   point.     Prove  that  they  have  the 
same  tangent  at  that  point. 

4.  If  a  series  of  equal  chords  be  placed  in  a  circle,  they  will  be 

tangents  to  another  circle  concentric  with  the  former, 

5.  A  straight  Line  will  cut,  touch,  or  lie  entirely  outside  a  circle, 

according  as  its  distance  from  the  centre  is  less  than,  equal 
to,  or  greater  than  a  radius. 

6.  Draw  a  tangent  to  a  circle  which  shall  be  ||  a  given  straight 

line. 

7.  Draw  a  tangent  to  a  circle  which  shall  be  i.  a  given  straight 

line. 
8L  Draw  a  tangent  to  a  circle  which  shall  make  a  given  angle  with 
a  given  straight  hne.     How  many  tangents  can  be  drawn  in 
•Aoh  of  the  three  cases  ? 
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PROPOSITION  17.     Problem. 
To  draio  a  tangent  to  a  circle  from  a  given  point. 

G 


Let  BDG  be  the  giren  circle,  and  A  the  given  point : 
it  is  required  to  draw  a  tangent  to  the  O  BDG  from  A. 

Case  1. — When  the  given  point  A  is  inside  the  O  BDC, 
the  problem  is  impossible. 

Case  2. — "When  the  given  point  A  is  on  the  O**  of  the 
Q  BDG. 

Find  E  the  centre  of  the  O  BDG;  III.  1 

join  EA,  and  through  A  draw  FG  ±  EA.  /.  11 

Then  FG  is  a  tangent  to  the  0  BDG.  III.  16 

Case  3. — When   the   given  point  A  is  outside  the  0 
BDG. 

Find  E  the  centre  of  the  O  BDG ;  III.  1 

and  join  AE,  cutting  the  C^'  of  0  BDG  at  D. 
With  centre  E  and  radius  EA,  describe  0  AGF; 
through  D  draw  FDG  J_  AE,  and   meeting   the  O"  of 
QAGF^tFandG.  /.  11 

Join  EF,  EG,  cutting  the  Q'^  of  O  BDG  at  B  and  G, 
and  join  AB,  AG.         AB  or  ^C  is  the  required  tangent. 
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(    AE=  FE 

III. 

Def.  1 

In  Jis  ABE,  FDE,  ]    EB  =  ED 

III. 

Def.  1 

{  L  E  ^    L  E; 

.-.  u  ABE  =   L  FDE, 

Li 

=  a  right  angle. 

Const. 

.'.  AB  is  a  tangent  to  the  0  BDG. 

III.  16 

Hence  also,  AG  is  b,  tangent  to  the  0  BDC. 

Cor. — The  two  tangents  that  can  be  drawn  to  a  circle 
from  an  external  point  are  equal. 

By  comparing  As  ABE,  FDE  it  may  be  proved  that 
AB  =  FD;  I  4 

and  by  comparing  As  ACE,  GDE,  it  may  be  proved  that 
AG^GD.  "  7.4 

Now,  since  FG  is  a  chord  of  the  0  AFG,  and  ED 
drawn  through  the  centre  is  J_  FG ;  Const. 

.-.FD  -  GD.  III.  3 

Hence  AB  =  AG. 

1.  Prove  AB=AC'oy  (a)  I.  47,  (fy)  f.  5,  6. 

2.  The  tangents  AB,  AC  make  eciual  angles  with  the  diameter 

tlirough  A. 

3.  Prove  L  BA  C  supplementary  to  L  BEG.     State  this  result  in 

words. 

4.  No  more  than  two  tangents  can  be  drawn  to  a  circle  from  ap 

external  point. 

5.  If  a  quadrilateral  be  circumscribed  *  about  a  circle,  the  sum  of 

two  opposite  sides  is  equal  to  the  sum  of  the  other  two. 

6.  Generalise  the  preceding  deduction. 

I.  if  a  II™  be  circumscribed  about  a  circle,  it  must  be  a  rhombus. 

8.  From  a  point  outside  a  circle  two  tangents  are  drawn.  The 
straight  Hue  joining  the  point  with  the  centre  bisects  per- 
pendicularly the  chord  of  contact.  (In  fig.  2,  BG  is  th« 
chord  of  contact.) 

*  A  ftgore  is  oircumscribed  about  a  cirele  when  its  sides  touoh  tiM 
cirde. 
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PEOPOSITION  18.     Theorem. 

77ie  radius  of  a  circle  drawn  to  the  point  oj  contact  of  a 
tangent  is  perpendicular  to  the  tangent. 


D  C  G     E 

Let  ABC  be  a  circle  whose  centre  is  F.  and  DE  a  tangent 
to  it  at  the  point  C: 
a  is  required  to  prove  tJiat  the  radivs  FG  is  _L  DE. 

If  not,  from  F  clraw  FG  _L  DE,  and  meeting  the  Qt 
at  5.  /.  12 

Because  L  FGG  is  a  right  angle,  Const. 

.-.  FG  is  less  than  FC.  /.  19  Cor. 

But  FC  =  FB;  III.  Def  1 

.-.  FG  is  less  than  FB, 
which  is  impossible ; 
.'.  i^Cmust  be  i.  DE. 

1.  Tangents  at  the  ends  of  a  diameter  of  a  circle  are  parallel 

2.  If  a  series  of  chords  in  a  circle  be  tangents  to  another  concentric 

circle,  the  chords  are  all  equal. 

3.  If  two  circles  be  concentric,  and  a  chord  of  the  greater  be  a 

tangent  to  the  less,  it  is  bisected  at  the  point  of  contact 
4  Through  a  given  point  within  a  circle  draw  a  chord  which  shall 
be  equal  to  a  given  length.     May  the  given  j)oint  be  outside 
the  circle  ?     Wliat  are  the  limits  to  the  given  length  ? 

5,  Deduce  this  proposition  from  I.  5,  by  supposing  the  tangent  DE 

iy,  be  at  first  a  secant. 

6.  Two   circles,   whose  centres   are   ^1    and   B,   have   a  cocoi&oit 

tengent  GD;  prove  AGll  BD. 
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PROPOSITION"  19.    Theorem. 
The  straight  line  drawn  from  the  point  of  contact  of  a 
tangent  to  a  circle  perpendicular  to  the  tatig&iti  passes 
tl'Tough  the  centre  of  the  circle. 
A 


Let  DE  be  a  tangent  to  the  O  ^^C  at  tke  point  C,  and 
let  CA  be  _L  DE  : 
it  is  required  to  prove  that  CA  passes  through  the  centre. 

■A  not,  let  F  be  the  centre, 
and  join  FG. 

rnen  L  FOE  is  right.  ///.  18 

15 at  L  ACE  is  right ;  Byp. 

.'.  L  FCE  =  L  ACE,  which  is  impossible; 
•.  CA  must  pass  through  the  centre  of  the  cirde. 

1.  In  the  figure,  A  is  on  the  O"'.     Need  it  be  so? 

2.  This  proposition  is  a  particular  case  of  III.  1,  Cor.  1. 

'.i.  A  series  of  circles  touch  a  given  straight  line  at  a  given  po 

Where  will  their  centres  all  lie  ? 
4.  Describe  a  circle  to  touch  two  given  straight  lines  at  two  given 

points.     When  is  this  problem  possible  ? 

3.  If  two  tangents  be  drawn  to  a  circle  from  any  point,  the  angle 

contained  by  the  tangents  is  double  the  angle  contained  by 
the  chord  of  contact  and  the  diameter  drawn  through  eitkei 
point  of  contact. 

M 
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PROPOSITION  20.    Theorem. 

An  angle  at  the  centre  of  a  circle  is  double  of  an  angle  at  the 
circumference  which  stands  on  the  same  arc. 


F  F 

In  the  0  ABC  let  l  BEG  at  the  centre  and  L  BAG  at 
the  O"*  stand  on  the  same  arc  BG : 
U  is  required  to  prove  l  BEG  =  tioice  L  BAG. 

Join  AE  and  produce  it  to  F. 

Because  EA  =  EG,  .' .    l.  EAG  =  l  EGA;  L  o 

.-.    L  EAG  +  L  EGA  =  twice  l  EAG. 
But  L  FEG  =  L  EAG  +  l  EGA ;  .1  32 

L  FEG  =  twice  l  EAG. 
Similarly  l  FEB  =  twice  l  EAB. 
Hence,  in  figs.  1  and  2, 

L  FEG  +  L  FEB  =  twice  l  EAG  +  twice  l  EAB, 
that  is,         L  BEG  =  twice  l  BAG; 
and  in  fig.  3, 

z.  FEG  -  L  FEB  =  twice  l  EAG  -  twice  l  EAB, 
that  is,         L  BEG  =  twice  L  BAG. 

1.  In  the  figures  to  the  proposition,  jF  is  on  the  O"^     Need  it  be  so  ? 

2.  The  angle  in  a  semicircle  is  a  right  angle. 

at.  B  and  C  are  two  fixed  points  in  the  C"  of  the  circle  ABO^ 
Prove  that  wherever  A  be  taken  on  the  arc  BAC,  the  magni- 
tude of  the  angle  BAC  is  constant. 
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PROPOSITION  21.     Theorems. 

Angles  in  the  same  segment  of  a  circle  are  equal. 
Conversely:     If  two  equal  angles  stand  on  the  same  arc, 

and  the  vertex  of  one  of  them  be  on  the  conjugate  arc, 

the  vertex  of  the  other  will  also  he  on  it.^ 

A 


(1)  Let  ABD  be  a  circle,  and  ls  A  and  C  in  the  same 
segment  BCD  : 

it  is  required  to  prove  L  A  ^   l  G. 

Find  F  the  centre  of  the  0  ABDy  III.  1 

and  join  BF,  DF. 

Then  l.  BFD  =  twice  L  A,  III.  20 

and         ^  BFD  =  twice  l  G;  III.  20 

L  A  ^  lC. 

(2)  Let  ^  s  ^  and  C,  which  are  equal,  stand  on  the  same 
arc  BD,  and  let  the  vertex^  be  on  the  conjugate  arc  BAD: 
it  is  required  to  prove  that  the  vertex  C  will  also  be  on  it. 

If  not,  let  the  arc  BAD  cut  BC  ov  BG  produced  at  G; 
join  DG. 

Then  l.  A  =  L  BGD.  III.  21 

Bu^  ^  A  =  L  G;,  Hyp. 

.'.    L  BGD  =  _  C,  which  is  impossible.  /  16 

Hence  Cmust  be  on  the  circle  which  passes  through^,  A,  D. 

*  The  second  part  of  thi:^  proposition  is  not  given  by  Euclid. 
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1.  In  the  figure  to  III.  4,  if  AB,  CD  be  joined,  A  AEB  is  equi. 

angular  to  A  DEG. 

2.  If  from  a  point  E  outside  a  circle,  two  secants  EGA,  EBD  be 

drawn,  and  AB,  CD  be  joined,  A  AEB  is  equiangular  to 
A  DEG. 

3.  Given  three  points  on  the  O "  of  a  circle ;  find  any  number  of 

other  points  on  the  O"*  without  knowing  the  centre. 

4.  Two  tangents  AB,  AG  are  drawn  to  a  circle  from  an  external 

point  A;  D  is  any  point  on  the  O**  outside  the  A  ABG. 
Show  that  the  sum  of  z  s  ABD,  AGD  is  constant. 

5.  Is  the  last  theorem  true  when  D  lies  elsewhere  on  the  O  "  ? 

6.  Segments  of    two  circles   stand  upon   a  common  chord   AB, 

Through  G,  any  point  in  one  segment,  are  drawn  the  straight 
lines  A  CE,  BGD  meeting  the  other  segment  in  E,  D.  Prove 
that  the  length  of  the  arc  DE  is  invariable  wherever  the  poiat 
G  be  taken. 


PROPOSITION  22.     Theorems. 

The  opposite  angles  of  a  quadrilateral  inscribed  in  a  circh 

are  supplementary. 
Conversely:     If  the  opposite  angles  of  a  quadrilateral  bs 

supplementary,  a  circle  may  be  circumscribed  about  the 

quadrilateral.* 


(1)  Let  the  quadrilateral  ABCDhe  inscribed  in  the  0  ABG: 
it  is  required  to  prove  that  l  A  +  l  C  ^  2  rt.  ls. 

Find  F  the  centre  of  the  0  ABD,  III.  i 

and  join  BF,  DF. 

*  The  second  part  of  this  proposition  is  not  given  by  Euclid,  and  h« 
proves  the  first  part  by  joining  AC,  BD. 
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Then  l  BFD  =  twice  l  A,  III.  20 

ami  the  reflex  l  BFD  =  twice  l  O;  III.  20 

.'.  the  sum  of  the  two  conjugate  L.  s  BFD 

=  twice  I-  A  +  twice  z.  C. 
But  the  sum  of  the  two  conjugate  l  s  BFD 

=  4  rt.  ^  s ;  ///.  Def.  23 

z.  ^  +  ^  C  =  2  rt.   ^  s. 

(2)    Let    LS   A    and    C,    which,   are   supplementary,   he 
opposite  angles  of  the  quadrilateral  ABCD, 
and  the  vertex  A  be  on  an  arc  BAD  which  passes  also 
through  B  and  D  : 

it  is  required  to  prove  that  the  vertex  C  tvill  he  on  the  con- 
jugate arc. 

If  not,  let  the  arc  conjugate  to  BAD  cut  BC  or  BC 
produced  at  G;  III.  1,  Cor.  ^ 

join  DG. 

Then  l  A  is  supplementary  to  l  BGD.  III.  22 

But         L  A  is  supplementary  to  l  C;  Hyp. 

L.  BGD  =  z.  C,  which  is  impossible.  /.  16 

Hence  G  must  be  on  the  circle  which  passes  through  B,  A,  D. 

Cor. — If  one  side  of  a  quadrilateral  inscribed  in  a  circle  be 
produced,  the  exterior  angle  is  equal  to  the  remote  interior 
angle  of  the  quadrilateral. 

For  each  is  supplementary  to  the  interior  adjacent  angle. 

/.  13,  ///.  22 

1.  If  a  II"  be  inscribed  in  a  circle,  it  must  be  a  rectangle. 

2.  If,  from  a  point  .£^  outside  a  circle,  two  secants  EGA,  EBD  be 

drawn,  and  AD,  BC  be  joined,  A  AED  is  equiangular  to 
A  BEC. 

3.  If  a  polygon  of  an  even  number  of  sides  (a  hexagon,  for  example) 

be  inscribed  in  a  circle,  the  sum  of  its  alternate  angles  is  half 
the  sum  of  all  its  angles. 

4.  If  an  arc  be  divided  into  any  two  parts,  the  sum  of  the  angles  in 

the  two  segments  is  constant. 
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5.  Divide  a  circle  into  two  segments,  such  that  the  angle  in  the  one 

segment  shall  be  (a)  twice,  (b)  thrice,  (c)  five  times,  (d)  seven 
times  the  angle  in  the  other  segment. 

6.  A  CB  is  a  right-angled  triangle,  right-angled  at  C,  and  0  is  the 

point  of  intersection  of  the  diagonals  of  the  square  described 
on  AB  outwardly  to  the  triangle;  prove  that  CO  bisects 
I  ACB. 

7.  What  modification  must  be  made  on  the  last  theorem  when  the 

square  is  described  on  AB  inwardly  to  the  triangle  ? 

8.  If  two  chords  cut  off  one  pair  of  similar  segments  from  two  circles, 

the  other  pair  of  segments  they  cut  off  are  also  similar. 

9.  Given  three  points  on  the  O*^^  of  a  circle  :  find  any  number  ef 

other  points  on  the  O  '^^  without  knowing  the  centre. 
10.  ABC  is  a  triangle  ;  ^A',  BY,  CZ  are  the  three  perpendiculars 
from  the  vertices  on  the  opposite  sides,  intersecting  at  O. 
•  Prove  the  following  sets  of  four  points  concyclic  (that  is, 
situated  on  the  0««  of  a  circle):  A,Z,0,  Y ;  B,X,0,2; 
C,  Y,0,X;  A,B,X,  Y;  B,C,  Y,Z;  C,A,Z,X. 


<^ PROPOSITION  23.     Theorem. 

On  the  same  chord  and  on  the  same  side  of  it  there  cannot  he 
two  similar  segments  of  circles  not  coinciding  ivith  one 
another. 


If  it  be  possible,  on  the  same  chord  AB,  and  on  the  same 
side  of  it,  let  there  be  two  similar  segments  of  Os  ACB, 
ADB  not  coinciding  with  one  another. 

Draw  any  straight  line  ADC  cutting   the  arcs  of   the 
segments  at  D  and  C ; 
and  join  BC,  BD. 

Because  segment  ADB  is  similar  to  segment  A  CB,     Hyp. 
.'.    L  ADB  =  L  ACB,  HI.  Daf  13 

which  is  impossible.  /.  16 
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Hence  two  similar  segments  on  the  same  chord  and  on 
the  same  side  of  it  must  coincide. 

1,  Of  all  the  segments  of  circles  on  the  same  side  of  the    same^ 

chord,  that  which  is  the  greatest  contains  the  least  angle. 

2.  Prove  by  this  proposition  the  second  part  of  IIL  21. 


PROPOSITION  24.     Theorem. 

Similar  segments  of  circles  on  equal  chords  are  equal. 

E  F 


Let  AEB,  CFD  be  similar  segments  on  equal  chords  AB, 
CD: 
it  is  required  to  prove  segment  AEB  —  segment  CFD. 

If  segment  AEB  be  applied  to  segment  CFD, 
so  that  A  falls  on  C,  and  so  that  AB  falls  on  CD; 
then  B  will  coincide  with  D,  because  AB  =  CD.  Flyp. 

Hence  the  segment  AEB  being  similar  to  the  segment  CFD, 
must  coincide  with  it ;  III.  23 

.*.  segment  AEB  =  segment  CFD. 

1.  Similar  segments  of  circles  on  equal  chords  are  parts  of  equal 

circles. 

2.  ABC,  ABC  are  two  as 

such  that  AC  =  AC. 
Prove  that  the  circle 
which  passes  through 
A,  B,  C  is  equal  to 
the  circle  which  passes 
through  A,  B,  C. 

3.  If  ABCD  is  a  Ih,  and  BE  makes  with  AB,  L  ABE  =  i  BAD, 

and  meets   DC  produced  in  E,  the  circles  described  about 
AS  BCD,  BED  will  be  equal. 
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PROPOSITION  25.     Problem. 

An  arc  of  a  circle  being  given,  to  complete  the  circle. 

B 


F 

Let  ABC  be  the  given  arc  of  a  circle  : 
it  is  required  to  comjilete  the  circle. 

Take  any  point  B  in  the  arc,  and  join  AB,  BC. 
Bisect  AB  and  BC  at  Z>  and  E;  I.  10 

draw  DF  and  EF  respectively  ±  AB  and  BO,  /.  1 1 

and  let  them  meet  at  F. 

Because  DF  bisects  the  chord  AB  perpendicularly, 
.•.  DF  passes  through  the  centre.  ///.  1,  Cor..  1 

Hence  also,  EF  passes  through  the  centre ; 
.  • .  i^  is  the  centre. 

Hence,  with  F  as  centre,  and  FA,  FB,  or  FC  as  radius,  the 

circle  may  be  completed. 

1.  Prove  that  DF  and  EF  must  meet. 

2.  Prove  the   proposition   with   Euclid's   construction,  which  is : 

Bisect  the  chord  AC  &t  D,  draw  DB  ^  AC,  meeting  the  are 
at  B,  and  join  AB.  At  A  make  i  BAE  =  L  ABD,  and 
let  AE  meet  BD  or  BD  produced  at  E.  E  shall  be  the 
centre. 

3.  Find  a  point  equidistant  from  three  given  points.     When  is  the 

problem  impossible? 

4.  The  straight  lines  bisecting  perpendicularly  the  three  sides  of  a 

triangle  are  concurrent. 

5.  Find  a  point  equidistant  from  four  given  points.     When  is  the 

problem  possible  ? 


fiook  m.J  PROPOSITIONS  25,   26.  195 


PKOPOSITION  26.     Theorem. 

In  equal  circles,  or  in  the  name  circle,  if  two  angles,  whether 
at  the  centre  or  at  the  circumference,  be  equal,  the  arcs 
on  which  they  stand  are  equal. 

A  D 


Let  ABC,  DEF  be  equal  circles,  and  let  z.  s  (?  and  H  at 
the  centres  be  equal,  as  also  ls  A  and  D  at  the  O"' : 
it  is  required  to  prove  that  arc  BKC  =  arc  ELF. 

Join  BC,  EF. 

Because  Os  ABC,  DEF  are  equal,  ffl/P- 

.'.  their  radii  are  equal.  ///.  Def.  1,  Cor.  4 

(    BG  =  EH 
In  As  BGC,  EHF, }    GC  =  HE 

\  L  G  -  L.  H ;  Hyp. 

.-.  BC  =  EF.  I.  4 

But  because  l  A  =   l  D, 

.'.  segment  BAC  is  similar  to  segment  EDF ;  III.  Def.  13 
and  they  are  on  equal  chords  BC,  EF, 
.-.  segment  BAC  =  segment  EDF.  III.  24 

Xow  O  ABO  =  O  DEF;  Hyp. 

.'.  remaining  segment  BKC  =  remaining  segment  ELF; 
.-.arc  BKC  =  arc  ELF. 

Cor. — In  equal  circles,  or  in  the  same  circle,  those  sectors 
are  equal  which  have  equal  angles. 


196  Euclid's  elements.  [Book  ni. 

1.  li  AB  and  CD  he  two  parallel  chords  in  a  circle  A  CDB,  prove 

arc  AC  =  arc  ED,  and  arc  AD  =  arc  BC. 

2.  In  equal  circles,  or  in  the  same  circle,  if  two  angles,  whether  at 

the   centre   or   at   the    C^*  be   unequal,  that   which   is  the 
greater  stands  on  the  greater  arc. 

3.  If  two  ojiposite  angles  of  a  quadrilateral  inscribed  in  a  circle  be 

equal,  the  diagonal  which  does  not  join  their  vertioes  is  a 
diameter  of  the  circle. 

4.  Any  segment  of  a  circle  containing  a  right  angle  is  a  semicircle. 

5.  Any  segment  of  a  circle  containing  an  acute  angle  is  greater 

than  a  semicircle,  and  one  containing  an  obtuse  angle  is  less 
than  a  semicircle. 

6.  If  two  angles  at  the  C^  of  a  circle  are  supplementary,  the  sum 

of  the  arcs  on  which  they  stand  =  the  whole  O  "*. 

7.  Prove  the  proposition  by  superposition. 

8.  If  two  chords  intersect  within  a  circle,  the  angle  they  contain  is 

equal  to  an  angle  at  the  centre  standing  on  half  the  simi  of 
the  intercepted  arcs. 

9.  If  two  cliords  produced  intersect  without  a  circle,  the  angle  they 

contain  is  equal  to  an  angle  at  the  centre  standing  on  half  the 
difference  of  the  intercepted  arcs. 
10.  Skow  how  to  divide  the  O  ■=*  of  a  circle  into  3,  4, 6,  8  equal  parts. 


PROPOSITION  27.     Theorem. 

/w  equal  circles,  or' in  the  same  circle,  if  two  arcs  he  equal, 
the  angles,  tvhether  at  the  centre  or  at  the  circumference, 
which  stand  on  them  are  equal. 

A  D 
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Let  ABC,  DEFhe  equal  circles,  and  let  aire  BC  =  arc  EF: 
it  is  required  to  prove  that  l  BGC  -  l  EHF,  and  z.  A 
=  L  D. 

If  L  BGC  be  not  =  l  EHF,  one  of  tliem  must  be  the 
greater. 

Let  L  BGC  be  the  greater,  and  make  l  BGK  =   l  EHF. 

I.  23 

Because  the  circles  are  equal,  and  i.  BGK  =   L.  EHF, 
.'.  arc  BK  =  arc  EF.  III.  26 

But  arc  BC  =  arc  EF;  Hyp. 

.'.  arc  BK  =  arc  BC,  which  is  impossible. 
Hence  l  BGC  must  be  =    /.  EHF. 

Now,  since  l  A  =  half  of  l  BGC,  III.  20 

and  L  D  =  h3^oi  L  EHF,  III.  20 

.'.   L  A  =    L  D. 

C«R. — In  equal  circles,  or  in  the  same  circle,  those  sectors 
are  equal  which  have  equal  arcs. 

1.  H  AC  and  BD  be  two  equal  arcs  in  a  circle  A CDB,  prove  chord 

AB  II  chord  CD. 

2.  In  equal  circles,  or  in  the  same  circle,  if  two  arcs  be  unequal, 

that  angle,  whether  at  the  centre  or  at  the  O "%  is  the  greater 
which  stands  on  the  greater  arc. 

3.  The  angle  in  a  semicircle  is  a  right  angle. 

4.  The  angle  in  a  segment  greater  than  a  semicircle  ie  less  than 

a  right  angle,  and  the  angle  in  a  segment  less  than  a  semi- 
circle is  greater  tban  a  right  angle. 

5.  If  the  sum  of  two  arcs  of  a  circle  be  equal  to  the  whole  O  "*,  the 

angles  at  the  O*^®   which  stand  on  them  are  supplementary. 

6.  Prove  the  proposition  by  superposition. 

7.  Two  circles  touch  each  other  internally,  and  a  chord  of  the 

greater  circle  is  a  tangent  to  the  less.  Prove  that  the  chord 
is  divided  at  its  point  of  contact  into  segments  which  subtend 
equal  angles  at  the  point  of  contact  of  the  circles. 
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PROPOSITION  28.     Theorem. 

In  eq^ial  circles,  or  in  the  same  circle,  if  two  chords  he  equal, 
the  arcs  they  cut  off  are  equal,  the  major  arc  equal  t» 
the  major  arc,  and  the  minor  equal  to  the  minor. 

A  D 


G  H 

Let  ABG,   DEF  be  equal  circles,  and  let  chord  BC 
chord  EF: 

it  is  required  to  prove  that  major  arc  BAC 
EDF,  and  minor  arc  BGC  =  minor  arc  EHF. 

Find  K  and  L  the  centres  of  the  circles,  ///.  1 

and  join  BK,  KG,  EL,  LF. 

Because  Os  ABC,  DEF  are  equal, 
.'.  their  radii  are  equal. 

( BK  =  EL 
In  As  BKC,  ELF,  ]  KC  =  LF 
(  BC  =  EF; 
.\  L  K  =  L  L; 
.-.arc  BCC  =  arc  EHF. 
But  O"  ABC  =  O"'  DEF; 


major  arc 


Hijp. 
in.  Def.  1,  Cor.  4 


Hyp. 

I.  8 

///.  26 

III.  Def.  1,  Cor.  4 


.•.  remaining  arc  BAC  =  remaining  arc  EDF. 

1.  If  AG  and  BD  be  two  equal  chords  in  a  circle  ACDB,  prove 

chord  AB  \\  chord  CD. 

2.  Hence  devise  a  method  of  drawing  through  a  given  point  a 

straight  line  parallel  to  a  given  straight  line. 
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3.  If  two  equal  circles  cut  one  another,  any  straight  line  drawn 
through  one  of  the  points  of  intersection  will  meet  the  circles 
again  in  two  points  which  are  equidistant  from  the  other 
point  of  intersection. 


PKOPOSmOX  29.     Theorem. 

In  equal  circles,  or  in  the  same  circle,  if  two  arc*  be  equal, 
the  chords  ichich  cut  them  off  are  equal. 
A  D 


G  H 

Let  ABC,  DEF  be  equal  circles,  and  let  arc  BGC  =  arc 
EHF: 
it  is  required  to  prove  that  chord  BC  =  chord  EF. 

Find  K  and  L  the  centres  of  the  circles,  ///.  1 

and  join  BK,  KG,  EL,  LF. 

Because  the  circles  are  equal,  Hyp- 

.•.  their  radii  are  equal.  ///.  Def.  1,  Cor.  4 

And  because  the  circles  are  equal,  and  arc  BGC  =  arc  EHF, 

.'.  L  K  =   -  L.  JII.  27 

i    BK  =  EL 

In  As  BKC,  ELF,  |    KG  =  LF 

(  L  K  =    L  L; 
.-.  BC  =  EF.  i  4 

1.  If  ^C  and  BD  be  two  equal  area  in  a  cude  ACDB,  prove  chord 

AD  =  chord  BC. 

2.  Prove  the  proposition  by  superposition. 
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PROPOSITION  30.     Problem. 
To  bisect  a  given  arc.    . 


[Book  HL 


^■^(. 


Let  ADB  be  the  given  arc : 
it  is  required  to  bisect  it. 

Draw  the  chord  AB,  and  bisect  it  at  G  ; 
from  G  draw  GD  _L  AB,  and  meeting  the  arc  at  D. 
D  is  the  point  of  bisection. 
Join  AD,  BD. 

In  As  AGD,  BGD, 

.'.  AD  =  BD. 


AC  =  BG 
GD  =  GD 
L  AGD  =   L  BGD; 


I.  10 
/.  11 


Gonst. 


I.  4 

But  in  the  same  circle  equal  chords  cut  off  equal  arcs,  the 
major  arc  being  =  the  major  arc,  and  the  minor  =  the 
minor; 

and  AD  and  BD  are  both  minor  arcs,  since  DG  if  produced 
would  be  a  diameter;  ///.  1,  Gor.  1 

.-.  arc  AD  =  arc  BD.  III.  28 

1.  If  two  circles  cut  one  another,  the  straight  line  joining  their 

centres,  being  produced,  bisects  all  the  four  arcs. 

2.  A  diameter  of  a  circle  bisects  the  arcs  cut  ofiFby  all  the  chords 

to  which  it  is  perpendicular. 

3.  Bisect  the  arc  ADB  without  joining  AB. 

4  Prove  A  DAB  greater  than  any  other  triangle  on  the  same  base 
4iS,  and  having  its  vertex  on  the  arc  ADB. 
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PROPOSITION  31.     Theorem. 

An  angle  in  a  semicircle  is  a  rigJit  angle;  an  angle  in  a 
segment  greater  than  a  semicircle  is  less  than  a  right 
angle  ;  and  an  angle  in  a  segment  less  than  a  semicircle 
is  greater  tlian  a  right  angle. 


Let  ABG  be  a  circle,  of  Avhich  E  is  the  centre  and  BC 
a  diameter;  and  let  any  chord  AC  \^^  drawn  dividing  the 
circle  into  the  segment  ABC  which  is  greater  than  a  semi- 
circle, and  the  segment  ADC  which  is  less  than  a  semi- 
circle: 
it  is  required  to  j^rove 

(1)  L  in  semicircle  BAC  =  art.  l  ; 

(2)  L  in  segment  ABC  less  than  art.  l; 

(3)  L  in  segment  ADC  greater  than  a  rt.   l  . 

Join  AB  ; 

take  any  point  D  in  arc  ADC,  and  join  AD,  CD. 

(1)  Because  an  angle  at  the  O'"'  of  a  circle  is  half  of  the 
angle  at  the  centre  which  stands  on  tlie  same  arc ;      ///.  20 

.-.   ^  BAC  =  half  of  the  straight  _  BEC, 

=  half  of  two  rt.  l  s,  III.  Def.  21 

=  a  rt.  _  . 

(2)  Because  l  BAC  +  l  B  is  less  than  two  rt.  La,  I.  \7 
and  z.  BAC  =  a  rt.  l  ; 

.*.  ^  B  ia  less  than  a  it.  z.. 
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(3)  Because  ABCD  is  a  quadrilateral  inscribed  in  the  circle, 
.-.  L.  B  +   L  D  ^  iwo  rt.  z-s.  ///.  22 

But  L  B  \&  less  than  a  rt.  l  ; 
.-.    L  D  is  greater  than  a  rt.  z. . 

1.  Circles  described  on  the  equal  sides  of  an  isosceles  triangle  as 

diameters  intersect  at  the  middle  point  of  the  base. 

2.  Circles  described  on  any  two  sides  of  a  triangle  as  diameters 

intersect  on  the  third  side  or  the  third  side  produced. 

3.  Use  the  first  part  of  the  proposition  to  solve  I.  11,  and  I.  12. 

4.  Solve  III.  1  by  means  of  a  set  square. 

5.  Solve  III.  17,  Case  3,  by  the  following  construction :  Join  AE, 

and  on  it  as  diameter  describe  a  circle  cutting  the  given  circle 
at  B  and  C.  B  and  C  are  the  points  of  contact  of  the 
tangents  from  A. 

6.  If  one  circle  pass  through  the  centre  of  another,  the  angle  in  the 

exterior  segment  of  the  latter  circle  is  acute. 

7.  If  one  circle  be  described  on  the  radius  of  another  circle,  any 

chord  in  the  latter  drawn  from  the  point  in  which  the  circles 
meet  is  bisected  by  the  former. 

8.  If  two  circles  cut  one  another,  and  from  one  of  the  points  of 

intersection  two  diameters  be  drawn,  their  extremities  and 
the  other  point  of  intersection  will  be  in  one  straight  line. 

9.  Use  the  first  part  of  the  proposition  to  find  a  square  equal 

to  the  diflference  of  two  given  squares. 

10.  The  middle  point  of  the  hypotenuse  of  a  right-angled  triangle  is 

equidistant  from  the  three  vertices. 

1 1.  State  and  prove  a  converse  of  the  preceding  deduction. 

12.  Two   circles   touch  externally  at  ^  ;   B  and  C  are  points  of 

contact  of  a  common  tangent  to  the  two  circles.  Prove 
I  BAG  vigU, 
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PROPOSITION  32.     Theorem. 

If  a  straight  line  he  a  tangent  to  a  circle,  and  from  the  point 
of  contact  a  chord  he  drawn,  the  angles  which  the  chord 
makes  ivith  the  tangent  shall  he  equal  to  the  angles  in 
the  alternate  segments  of  the  circle. 


E  B  F 

Let  ABC  be  a  circle,  EF  a  tangent  to  it  at  the  point  B, 
and  from  B  let  the  chord  BD  be  drawn  : 
it  is  required  to  prove  L  DBF  =  the  l  in  the  segment  BAD, 
and  L.  DBE  =  the  l  in  the  segment  BCD. 

From  B  draw  BA  ±  FF ;  /.  11 

take  any  point  C  in  the  arc  BD,  and  join  BC,  CD,  DA. 

Because  BA  is  d^a^vn  J_  the  tangent  FF  from  the  point 
of  contact, 

.'.  BA  passes  through  the  centre  of  the  circle ; 
.*.    L  ADB,  being  in  a  semicircle,  =  a  rt.  z.  ; 
.-.    L  BAD  +  L  ABD  =  a  rt.  l  , 
=   L  ABF. 
From  these  equals  take  away  the  common  l  ABD; 
.-.    L  BAD  =  L  DBF. 

Au^^ia,  because  ABGD  is  a  quadrilateral  in  a  circle, 
.'.    '      '       ^  ^  +  ^  C  =  2  rt  ^  s.  in.  22 

But  L  DBF  +  L  DBF  =  2  rt.  ^  s ;  /.  18 

L  A^  uG  =  L  DBF  +  L  DBE. 

N 


///.  19 

///.  31 

/.  32 
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Now  L  A  =  L  DBF; 

.'.     L  G  =  L  DBE. 


1.  The  chord  which  joins  the  points  of  contact-  of  parallel  tangents 

to  a  circle  is  a  diameter. 

2.  K  two  circles  touch  each  other  externally  or  internally,  any 

straight  line  passing  through  the  point  of  contact  cuts  off 
pairs  of  similar  segments. 

3.  If  two  circles  touch  each  other  externally  or  internally,  and  two 

straight  lines  be  drawn  through  the  point  of  contact,  the 
chords  joining  their  extremities  are  parallel. 

4.  If  two  tangents  be  drawn  to  a  circle  from  any  point,  the  angle 

contained  by  the  tangents  is  double  the  angle  contained  by 
the  chord  of  contact,  and  the  diameter  drawn  through  either 
point  of  contact. 

5.  Enunciate  and  prove  the  converse  of  the  proposition. 

6.  A  and  B  are  two  points  on  the  O"®  of  a  given  circle.     With  B 

as  centre  and  BA  as  radius  describe  a  circle  cutting  the 
given  circle  at  G  and  AB  produced  at  D.  Make  arc  DE  = 
arc  DC,  and  join  AE.     AE  '\&  a,  tangent  to  the  given  circle. 

7.  Show  that  this  proposition  is  a  particular  case  either  of  IIL  21, 

or  of  III.  22,  Cor. 


PROPOSITION  33.     Problem. 

On  a  given  straight  line  to  describe  a  segment  of  a  circle 
which  shall  contain  an  angle  equal  to  a  given  angle. 

H. H 
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Let  AB  be  the  given  straight  line,  l  C  the  given  angle  : 
a  is  required  to  describe  on  AB  a  segment  of  a  circle  which 
shall  contain  an  angle  =  l  C. 

At  A  make  l  BAD  =  l  G.  I.  23 

From  A  draw  AE  ±  AD;  /.  11 

bisect  AB  at  F,  I.  10 

and  draw  FG  ±  AB.  /.  11 

Join  BG. 

(         AF  =  BF  Const. 

In  As  AFG,  BFG,  \         FG  =  FG 

(  L  AFG  =  ^  BFG; 
.'.  AG  =  BG;  L  4 

.•.  a  circle  described  with  centre  G  and  radius  AG  will 
pass  through  B. 
Let  this  circle  be  described,  and  let  it  be  AHB. 

The  segment  AHB  is  the  required  segment. 

Because  AD  is  ±  AE,  a  diameter  of  the  O  AHB, 
.•.  AD  is  a  tangent  to  the  circle.  ///.  16 

Because  AB  is  a  chord  of  the  circle  drawn  from  the 
point  of  contact  A, 

.'.  the  angle  in  the  segment  AHB  —  l  BAD,  III.  32 

^  L  G. 

1.  Show  that  the  point  G  could  be  found  equally  well  by  making 

at  B  an  angle  =  L  BAE,  instead  of  bisecting  AB  perpendicu- 
larly. 
Construct  a  triangle,  ha\'ing  given  : 

2.  The  base,  the  vertical  angle,  and  one  side. 

3.  The  base,  the  vertical  angle,  and  the  altitude. 

4.  The  base,  the  vertical  angle,  and  the  perpendicular  from  one 

end  of  the  base  on  the  opposite  side. 

5.  The  base,  the  vertical  angle,  and  the  sum  of  the  sides. 

6.  T^"  biBP,  the  vertical  angle,  and  the  difference  of  the  sides. 

[Several  other  methods  of  solving  this  proposition  will  be  found  iu 
T.  S.  Davies's  edition  (12th)  of  Hutton's  Course  of  Mathematics, 
ToL  I  pp.  389,  390.] 
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PEOPOSITION  34.     Problem. 
From  a  given  circle  to  cut  off  a  segment  which  shall  contain 
an  angle  equal  to  a  given  angle. 

A. 


E  B  F 

Let  ABC  be  the  given  circle,  and  i.  D  the  given  angle  : 
it  is  required  to  cut  off  from  O  ABC  a  segment  which  shall 
contain  an  angle  =  l  D. 

Take  any  point  B  on  the  O"*,  and  at  B  draw  the 
tangent  EF.  III.  17 

At  B  make  l  FBC  =  l  D.  I.  23 

The  segment  BAG  is  the  required  segment. 

Because  EF  is  a  tangent  to  the  circle,  and  the  chord  BC 
is  drawn  from  the  point  of  contact  B, 
.-.  the  angle  in  the  segment  BAC  =  l  FBC,  III.  32 

=  I.  D. 

Through  a  given  point  either  within  or  without  a  ^ven  circle, 
draw  a  straight  line  cutting  off  a  segment  containing  a  given 
angle.     Is  the  problem  always  possible  ? 


PROPOSITION  35.     Theorems. 
If  two  chords  of  a  circle  cut  one  another,  the  rectangle  con- 
tained by  the  segments  of  the  one  s/uill  he  equal  to  tJte 
rectangle  contained  by  the  segments  of  the  other. 
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Conversely :  If  two  straight  lines  cut  one  another  so  that  the 
rectangle  contained  by  the  segments  of  the  one  is  equal 
to  the  rectangle  contained  by  the  segments  of  the  other, 
the  four  extremities  of  the  two  straight  lines  are 
coney  die* 

D 


C 

(1)  Let  AC,  BD  two  chords  of  the  circle  ABC  cut  one 
another  at  E  : 

it  is  required  to  prove  AE  •  EC  =  BE  •  ED. 

Find  E  the  centre  of  the  O  ABC,  III.  1 

and  from  it  draw  EG  ±  AC,  and  EH  ±  BD.  1.12 

Join  EB,  EC,  EE. 

Because  EG  drawn  from  the  centre  is  _L  AC, 
.'.  ACis  bisected  at  G.  III.  3 

Because  ^C  is  divided  into  two  equal  segments  AG,  GC^ 
and  also  internally  into  two  unequal  segments  AE,  EC, 
.-.     AE-EC  =         GC^         -  GE'-,  lib 

=  {EC^  -  EG^)  -  {EE'-  -  EG^),  I.  47,  Cor. 
EC^  -  EE'\ 

Similarly,  BE  ■  ED  =  EB^  -  FE\ 

But  EC-  =  EB^ ; 
...  FC'^  _  FE^-  =  EB^  -  EE^ ; 
AE-EC  =  BE-ED. 

(2)  Let  the  two  straight  lines  AC,  BD  cut  one  another 
at  E,  so  that  AEEC  =  BE-  ED : 

it  is  required  to  prove  the  four  points  A,  B,  C,  D  concyclic. 
*  The  second  part  of  this  proposition  is  not  given  by  Euclid. 
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Since  a  circle   can   always  be   described   through   thret 
points  which  are  not  in  the  same  straight  line, 
let  a  circle  be  described  through  A,  B,  C.         III.  1,  Cor.  2 
If  this  circle  do  not  pass  also  through  D,  let  it  cut  BD 
or  BD  produced  at  th^  point  D'; 

tnen  AE  ■  EC  =  BE  ■  ED'.  III.  35 

But   AE  ■  EC  =  BE  ■  ED;  Hyp. 

.-.   BE  ■  ED'  =  BE'ED; 

ED'  =  ED,  which  is  impossible  ; 

.  •.  the  circle  which  passes  through  A,  B,  C  must  pass  also 
through  D. 

Cor. — If  two  chords  of  a  circle  when  produced  cut  one 
another,  the  rectangle  contained  by  the  segments  of  the 
one  shall  be  equal  to  the  rectangle  contained  by  the  seg- 
ments of  the  other ;  and  conversely. 

A. 


Let  AC,  BD,  two  chords  of  the  O  ABC,  cut  one  another 
when  produced  at  E  : 
a  is  required  to  prove  AE  •  EC  =  BE  •  ED. 
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Find  F  the  centre  of  the  O  ABC,  III.  1 

and  from  it  draw  FG  J_  AC,  and  FH  X  BD.  "J.  12 

Join  FB,  FC,  FK 

Because  FG  drawn  from  the  centre  is  ±  AC, 
.'.  ACis  bisected  at  G.  III.  3 

Because  ^C  is  divided  into  two  equal  segments  AG,  GC, 
and  also  externally  into  two  unequal  segments  AF,  EC, 
.'.AE-EC=  GE^         -  GC'^;  IL  6 

=  (FE^  -  FG^)  -  (FC^  -  FG%  I  47,  Cor. 
FE^  -  FC^ 

Simn&Aj,  BE .  ED  =  FE^        -  FBK 

But  FC-^  =  FB"^; 
...   FE'^  -  FC'^  =  FE'^  -  FB^; 
AE'EC=BE-ED. 

The  converse  is  proved  in  exactly  the  same  way  as  the 
converse  of  the  proposition. 

Note. — It  ^s-as  pro-Ked  in  the  proposition  that 
AE  ■  EC  =  FC^  -  FE\ 

Now,  if  the  ©  ABG  and  the  point  ^  be  fixed,  FG  and  FE  are 
constant  lengths,  and  .  •.  FG"^  -  FE^  is  a  constant  magnitude. 
Hence  AE  •  EG  is  constant. 
But  ^C  is  any  chord  through  E  ; 

.'.  the  rectangles  contained  by  the  segments  of  all  the  chords  that 
can  be  drawn  through  E  are  constant ; 

or,  in  other  words,  if  a  variable  chord  pass  through  a  fixed  point 
inside  a  circle,  the  rectangle  contained  by  the  segments  which  the 
point  makes  on  it  is  constant. 

This  constant  value  may  be  called  the  internal  potency  of  the  point 
with  respect  to  the  circle. 

It  was  proved  in  the  cor.  that  AE  •  EG  =  FE^  -  FG^. 
Hence,  as  before,  if  the  0  ABG  and  the  point  E  be  fixed,  AE  •  EC 
is  constant ; 

that  is,  if  a  variable  chord  pass  through  a  fixed  point  outside  a 
circle,  the  rectangle  contained  by  the  aegmenta  which  the  point 
makes  on  it  is  constant. 
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This  constant  value  may  be  called  the  external  potency  of  the 
point«with  respect  to  the  circle. 

When  the  point  is  situated  on  the  C'of  the  circle,  its  potency 
with  respect  to  the  circle  is  zero. 

[The  phrase  '  potency  of  a  point  with  respect  to  a  circle '  is  due 
to  Steiner.     See  Jacob  Steiner's  Gesammelte  Werke,  vol.  L  p.  22.] " 

1.  If  two  circles  intersect,  and  through  any  point  in  their  common 

chord  two  other  chords  be  drawn,  one  in  each  circle,  their 
four  extremities  are  concyclic. 

2.  ABC  is  a  triangle,  AX,  BY,  CZ  the  perpendiculars  from  its 

vertices  on  the  opposite  sides,  intersecting  at  0.  Prove 
AO  ■  OX  =  BO  ■  OY  =  CO  ■  OZ.  » 

3.  ABC  is  a  triangle,  right-angled  at  C ;  from  any  point  D  in  AB, 

or  AB  produced,  a  perpendicular  to  AB  is  drawn,  meeting 
^ C,  or  ^ C  produced,  in  E.     Prove  AB  ■  AD  =  AC  -  AE. 

4.  ABC  is  any  triangle  ;  D  and  E  are  two  points  ou  AB  and  AG, 

or  on  A  B  and  A  C  produced  either  through  the  vertex  or  below 
the  base,  such  that  i  ADE  =  i  ACB.  Prove  AB  •  AD 
=  AC-AE. 

5.  Through  a  point  P  within  a  circle  a  chord  A  PB  is  drawn  such 

that  AP-PB  =  a  given  square.     iJetermine  the  square, 

6.  Prove  VI.  B,  and  VI.  C. 


PROPOSITION  36.     Theorem. 

If  from  a  point  without  a  circle  a  secant  and  a  tangent  hf 
drawn  to  the  circle,  the  rectangle  contained  by  the 
secant  and  its  external  segment  shall  he  equal  to  the 
square  on  the  tangent. 
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Let  ABC  be  a  circle,  and  frojii  the  point  E  without  it 
let  there  be  drawn  a  secant  EC  A  and  a  tangent  EB  : 
it  is  required  to  prove  AE  ■  EC  =  EB-. 

Find  F  the  centre  of  the  O  ABC,  HI.  1 

and  from  it  draw  EG  A.  AC.  «  /.  12 

Join  FB,  FC,  FE. 

Because  FB  is  drawn  from  the  centre  of  the  circle  to  B, 
the  point  of  contact  of  the  tangent  EB, 
.-.  ^  J^5^  is  right.  ///.  18 

Because  EG,  drawn  from  the  centre,  is  _L  J.C, 
.-.  ^C  is  bisected  at  G.  III.  3 

Because  ^C  is  divided  into  two  equal  segments  AG,  GC, 
and  also  externally  into  two  unequal  segments  AE,  EC, 
.'.     AE'EC  =         GE-^         -  GC\  11.  6 

=  {FE^  -  FG'^)  -  (EC-  -  FG%  I.  47,  Car. 
FE-^         -  FC\ 

FE-         -         FB\ 
EBK  I.  47,  Cor. 

I .  Prove  the  proposition  when  the  secant  passes  through  the  centre 
of  the  circle.     (Euclid  gives  this  particular  case.) 

2.  If  two  circles  intersect,  their  common  chord  produced  bisects  their 

common  tangents. 

3.  If  two  circles  intersect,  the  tangents  drawn  to  them  from  any 

point  in  their  common  chord  produced  are  equal. 

4.  ABC  is  a  triangle,  AX,  BY,  CZ  the  perpendiculars  from  its 

vertices  on  the  opposite  sides.  ¥ro\e  AC  •  AY  —  AB  ■  AZ, 
BC-BX  =  BA-BZ,CA-CY=CB-CX. 

5.  From  a  given  point  as  centre  describe  a  circle  to  cut  a  given 

straight  line  in  two  points,  so  that  the  rectangle  contained 
by  their  distances  from  a  fixed  point  in  the  straight  line  may 
be  equal  to  a  given  square. 

6.  Show,  by  revolving  the  secant  EBD  (fig.  to  III.  35,  Cor.)  round 

E,  that  this  proposition  i^  a  particular  case  of  IIL  35,  Cor. 
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PROPOSITION  37.     Theorem. 

If  from  a  point  loitliout  a  circle  two  straight  lines  he  drmcn, 
one  of  wMch  cuts  the  circle,  and  the  other  meets  it, 
and  if  the  rectangle  contained  by  the  secant  and  its 
external  segment  be  equal  to  the  square  on  the  line 
which  meets  the  circle,  that  line  shall  he  a  tangent. 


Let  ABC  be  a  circle,  and  from  the  point  E  without  it 
let  there  be  drawn  a  secant  ECA  and  a  straight  line  EB 
to  meet  tlie  circle ;  also,  let  AE  •  EC  =  EB^ : 
it  is  required  to  prove  that  EB  is  a  tangent  to  the  O  ABC. 

Draw  EG  touching  the  circle  at  G,  IIL  17 

and  join  the  centre  F  to  B,  G,  and  E. 

Then  A  FGE  -  a  rt.  /..  ///.  18 

Now,  since  EG  is  a  tangent,  and  ECA  a  secant, 

EG^  =  AE.EC,  III  3& 

=  EB-^;  .Hyp. 

EG  =  EB. 

(EB^EG 
In  As  EBF,  EGF,  }bF  ^  GF 
( EF  =  EF; 
.  .  L  EBF  =  L  EGF,  I.  8 

=  a  rt.  z.  ; 
.  EB  is  a,  tangent  to  the  O  ABC.  HI-  16 
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1.  Prove  tke  proposition  indirectly  by  supposing  EB  to  meet  the 

circle  again  at  D. 

2.  Prove  the  proposition  indirectly  by  drawing  the  tangent  EG  on 

the  other  side  of  EF,  and  using  I.  7. 

3.  Describe  a  circle  to  pass  through  two  given  points,  and  touch  a 

given  straight  line. 

4.  Describe  a  circle  to  pass  through  one  given  point,  and  touch  two 

given   straight   lines.      Show  that  to  this  and  the  previous 
problem  there  are  in  general  two  solutions. 

5.  Describe  a  circle  to  touch  two  given  straight  lines  and  a  given 

circle.     Show  that  to  this  problem  there  are  in  general  foor 

solutions. 
B.  Describe  a  circle  to  pass  through  two  given  points,  and  touch  a 

given  circle.     Show  that  to  this  problem  there  are  in  general 

two  solutions. 
7.  AB  ia  a  straight  line,  Cand  D  two  points  on  the  same  side  of 

it ;  find  the  point  in  .45  at  which  the  distance  CD  subtends 

the  greatest  angle. 

[The  third,  fourth,  fifth,  and  sixth  deductions,  along  with  IV.  4,  5, 
*re  cases  of  the  general  problem  of  the  Tangencies,  a  subject  on  which 
Apollonius  of  Perga  (about  222  B.C.)  composed  a  treatise,  now  lost. 
This  problem  consists  in  describing  a  circle  to  pass  through  or  touch 
any  three  of  the  following  nine  data :  three  points,  three  straight 
lines,  three  circles.  It  comprises  ten  cases,  which,  denoting  a  point 
by  P,  a  straight  line  by  L,  and  a  circle  by  C,  may  be  symbolised 
thus :  PPP,  PPL,  PPC,  PLL,  PLC,  PCC,  LLL,  LLC,  LCG, 
CCC.  An  excellent  historical  account  of  the  solutions  given  to 
this  problem  in  its  various  cases  will  be  found  in  an  article 
by  T.  T.  Wnkinson,  'De  Tactionibus,'  in  the  Transactiops  of 
the  Historic  Society  of  Lancashire  and  Cheshire  (1872).  To  the 
authorities  there  mentioned  should  be  added  Das  Problem  des 
Apollonius,  by  C.  HeUwig  (1856) ;  Das  Problem  des  Pappus  vop^  den 
Beriihrungen,  by  W.  Berkhan  (1857)  ;  'The  Tangencies  of  Circles 
and  of  Spheres,'  by  Benjamin  Alvord,  published  in  1855  in  the 
8th  vol.  of  the  Smithsonian  Contributions,  and  'The  Interseo'ioi'  of 
Circles  and  the  Intersection  of  Spheres,^  by  the  same  author  in  iha 
American  Journal  of  Mathematics,  voL  v.,  pp.  25-44] 
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Radical  Axis. 
Def.  1. — The  locus  of  a  point  whose  potencies  (both  extem»l  «r 
both  internal)  with  respect  to  two  circles  are  equal,  is  called  iha 
radical  axis*  of  the  two  circles. 


Proposition  1. 

The  radical  axis  of  two  circles  is  a  straight  line  perpendicular  to  lh« 
line  of  centres  of  the  two  circle*. 

G 


Let  A  and  B  be  the  centres  of  the  given  circles,  whose  radii  are 
a  and  b,  and  suppose  C  to  be  any  point  on  the  required  locus. 

Join  CA,  CB,  and  from  C  draw  CD  l.  AB  the  line  of  centres. 
Since  the  potency  of  C  with  respect  to  circle  A  =  AC^  -  a^,  Def. 
and  since  the  potency  of  C  with  respect  to  circle  B  =  BC^  -  ir ;  Def, 

.-.  AC^  -  a2      =  BG"-  -  62; 

.-.  AC^  -  BC-^  =    a2     -  h\ 

But  since  the  circles  A  and  B  are  given,  their  radii  (a  and  6)  ar* 
constant ; 

.•.  the  squares  on  the  radii  (a^  and  6^)  are  constant  ; 

.•.  the  difference  of  the  squares  on  the  radii  (a^  -  W)  is  constant ; 

.-.  AC^  -  BC^  is  constant. 
Hence  the  locus  of  C  is  a  straight  line  1.  AB.  App.  II.  5 

■•  This  name,  as  well  as  that  of  '  radical  centre,'  was  introduced  bj 
L.  Gaultier  de  Tours.  See  Journal  de  VEcoU  polytechnique,  16<>  cahiw, 
tome  ix.  (1813),  pp.  139. 143. 
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Cor.  1. — Tangents  drawn  to  the  two  circles  from  any  point  in 
their  radical  axis  are  equal. 

Cor.  2. — The  radical  axis  of  two  circles  bisects  tleir  common 
tangents.  Hence  may  be  derived  a  method  of  drawing  the  radical 
axis  of  two  circles. 

Cor.  3. — If  the  two  circles  are  exterior  to  each  othev  and  have  n» 
common  point,  the  radical  axis  is  situated  outside  both  circles. 

Cor.  4. — If  the  two  circles  touch  each  other  either  externally  or 
internally,  their  radical  axis  consists  of  the  common  tangent  at  the 
point  of  contact. 

Cor.  5. — If  the  two  circles  intersect  each  other,  their  radical  axis 
consists  of  their  common  chord  produced. 

Cor.  6. — If  one  circle  is  inside  the  other  and  does  not  touch  it, 
their  radical  axis  is  situated  outside  both  circles. 

Cor.  7. — The  radical  axis  of  two  unequal  circles  is  nearer  to  the 
centre  of  the  small  circle  than  to  the  centre  of  the  large  one,  but 
nearer  to  the  O  "*  of  the  large  circle  than  to  the  o "  of  the  small 
eae. 


Proposition  2. 
The  radical  axes  of  three  circles  taken  in  pairs  are  concurrent.* 


F' 


L«t  A,  B,  (7  be  three  circles,  whose  radii  are  a,  b,  c: 
it  u  required  to  prove  that  the  radical  axis  of  A  and  B,  that  of  B  and 
G,  and  that  of  C  and  A  all  meet  at  one  point. 

*  This  theorem,  in  one  of  its  cases,  is  attributed  to  Monge  (1746-1818), 
Id  Poncelet's  Propriitit  Projectives  des  Figv/ret,  §  'IX. 
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Suppose  the  centres  of  the  three  circles  not  to  be  in  the  same 
straight  line. 

Then  DE,  the  radical  axis  of  B  and  C,  and  DF,  the  radical  axis  of 
C  and  A,  will  meet  at  some  point  D  ; 

for  they  are  respectively  X  EG  and  CA,  and  BC  and  CA  are  not  in 
the  same  straight  line. 

Since  i)  is  a  point  on  the  radical  axis  of  B  and  G ; 

.:  BD"-  -  62  =  C'Z>2  -  c\ 
Since  i)  is  a  point  on  the  radical  axis  of  C  and  A  ; 

.-.   ai)2  -  c2  =  ^i)2  -  a2; 

.-.  ^i>2  -  a2  =  5i>2  -  62  ; 

.".  Z)  is  a  point  on  the  radical  axis  of  A  and  B, 
that  is,  the  radical  axis  of  A  and  B  passes  through  D. 

Def.  2. — The  point  of  concourse  of  the  radical  axes  of  three  circles 
taken  in  pairs,  is  called  the  radical  centre  of  the  three  circles. 

Cor.  1. — When  the  three  circles  all  cut  one  another,  the  radical 
centre  lies  either  within  or  without  all  the  three  circles. 

CoR.  2. — When  the  centres  of  the  three  circles  are  in  one  straight 
line,  the  radical  axes  are  all  parallel,  and  the  radical  centre  therefore 
is  infinitely  distant. 

CoR.  3. — When  the  three  circles  all  touch  one  another  at  the 
■ame  point,  the  common  tangent  at  that  point  is  the  radical  axis 
of  all  three,  and  the  radical  centre  therefore  is  indeterminate — that 
is,  any  point  on  the  common  radical  axis  will  be  a  radical  centre. 

Cor.  4. — In  all  other  cases  the  radical  centre  is  outside  the  three 

Cob.  5. — If  from  the  radical  centre  tangents  be  drawn  to  tbe 
tiuee  circles,  their  points  of  contact  will  be  concyclic. 
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Cor.  6. — If  there  be  several  points  from  which  equal  tangents  can 
be  drawn  to  three  circles,  these  three  circles  must  have  the  aame 
radical  axis,  and  the  several  points  must  be  situated  on  it. 

Cor.  7. — The  orthocentre  of  a  triangle  is  the  radical  centre  of  the 
circles  whose  diameters  are  the  siiles  of  the  triangle,  and  also  the 
radical  centre  of  the  circles  whose  diameters  are  the  segments  of  the 
perpendiculars  between  the  orthocentre  and  the  vertices. 


Proposition  3. 
To  find  the  radical  axis  of  two  circles  which  have  no  common  point. 


Let  A  and  B  be  the  two  circles. 

Describe  any  third  circle  G  so  as  to  cut  the  circles  A  and  B. 
Draw  FH  the  common  chord  of  A  and  C,  and  EK  the  common 
cnord  of  B  and  C,  and  let  them  meet  at  D. 
From  D  draw  DG  ±  AB. 

Then  FD  is  the  radical  axis  of  A  and  G,  and  ED  the  radical  axis 
of  B  and  C;  A  pp.  III.  1,  Gar.  5 

.*.  D  is  the  radical  centre  of  ^,  B,  and  G ;  App.  III.  2 

.•.  D  is  a  point  on  the  radical  axis  of  A  and  B ; 
.'.  DG  is  the  radical  axis  of  A  and  B.  App.  III.  1 

Cor.  1. — The  radical  axis  of  A  and  B  may  also  be  obtained  thus  : 
After  finding  D,  draw  a  fourth  circle  to  intersect  A  and  B.  A 
second  pair  of  common  chords  will  thus  be  obtained  whose  intersec- 
won  will  determine  another  point  on  the  radical  axis  of  A  aad  B, 
Join  J)  with  this  other  point. 
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uon,  9.  —The  radical  centre  of  three  circles  which  have  no  common 
point  may  be  found  by  describing  two  circles  each  of  which  shall  cut 
all  the  three  given  circles. 


DEDUCTIONS. 

1.  Find  a  point  inside  a  triangle  at  which  the  three  sides  shall 

subtend  equal  angles.     Is  this  always  possible  ? 

2.  Given  two  intersecting  circles,  to  draw,  through  one  of  the  points 

of  intersection,  a  straight  line  terminated  by  the  circles,  and 
such  that  {a)  the  sum,  {b)  the  difference,  of  the  two  chords 
may  =  a  given  length. 

3.  Of  all  the  straight  lines  which  can  be  drawn  from  two  given 

points  to  meet  on  the  convex  O'^"  of  a  circle,  the  sum  of 
those  two  will  be  the  least,  which  make  equal  angles  with 
the  tangent  at  the  point  of  concourse. 

4.  With  the  extremities  of  the  diameter  of  a  semicircle  as  centres, 

any  -wo  other  semicircles  are  drawn  tc^hing  each  other 
exterLally,  and  a  straight  line  is  drawu  to  touch  them  both. 
Prove  that  this  straight  ^i»e  will  also  touch  the  original 
semicircle. 

5.  Find  a  point  in  the  diameter  produced  of  a  given  circle,  such 

that  a  tangent  drawn  from  it  to  the  circle  shall  be  of  given 
length. 

6.  .4  5C  is  a  triangle  having  z  BAC  acute;   prove  BC- less  than 

^^-  +  ^O-  by  twice  the  square  on  the  tangent  drawn  from 
A  to  the  circle  of  which  BC  is  a  diameter. 

7.  ABC  is  a  triangle,  AX,  BY,  CZ,  the  perpendiculars  from  its 

vertices  on  the  opposite  sides.  Prove  that  these  perpendiculars 
bisect  the  angles  of  A  X  YZ,  and  that  AsAYZ,  XBZ,  XYG, 
ABC  are  mutually  equiangular. 

8.  If  the  perpendiculars  of  a  triangle  be  produced  to  meet  the  circle 

circumscribed  about  the  triangle,  the  segments  of  these 
perpendiculars  between  the  orthocentre  and  the  O"^  are 
bisected  by  the  sides  of  the  triangle. 

9.  If  O  be  the  orthocentre  of  A  ABC,  the  circles  circumscribed 

about  AS  ABC,  AOB,  BOC,  CO  A  are  equal. 
lO.  If  D,  E,  F  be  situated  respectively  on  BC,  CA,  AB,  the  sides 
of  A  ABC,  the   C^^  of  the  circles  circumscribed  about  the 
three    As  AEF,  BFD,  CDE  will  pass  through  the  sam» 
j|K>int. 
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11.  If  on  the  three  sides  of  any  triangle  equilateral  triangles  be 

described  outwardly,  the  straight  lines  joining  the  circum- 
scribed centres  of  these  triangles  wiU  form  an  equilateral 
triangle. 

Construct  a  triangle,  having  given  the  base,  the  vertical  angle,  and 

12.  The  perjiendicular  from  the  vertex  to  the  base. 

13.  The  median  to  the  base. 

14.  The  projection  of  the  vertex  on  the  base. 

15.  The  point  where  the  bisector  of  the  vertical  angle  meets  ihe  base. 
J.  6.  The  sum  or  diflference  of  the  other  sides. 

17.  Construct  a  triangle,  having  given  its  orthocentric  triangle. 

18.  Draw  all  the  common  tangents  to  two  circles.      Examine  the 

various  cases.      (One  pair  are  called  direct,  the  other  pair 
transverse,  common  tangents.) 
ID.  Of  the  chords  drawn  from  any  point  on  the  O"*  of  a  circle  to  the 
vertices  of  an  equilateral  triangle  inscribed  in  the  circle,  the 
greatest  =  the  sum  of  the  other  two. 

20.  If  two  chords  in  a  circle  intersect  each  other  perpendicularly, 

the  sum  of  the  squares  on  their  four  segments  =  the  squar« 
on  the  diameter.  (This  is  the  11th  of  the  Lemmas  ascribed 
to  Archimedes,  287-212  b.c.) 

21.  A  quadrilateral  is  inscribed  in  a  circle,  and  its  sides  form  chords 

of  four  other  circles.  Prove  that  the  second  points  of  inter- 
section of  these  four  circles  are  concyclic. 

22.  If  four  circles  be  described,  either  all  inside  or  aU  outside  of 

any  quadrilateral,  each  of  them  touching  three  of  the  sides  or 
the  sides  produced,  their  centres  will  be  concyclic. 

23.  The  opposite  sides  of  a  quadrilateral  inscribed  in  a  circle  are 

produced   to   meet.      Prove  that   the   bisectors   of    the  two 
angles  thus  formed  are  _L  each  other. 
.^4.  If  the  opposite  sides  of  a  quadrilateral  inscribed  in  a  circle  be 
produced  to  meet,  the  square  on  the  straight  line  joining  the 
points  of  concourse  =  the  sum  of  the  squares   on  the  two 
tangents  from  these  points.     (A  converse  of  this  is  given  in 
Matthew  Stewart's  Propositiones  Geometricce,  1763,  Book  i., 
Prop.  39.) 
23.  If  a  circle  be  circumscribed  about  a  triangle,  and  from  the  ends 
of  the  diameter  X  the  base,  perpendiculars  be  drawn  to  the 
other  two  sides,  these  perpendiculars  will  intercept  on  the 
sides  segments  =  half  the  sum  or  half  the  differenceof  the  sides, 
O 
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26.  In  the  figure  to  the  preceding  deduction,  find  all  the  angles 

which  are  =  half  the  sum  or  haK  the  difference  of  the  base 
angles  of  the  triangle. 

27.  If  from  any  point  in  the  O  "^  of  the  circle  circumscribed  about  a 

triangle,  perpendiculars  be  drawn  to  the  sides  of  the  triangle, 
the  feet  of  these  perpendiculars  are  coUinear.  (This  theorem 
is  frequently  attributed  to  Robert  Simson,  1687-1768.  I 
have  not  been  able  to  find  it  in  his  works.) 

28.  If  from  any  point  in  the  O  *=*  of  the  circle  circumscribed  about  a 

triangle,  straight  lines  be  drawn,  making  with  the  sides,  in 
cyclical  order,  equal  angles,  the  feet  of  these  straight  lines 
are  collinear. 

29.  If  P  be  any  point  in  the  O  "*  of  the  circle  circumscribed  about 

A  ABC,  X,  Y,  Z,  its  projections  on  the  sides  BC,  CA,  AB, 
the  circle  which  passes  through  the  centres  of  the  circles 
circumscribed  about  As  AZY,  BXZ,  CYX  is  constant  in 
magnitude. 

30.  If  a  straight  line  cut  the  three  sides  of  a  triangle,  and  circles  be 

circumscribed  about  the  new  triangles  thus  formed,  these 
circles  will  aU  pass  through  one  point ;  and  this  point  will  be 
concyclic  with  the  vertices  of  the  original  triangle.  (Steiner'a 
Gesammelt".  Werke,  vol.  i.  p.  223.) 

31.  If  any  number   of  circles   intersect   a   given    circle,  and   pass 

through  two  given  points,  the  straight  lines  joining  the  inter- 
sections of  each  circle  with  the  given  one  will  aU  meet  in  the 
same  point. 

32.  A  series  of  circles  touch  a  fixed  straight  line  at  a  fixed  point; 

show  that  the  tangents  at  the  points  where  they  cut  a  parallel 
fixed  straight  line  all  touch  a  fixed  circle. 

33.  ABGD  is  a  quadrilateral  having  AB  —  AD,  and    L  G  =   L  B 

+  L  D ;  prove  AG  =  AB  or  AD. 

34.  From  G  two  tangents  GD,  CE  are  drawn  to  a  semicircle  whose 

diameter  is  AB ;  the  chords  AE,  BD  intersect  at  i^.  Prove 
that  C/' produced  is  j.  AB.  (This  is  the  12th  of  the  Lemmas 
ascribed  to  Archimedes,  and  the  preceding  deduction  is 
assumed  in  the  pi-oof  of  it.) 

35.  On  the  same  supposition,  prove  that   if   the  chords  AD,  BE 

intsrsect  at  F',  F'G  produced  is  j.  AB. 

36.  A  series  of  circles  intersect  each  other,  and  are  such  that  the 

tangents  to  them  from  a  fixed  point  are  equal ;  prove  that  the 
lomroon  chords  of  each  pair  jiass  through  this  point. 
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37.  Find  a  point  in  the  0'»  of  a  given  circle,  the  sum  of  whose 

distances  from  two  given  straight  lines  at  right  angles  to  each 
other,  which  do  not  cut  the  circle,  is  the  greatest,  or  the 
least  possible. 

38.  From  a  given  point  in  the  o ""  of  a  circle  draw  a  chord  which 

shall  be  bisected  by  a  given  chord  in  the  circle. 

39.  From  a  point  P  outside  a  circle  two  secants  PAB,  P DC  are. 

drawn  to  the  circle  ABCD;  AG,  BD  are  joined  and  intersect 
at  O.  Prove  that  0  lies  on  the  chord  of  contact  of  the 
tangents  drawn  from  P  to  the  circle.  (See  Poudra's  (Euvres 
de  Besargiies,  tome  i.,  pp.  IS9-192,  273,  274.) 
iO.  Hence  devise  a  method  of  drawing  tangents  to  a  circle  from  an 
external  point  by  means  of  a  ruler  only. 

Loci. 

Find  the  locus  of  the  centres  of  the  circles  which  touch 

1.  A  given  straight  Hne  at  a  given  point. 

2.  A  given  circle  at  a  given  point. 

3.  A  given  straight  line,  and  have  a  given  radius. 

4.  A  given  circle,  and  have  a  given  radius. 

5.  Two  given  straight  lines. 

6.  Two  given  equal  circles.  * 

7.  A  series  of  parallel  chords  are  placed  in  a  circle  ;   find  the  loc"s 

of  their  middle  points. 

8.  A  series  of  equal  chords  are  placed  in  a  circle ;  find  the  locus  of 

their  middle  points. 

9.  A  series  of   right-angled  triangles  are  described  on  the  ^ame 

hypotenuse  ;  find  the  locus  of  the  vertices  of  the  right  angles. 
iO.  A  variable  chord  of  a  given  circle  passes  through  a  fixed  point ; 
find  the  locus  of  the  middle  point  of  the  chord.  Examine  the 
cases  when  the  fixed  point  is  inside  the  circle,  outside  the 
circle,  and  on  the  O"^®. 

1 1.  Find  the  locus  of  the  vertices  of  all  the  triangles  which  have  the 

same  base,  and  their  vertical  angles  equal  to  a  given  angle. 

12.  Of  the  A  ABC,  the  base  BC  is  given,  and  the  vertical  angle  A; 

find  the  locus  of  the  point  D,  such  that  BD  —  the  sum  of  the 
sides  5.4,  AC. 

13.  Of  the  A  A  DC,  the  base  BC  is  given,  and  the  vertical  angle  A  ; 

find  the  locus  of  the  point  D,  suet  that  BD  —  the  difference 
of  the  sides  BA ,  A  C. 
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14.  AB  is  a  fixed  chord  in  a  given  circle,  and  from  any  point  C  in 

the  arc  A  CB,  a  perpendicular  CD  is  drawn  to  A  B.  With  C 
&ts  centre  and  CD  as  radius  a  circle  is  described,  and  from  A 
and  B  tangents  are  drawn  to  this  circle  which  meet  at  P ; 
find  the  locus  of  P. 

15.  A  quadrilateral  inscribed  in  a  circle  has  one  side  fixed,  and  the 

opposite  side  constant  ;  find  the  locus  of  the  intersection  of 
the  other  two  sides,  and  of  the  intersection  of  the  diagonals. 

16.  Two  circles  touch  a  given  straight  hne  at  two  given  points,  and 

also  touch  one  another ;  find  the  locus  of  their  point  of 
contact. 

17.  Find  the  locus  of  the  points  from  which  tangents  drawn  to  a 

given  circle  may  be  perpendicular  to  each  other. 

18.  Find  the  locus  of  the  points  from  which  tangents  drawn  to  a 

given  circle  may  contain  a  given  angle. 

19.  Find  the  locus  of  the  points  from  which  tangents  drawn  to  a 

given  circle  may  be  of  a  given  length. 

20.  From  any  point  on  the  O"*  of  a  given  circle,  secants  are  drawn 

such  that  the  rectangle  contained  by  each  secant  and  its 
exterior  segment  is  constant ;  find  the  locus  of  the  ends  of  the 
secants. 

21.  .4  is  a  given  point  and  BC  a  given  straight  line  ;  any  point  P 

is  taken  on  BC,  and  AP  is  joined.  Find  the  locus  of  a  point 
Q  taken  on  ^ P  such  that  AP  •  AQ  is  constant. 

22.  The  hypotenuse  of  a  right-angled  triangle  is  given  ;  find  the  loci 

of  the  comers  of  the  squares  described  outwardly  on  the  sides 
of  the  triangle. 

23.  A  variable  chord  of  a  given  circle  passes  through  a  fixed  point, 

and  tangents  to  the  circle  are  drawn  at  its  extremities;  prove 
that  the  locus  of  the  intersection  of  the  tangents  is  a  straight 
line.  (This  straight  line  is  called  the  polar  oi  the  given  fixed 
point,  and  the  given  fixed  point  is  called  the  pole,  with  refer- 
ence to  the  given  circle.  See  the  reference  to  Desargues  on 
P-  221.) 

24.  Examine  the  case  when  the  fixed  point  is  outside  the  cuclc. 
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DEFINITIONS. 

1.  Any  closed  rectilineal  figure  may  be  called  a  polygon. 
Thus  triangles  and  quadrilaterals  are  polygons  of  three  and 
four  sides. 

Polygons  of  five  sides  are  called  pentagons  ;  of  six  sides,  hex- 
agons ;  of  seven,  heptagons ;  of  eight,  octagons  ;  of  nine,  nonagons 
or  enueagons  ;  of  ten,  decagons  ;  of  eleven,  undecagons  or  hen- 
decagons ;  of  twelve,  dodecagons  ;  of  fifteen,  quindecagons  or  pente- 
decagons  ;  of  twenty,  icosagons. 

Sometimes  a  polygon  having  n  sides  is  called  an  w-gon. 

2.  A  polygon  is  said  to  be  regular  when  all  its  sides  are 
equal,  and  all  its  angles  equal. 

It  is  important  to  observe  that  the  triangle  is  unique  among 
polj'gons.  For  if  a  triangle  have  all  its  sides  equal,  it  must  have  all 
its  angles  equal  (I.  5,  Cor.) ;  if  it  have  all  its  angles  equal,  it  must 
have  aU  its  sides  equil  (I.  6,  Cor.) 

Polygons  with  more  tha'.i  three  sides  may  have  all  their  sides 
equal  without  having  their  angles  equal ;  or  they  may  have  all 
their  angles  equal  without  having  their  sides  equal  A  rhombus  and 
a  rectangle  are  illustrations  of  the  preceding  remark. 

Hence  in  order  to  prove  a  pol\'gon  (other  than  a  triangle)  regulai', 
it  must  be  proved  to  be  both  equilateral  and  equiangular. 

3.  When  each  of  the  angular  points  of  a  polygon  lies  on 
the  circumference  of  a  circle,  the  polygon  is  inscribed  in 
the  circle,  or  the  circle  is  circumscribed  about  the  polygon. 

4.  "When  each  of  the  sides  of  a  polygon  touches  the  cir- 
cumference of  a  circle,  the  polj'gon  is  circumscribed  about 
the  circle,  or  the  circle  is  inscribed  in  the  polygon. 

5.  The  diagonals  of  a  polygon  are  the  straight  lines 
which  join  those  vertices  of  the  polygon  which  are  not 
consecutive. 
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PROPOSITION  1.     Problem. 

In  a  given  circle  to  place  a  chord  equal  to  a  given  straight 
line  ivhich  is  not  greater  than  the  diameter  of  the  circle. 


Let  D  be, the  given  straight  line  which  is  not  greater  than 
the  diameter  of  the  given  O  ABC- 
it  is  required  to  place  in  the  Q  ABC  a  chord  =  D. 

Draw  BC  any  diameter  of  the  0  ABO.  III.  1 

Then  if  BC  =  D,  what  was  required  is  done. 
But  if  not,  BC  is  greater  than  D.  Hyp- 

Make  CE  ^  D ;  /.  3 

with  centre  C  and  radius  CE,  describe  the  0  AEF;  • 
join  CA. 

Then  CA  =  CE,  being  radii  of  the  0  AEF, 

=  D.  Const. 

1.  How  many  chords  can  be  placed  in  the  circle  equal  to  the  give" 

straight  line  D  ? 

2.  Place  a  chord  in  the  ©  ABC  equal  to  the  given  straight  line  D, 

and  so  that  one  of  its  extremities  shall  be  at  a  given  point 
in  the  C^     How  many  chords  can  be  so  placed? 

3.  About  a  given  chord  to  circumscribe  a  circle.     How  many  circles 

can  be  so  circumscribed  ?  Where  will  their  centres  all  lie  ? 
What  limits  are  there  to  the  lengths  of  the  diameters  of  all 
such  circles  ? 
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4.  About  a  given  chord  to  circumscribe  a  circle  having  a  given 

radius.     How  many  circles  can  be  so  circumscribed  ? 

Place  a  chord  in  the  ©  ABC  equal  to  the  given  straight  line  D, 
and  so  that  it  shall 

5.  Pass  through  a  given  point  within  the  circle. 

6.  II  II  II  without         II 

7.  Be  parallel  to  another  given  straight  line. 

8.  Be  perpendicular  n  «  „ 


PROPOSITION  2.     Problem. 

In  a  given  circle  to  inscribe  a  triangle  equiangular  to  a  given 
triangle. 


Let  ABC  be  the  given  circle,  and  DEFthe  given  triangle  : 
it  is  required  to  inscribe  in  ABC  a  triangle  equiangular  to 
ADEF. 

Take  any  point  A  on  the  Q**  of  ABC, 

and  at  A  draw  the  tangent  GAH.  III.  17 

Make  l  HAC  =  lE,  and  z.  GAB  =  l  F;  I.  23 
join  BC.                      ABC  is  the  required  triangle. 

Because  the  chord  AC  \s,  drawn  from  A,  the  point  of 
contact  of  the  tangent  GAH, 

^  B  =  L  HAC,  in.  32 

^   L  E.  Canst, 

Similarly,  u  O  =  l.  GAB,  III.  32 

=  L  F;  Const. 
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.'.  remaining  z.  BAC  =  remaining  l  D;        I.  32,  Cor.  1 
.-.  A  ABG  is  equiangular  to  A  DEF. 

1.  Show  that  there  may  be  innumerable  triangles  inscribed  in  the 

©  ABC  equiangular  to  the  given  A  DEF. 

2.  If  the  problem  were,  In  a  given  circle  to  inscribe  a  triaiiL;le 

equiangular  to  a  given  a  DEF,  and  having  one  of  its  vertices 
at  a  given  points  on  the  0''^  show  that  six  different  positions 
of  the  inscribed  triangle  would  be  possible. 

3.  Given  a  ©  ABC ;  inscribe  in  it  an  equilateral  triangle. 

4.  Two  A  s  ABC,  LMN  are  inscribed  in  the  ©  ABC,  each  of  them 

equiangular  to  the  a  DEF ;  prove  as  ABC,  LMN  equal  in 
all  respects. 


PEOPOSITION  ^.  J  Problem. 

About  a  given  circle  to  circumscribe  a  triangle  equiangular 
to  a  given  triangle. 
L 

D 


Let  ABC  he  the  given  circle,  and  DEF  the  given  triangle  : 
it  is  required  to  circumscribe  about  ABG  a  triangle  equi- 
angular  to  A  DEF. 

Produce  EF  both  ways  to  G  and  H. 
Find  0  the  centre  of  the  O  ABG,  III  1 

and  draw  any  radius  OB. 

Make  l  BOA  =  l  DEG,  and  l  BOG  =  L  DFH ;  I.  23 
and  at  A,  B,  G,  draw  tangents  to  the  circle  intersecting  each 
otiier  at  L,  M,  N.  LMN  is  the  required  triangle. 


/.  32, 

Cor. 

2 

III. 

18 

I. 

13 

Const. 

7.32, 

Cor 

.  1 
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Because  OAMB  is  a  quadrilateral, 

. ' .  tlie  sum  of  its  four  z.  s  =  4  rt.  z.  s. 
But  ^  0AM  +  _  OEM  =  2  rt.  ^  s ; 

.*.    z.  If  is  supplementary  to  l  BOA. 
But  L.  DEF  is  supplementary  to  l  DEG, 
and   L  BOA  =  l  DEG  ; 

.:    lM  =  L  DEF. 
Similarly,  l  N  =  L  DFE; 

.•.  remaining  l  L  =  remaining  L  D ; 

.-.  A  £MN  is  equiangular  to  A  LfEF. 

1.  It  is  assumed  in  the  proposition  that  the  tangents  at  A,  B,  C 

will  meet  and  form  a  triangle.     Prove  this. 

2.  Show  that  there   may  be    innumerable  triangles  circumscribed 

about  the  0  ABO  equiangular  to  the  given  A  DEF. 

3.  Given  a  ©  ABC ;  circumscribe  about  it  an  equilateral  triangle. 
"^^i  If  the  points  of  contact  of  the  sides  of  the  circumscribed  equi- 
lateral triangle  be  joined,  an  inscribed  equilateral  triangle 
will  be  obtained. 

^^  A  side  of  the  circumscribed  equilateral  triangle  is  double  of  a 
side  of  the  inscribed  equilateral  triangle,  and  the  area  of  the 
circumscribed  equilateral  triangle  is  four  times  the  area  of  the 
inscribed  equilateral  triangle. 

Supply  the  demonstration  of  the  proposition  from  the  following 
constructions,  which  do  not  require  EF  to  be  produced  : 

6.  In  the  given  circle,  whose  centre  is  0,  draw  any  diameter  BOG. 

Make  Z  GO  A  =  i  E,  i  GOO  =  L  F,  and  a,t  A,  B,C  draw  tan- 
gents intersecting  at  L,  M,  y.     LMN  is  the  required  triangle. 

7.  At  any  poiat  B  on  the  O  "^^  of  the  given  circle  draw  a  tangent 

PBQ.  and  on  the  tangent  take  any  points  P,  Q,  on  opposite 
sides  of  B.  At  P  make  z  QPR  —  L  E,  and  at  Q  make 
z  PQR  =  L  F.  Assuming  that  PP>.,  QR  do  not  touch  the 
given  circle,  from  0  the  centre  draw  perpendiculars  to  PR, 
QR,  and  let  these  perpendiculars,  produced  if  necessary,  meet 
the  circle  at  A  and  C.  At  A  and  C  draw  tangents  LM, 
LN  to  the  circle.     LMN  is  the  required  triangle. 

8.  In  the  given  circle  inscribe  a  A  ABC  equiangular  to  A  DEF. 

Bisect  the  arcs  AB,  BC,  CA,  and  at  the  points  of  bisection 
draw  tangents. 


228  Euclid's  elements.  [Book  IV. 

9.  Any  rectilineal  figure  ABODE  is  inscribed  in  a  circle.  Bisect 
the  arcs  AB,  BO,  CD,  DE,  EA,  and  at  the  points  of  bisection 
draw  tangents.  The  resulting  figure  is  equiangular  to 
A  BCDE. 

10.  Two  triangles  are  circumscribed  about  the  0  ABC,  each  of  them 

equiangular  to  A  DEF ;  prove  that  they  are  equal  in  all 
respects. 

11.  Describe  a  triangle  equiangular  to  a  given  triangle,  and  such 

that  a  given  circle  shall  be  touched  by  one  of  its  sides,  and 
by  the  other  two  produced.  Show  that  there  are  three 
solutions  of  this  deduction. 


PROPOSITION  4.     Problem. 
To  inscribe  a  circle  in  a  given  triangh. 
A 


Let  ABC  be  the  given  triangle  : 
it  is  required  to  inscribe  a  circle  in  A  ABG. 

Bisect  L  s  ABC,  ACB  by  BI,  GI,  which  intersect  at  /;  /.  9 
from  /  draw  ID,  IE,  IF  A.  BC,  CA,  AB.  I  12 

(  L  IDB  =  L  IFB 
In  As  IDB,  IFB,  ]  i.  IBD  -  u  IBF  Const. 

{  IB  =  IB; 

.'.  ID  =  IF  X26 

Similarly,  ID  =  IE  ; 
.'.  ID,  IE,  IF  are  all  equal. 
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With  centre  /  and  radius  ID  describe  a  circle,  which  will 

pass  through  the  points  D,  E,  F. 

Of  this  circle,  ID,  IE,  IF  will  be  radii ; 

and  since  BC,  CA,  AB  ave  _L  ID,  IE,  IF,  Cmist. 

.-.  BC,  CA,  AB  will  be  tangents  to  the  O  DEF ;  III.  16 
.-.  the  0  DEF  is  inscribed  in  the  A  ABC. 

Note. — This  proposition  is  included  in  the  more  general 
one,  to  describe  a  circle  which  shall  touch  three  given  straight 
lines.     See  Appendix  IV.  >1,  p.  250. 

1.  It  is  assumed  in  the  proposition  that  the  bisectors  BI,  CI  will 

meet  at  some  point  /.     Prove  this. 

2.  If  I  A  be  joined,  it  will  bisect  z  BAC. 

3.  The  centre  of  the  circle  inscribed  in  an  equilateral  triangle  is 

equidistant  from  the  three  vertices. 

4.  The  centre  of   the   circle   inscribed  in  an  isosceles  triangle  is 

equidistant  from  the  ends  of  the  base. 

5.  Prove  AF  +  BD  +  OE  =  FB  +  DC  +  BA  =  semi-perimeter 

of  A  ABC. 

6.  Prove  AF  +  BC  =  BD  +  CA  =  CE  +  AB  =  semi-perimeter 

of  A  ABC. 

7.  With  A,  B,  C,  the  vertices  of  A  ABC  as  centres,  describe  three 

circles,  each  of  which  shall  touch  the  other  two. 
Sf,  Find  the  centre  of  a  circle  which  shall  cut  off  equal  chords  from 

the  three  sides  of  a  triangle. 
9.  If  through  /  a  straight  hue  be  drawn  ||  BC,  and  terminated  by 
AB,AC,  this  parallel  wiU  be  equal  to  the  sum  of  the  segments 
oi  AB,  AC  between  it  and  BC.     Examine  the  cases  for  Ij^,  I3, 
I3,  in  Appendix  IV.  I. 
IOl  If  D,  E,  F,  the  points  of  contact  of   the  inscribed  circle,  be 

joined,  A  DEF  is  acute-angled. 
11.  The  angles  of  a  DEF  are  respectively  complementary  to  half 
the  opposite  angles  of  A  ABC. 
^12.  ABC  is  a  triangle.      D  and  E  are  points  in  AB  and  AC,  or 
in  ^JS  and  AC  produced.     Prove  that  the  vertex  A,  and  the 
centres  of  the  circles  inscribed  in  A  s  ABC,  ADE,  are  colUnear. 
xl3.  Draw  a  straight  line  which  would  bisect  the  angle  between  "two 
straight  lines  which  are  not  parallel,  but  which  cannot  be 
produced  to  meet. 
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PROPOSITION  5.     Problem. 
To  circumscribe  a  circle  about  a  given  triangle. 
A 


Let  ABC  he  the  given  triangle  : 
it  is  required  to  circumscribe  a  circle  dboid  A  ABC. 

Bisect  AB  at  L  and  AC  at  K ;  7  10 

from  L  and  K  draw  LS  _L  AB  and  KS  ±  AC,  /.  1 1 

and  let  LS,  KS  intersect  at  S. 
Join  SA  ;  and  if  *S  be  not  in  BC,  join  SB,  SO. 

r        AL  =  BL  Const. 

In  As  ALS,  BLsA        LS  =  LS 

(  L  ALS  =  L.  BLS; 
.-.  SA  =  SB.  L  4 

Similarly,  SA  =  SC ; 
.'.  SA,  SB,  SC  are  all  equal 

With  centre  S  and  radius  SA,  describe  a  circle  ; 
this  circle  will  pass  through  the  points  A,  B,  C,  and  will  be 
circumscribed  about  the  A  ABC. 

Cor. — From  the  three  figures  it  appears  that  S,  the  centre 
of  the  circumscribed  circle,  may  occupy  three  positions : 

(1)  It  may  be  inside  the  triangle. 

(2)  It  may  be  on  one  of  the  sides. 

(3)  It  may  be  outside  the  triangle. 
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In  the  first  case,  when  S  is  inside  the  triangle,  the  l  s 
ABC,  BCA,  CAB,  being  in  segments  greater  than  a  semi- 
circle, are  each  less  than  a  right  angle  ;  ///.  31 
.'.  the  triangle  is  acute-angled. 

In  the  second  case,  when  S  is  on  one  of  the  sides  as  BO, 
L  BAC,  being  in  a  semicircle,  is  right;  ///.  31 

.'.  the  triangle  is  right-angled. 

In  the  third  case,  when  »Sis  outside  the  triangle,  L  BAG, 
being  in  a  segment  less  than  a  semicircle,  is  greater  than  a 
right  angle ;  ///.  31 

.•.  the  triangle  is  obtuse-angled. 

And  conversely,  if  the  given  triangle  be  acute-angled,  the 
centre  of  the  circumscribed  circle  will  fall  within  the 
triangle ;  if  the  triangle  be  right-angled,  the  centre  will  fall 
on  the  hypotenuse ;  if  the  triangle  be  obtuse-angled,  the 
centre  will  fall  without  the  triangle  beyond  the  side 
opposite  the  obtuse  angle. 

1.  It  is  assumed  in  the  proposition  that  the  perpendiculars  at  L  and 

A'  will  intersect.     Prove  this. 

2.  With  which  proposition  in  the  Third  Book  may  this  proposition' 

be  regarded  as  identical  ? 

3.  Give  an  easy  construction  for  circumscribing  a  circle  about  a 

right-angled  triangle. 
4  An  isosceles  triangle  has  its  vertical  angle  double  of  each  of  the 

base  angles.     Prove  that  the  diameter  of  its  circumscribed 

circle  is  equal  to  the  base  of  the  triangle. 
5.,  A  quadrilateral  has  one  pair  of  opposite  angles  supplementary. 

Show  how  to  circumscribe  a  circle  about  it. 
6.  If  a  perpendicular  SH  1  )e  drawn  from  (S"  to  BC,  it  will  bisect  BG. 
"f.  If  the  perpendicular  in  the  preceding  deduction  meet  the  circle 

below  the  base  at  D,  and  above  the  base  at  E,  prove 

(a)    z  BSD  =  L  CSD  =  l  BAC; 

{b)    L  BSE  =  L  CSE  =  L  ABC  +  z  ACB ; 

(c)  z  AHE^  /.  ABC  -   L  ACB; 

(d)  that  AD  and  AE  bisect  the    interior  and   exterior 

vertical  angles  at  A. 
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'8.  The  angle  between  the  circumscribed  radius  drawn  to  the  vertex 
of  a  triangle,  and  the  perpendicular  from  the  vertex  on  the 
opposite  side,  is  equal  to  the  difference  of  the  angles  at  the 
base  of  the  triangle. 
9.  The  centre  of  the  circle  circumscribed  about  ,an  equilateral 
triangle  is  equidistant  from  the  three  sides. 

^.  The  centre  of  the  circle  circumscribed  about  an  isosceles  triangle 
is  equidistant  from  the  equal  sides. 
When  the  inscribed   and  circumscribed   centres  of  a  triangle 
coincide,  the  triangle  is  equilateral. 

12.  When  the  straight  line  joining  the  inscribed  and  circumscribed 

centres  of  a  triangle  passes  through  one  of  the  vertices,  the 
triangle  is  isosceles. 

13.  li  H  be  the  middle  point  of  BC,  what  will  the  point  S  be  in 

reference  to  A  HKL  ? 

14.  SA,  SB,  SC  are  respectively  ±  the  sides  of  the  orthocentric 

triangle  of  A  ABC. 
45.  The  straight  line  joining  the  inscribed  centre  of  a  triangle  to 
any  vertex  bisects  the  angle  between  the  circumscribed  radius 
to  that  vertex,  and  the  perpendicular  from  that  vertex  on  the 
opposite  side. 


PROPOSITION  6.     Problem. 

To  hiscribe  a  square  in  a  given  circle. 

A 


Let  ABC  be  the  given  circle  : 
it  is  required  to  inscribe  a  square  in  ABC. 

Find  0  the  centre  of  the  Q  ABC, 


III.  1 
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and  through  0  draw  two  diameters  AC,  BD  X  each 
other  ;  /.  1 1 

join  AB,  BC,  CD,  DA.  A  BCD  is  the  required  square. 

(1)  To  prove  ABCD  equilateral. 

r         AO  =  AO 
In  As  AOB,  AOdJ  OB  =  OD 

(  z.  AOB  =  L.  AOD; 
.-.  AB  =  AD.  I,  4 

Hence  also  AB  =  BC,  BC  =  CD; 
.•.  ABCD  is  equilateral. 

(2)  To  prove  ABCD  rectangular. 

Because  ^s  ABC,  BCD,  CDA,  DAB  are  right,  being 

angles  in  semicircles  ;  111  31 
.'.  ^5Ci5  is  rectangular ; 

.-.  ABCD  is  a  square.  /.  Def.  32 

Cor.— If  the  arcs  AB,  BC,  CD,  DA  be  bisected,  the 
points  of  bisection  along  Avith  A,  B,  C,  D  wiU  form  the 
vertices  of  a  regular  octagon  inscribed  in  the  circle.  If  the 
arcs  cut  oft'  by  the  sides  of  the  octagon  be  bisected,  the 
vertices  of  a  regular  figure  of  1 6  sides  inscribed  in  the  circle 
will  be  obtained.  Repeated  bisections  will  give  regular 
figures  of  32,  64,  128,  256,  &c.  sides  inscribed  in  the 
circle.  All  these  numbers  \,  8,  16,  32,  64,  &c.  are  com- 
prised in  the  formula  2"',  where  -m  is  any  positive  integer 
greater  than  1. 

1.  Prove  that  ABCD  is  equilateral  by  using  III.  26,  29. 

2.  The  square  inscribeil  in  a  circle  is  double  of  the  square  on  the 

radius,  and  haK  of  the  square  on  the  diameter. 

3.  All  the  squares  inscribed  in  a  circle  are  equal. 

4.  If  the  ends  of  any  two  diameters  of  a  circle  be  joined  consecu- 

tively, the  figure  thus  inscribed  is  a  rectangle. 

5.  What  is  the  magnitude  of  the  ansle  at  the  centre  of  a  circle 

subtended  by  a  side  of  the  inscribed  square  ? 

6.  K  r  denote  the  radius  of  the  given  circle,  then  the  side  of  the 

inscribed  square  ■will  be  denoted  by  /'\  2. 
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PROPOSITION  7.     Problem. 

To  circumscribe  a  square  about  a  given  cirde. 

A 


gL 


E 


H 


Let  ABC  he  the  given  circle  : 
it  is  required  to  circumscribe  a  square  about  ABO. 

Find  0  the  centre  of  the  0  ABC,  III.  1 

and  through  0  draw  two  diameters  AC,  BD  J.  each 
other.  /.  11 

At  A,  B,  G,  D,  draw  EF,  FG,  GH,  HE,  tangents  to  the 
circle.  '  *  ///.  17 

EFGH  is  the  required  square. 

(1)  To  prove  EFGH  equilateral. 
Because  EF  and  GH  are  both  _L  AG, 

and  BD  is  also  ^_  AG ; 

.-.  EF,  BD,  and  GH  are  all  parallel. 
Hence  also  FG,  AC,  and  HE  are  aU  parallel; 

.•.all  the  quadrilaterals  in  the  figure  are  ||™'. 
Hence  EF  and  GH  are  each  =  BD, 
and      FG  and  HE  are  each  =  A  C. 
But  AG  =  BD: 

.-.  EF,  FG,  GH,  HE  are  all  equal. 

(2)  To  prove  EFGH  rectangular. 
Because  OE  is  a  Ij-",      .-.    L  E  =  L  ADD ; 

.*.    ^  ^  is  right. 


///.  18 

Const. 
I.  28,  Cor. 

I.  Def.  33 
/.  34 
f.  34 


7.34 
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Hence  also  Ls  F,  G,  H  are  right. 
.•.  EFGH  is  a  square. 


1. 
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It  is  assiuned  in  the  proposition  that  the  four  tangents  at  ^,  B, 
G,  D  will  form  a  closed  figure.     Prove  this. 

2.  The  square  circumscribed  about  a  circle  is  double  of  the  square 

inscribed  in  the  circle. 

3.  All  the  squares  circumscribed  about  a  circle  are  equal. 

4.  If  a  rectangle  be  circumscribed  about  a  circle,  it  must  be  a  square. 
n5.  If  tangents  be  drawn  at  the  ends  of  any  two  diameters  of  a 

circle  and  produced  to  meet,  the  figure  thus  circumscribed  is 
a  rhombus. 

6.  What  is  the  magnitude  of  the  angle  at  the  centre  of  a  circle, 

subtended  by  a  side  of  the  circumscribed  stiuare  ? 

7.  If  r  denote  the  radius  of  the  given  circle,  then  the  side  of  the 

circumscribed  square  will  be  denoted  by  2r. 


PROPOSITION  8.     Problem. 
To  inscribe  a  circle  in  a  given  square. 

A  H  D 


Let  ABCD  be  the  given  square  : 
it  is  required  to  inscribe  a  O  in,  ABCD. 

Join  A  C,  ED  intersecting  at  0  ; 
and  from  0  draw  OE,  OF,  OG,  OH  ±  the  sides  of  the 
square.  7"/ 2, 
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hi  As  BAG,  DAG, 


BA  =  DA 
AG  =  AG 
BG  =  DG; 


I.  Def.  32 
/.  Def.  32 


.♦.  L  BAG  =   L  DAG,  and  l  BGA  =  l  DGA;  I.  8 

.-.  the  diagonal  AG  bisects  l  s  BAD,  BGD. 
Hence  also,  the  diagonal  BD  bisects  l  s  ABG,  ADG. 
i  L  OEB  =   L.  OFB 
In  As  OEB,  OFB,  \  l  OBE  =  l  OBF 
(  OB  =  OB; 

.'.  OE  =  OF.  L  26 

Hence  also  OF  =  OG,  OG  =  OH; 
.-.  OE,  OF,  OG,  OH  axe  aU  equal. 

With  centre  0  and  radius  OE,  describe  a  circle  which 
will  pass  through  the  points  E,  F,  G,  H. 
Of  this  circle,  OE,  OF,  OG,  OH  will  be  radii ; 
and  since  AB,  BG,  GD,  DA  are  J_  OE,  OF,  OG,  OH,      Gonst. 
.-.  AB,    BG,    GD,    DA    will    be    tangents    to 
O  EFGH;  ■  III  16 

.-.  O  EFGH  is  inscribed  in  the  square  ABGD. 

1.  Could  0,  the  centre  of  the  inscribed  circle,  be  found  in  any  other 

way  than  by  joining  AC,  BD  ? 

2.  Show  that  a  circle  cannot  be  inscribed  in  a  rectangle  unless  it 

,  be  a  square. 

3.  Inscribe  a  circle  in  a  given  rhombus. 

4.  Enumerate  the  ||™"  in  which  circles  can  be  inscribed. 

&  If  a  denote  a  side  of  the  given  square,  then  the  ra,dius  of  the 
inscribed  circle  will  be  denoted  by  \a. 
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PEOPOSITION  9.     Problem. 
To  circumscribe  a  circle  about  a  given  square. 


Let  ABCD  be  the  given  square  : 
it  is  required  to  circumscribe  a  circle  about  ABCD. 

Join  AC,  ED  intersecting  at  0. 
LBA  =  DA 
In  As  BAG,  DAC,  \  AC  ^  AG 

( BG  =  DC;  I. 

.'.  L  BAG  =  L  DAC,  and  l  BCA  =  l  DGA, 
.'.  the  diagonal  AG  bisects  l  s  BAD,  BCD. 
Hence  also,  the  diagonal  BD  bisects  _  s  ABC,  ADC. 
Because  l  GAB  -   l  OBA,  each  being  half  a  rt.  l, 
.:  OA  =  OB. 
Hence  also  OB  =  OG,  and  OG  =  OD; 
.-.   OA,  OB,  OG,  OD  are  all  equal. 

"With  centre  0  and  radius  OA,  describe  a  circle  which 
win  pass  through  the  points  A,  B,  G,  D, 
and  .  •.  will  be  circumscribed  about  the  square  ABCD. 

1.  Show  that  a  circle  cannot  be  circumscribed  about  »  rhombus 
unless  it  be  a  square. 
^  Circumscribe  a  circle  about  a  given  rectangle. 
■^.  Enumerate  the  ||"»  about  which  circles  can  be  circumscribed.    ' 
4.  If  a  denote  a  side  of  the  given  square,  then  the  radius  of  the 
circumscribed  circle  will  be  denoted  by  ia\/2. 


I.  Def.  32 


Def.  32 
I.  8 


/.  6 
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PEOPOSITION  10.     Problem. 

To  describe  an  isosceles  triangle  having  each  0/  the  angles  at 
the  base  double  of  the  third  angle. 


Take  any  straight  line  AB, 
and  divide  it  internally  at  Cso  that  AB  •  BC  =  A  C^~.     II.  1 1 
With  centre  A  and  radius  AB,  describe  the  0  BDE, 
in  which  place  the  chord  BD  =  AG.  IV.  1 

Join  AD.  ABD  is  the  required  isosceles  triangle. 

Join   CD,  and  about  A  AGD  circumscribe  the 
0  ACD.  IV.  5 

Because  AB  •  BC  =  AC\  Const. 

=   52)2; 

.-.  BD  is  a  tangent  to  the  0  ACD. 
Because   the   chord  DC  is  drawn   from  D,  the 
contact  of  the  tangent  BD  ; 

-  BDC  =  L  A. 
Add  to  each  the  l  CD  A  ; 

L  BDA  =  L  A  +  L 
_  DBA  =  _  A  +  ^ 
But  -  DCB  =  _  ^  +  _  CDA  ; 

L  DBA  or  _  DBC  =  l  DCB; 


CDA; 
CDA. 


III.  37 

point    of 

///.  32 


/.  5 
/.  32 
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DC=DB,  1.6 

=  AC. 
.-.  L  A  =  L  CDA,  or  L  A  +  L  CDA  =  twice  l  A.     1.5 
But  L  BDA  =  L  A  +  -  CDA  ; 

.'.    L  BDA,  and  consequently  l.  DBA  —  twice  l  A. 

1.  The  A  DBC  is  equiangular  to  A  ABD. 

2.  Angle  A  =  one-fifth  of  two  right  angles. 

3.  Divide  a  right  angle  into  five  equal  parts. 

4.  The  A  CAD'h&a  one  of  its  angles  thrice  each  of  the  other  two. 

5.  On  a  given  base,  construct  an  isosceles  triangle  having  each  of 

its  base  angles  double  of  the  vertical  angle. 
,  6.  On  a  given  base,  construct  an  isosceles  triangle  having  each  of 

its  base  angles  one-third  of  the  vertical  angle. 
7.  The  small  circle  in  the  figure  to  the  proposition  must  cut  the 

large  one.     (Campanus.) 
S.  If  the  small  circle  cut  the  large  one  at  F,  and  DF  be  joined, 

DF=BD.    (Campanus.) 
9.  BD  is  a  side  of  a  regular  decagon  inscribed  in  the  large  circle. 

10.  A  C  and  CD  are  sides  of  a  regular  pentagon  inscribed  in  the 

small  circle. 

11.  The  small  circle  =  the  circle  circumscribed  about  A  ABD. 

12.  If  BF  be  joined,  BF  is  a  side  of  a  regular  pentagon  inscribed 

in  the  large  circle. 

13.  If  4 i^  and  FC  be  joined,  As  ADF,  FAC  possess  the  property 

required  in  the  proposition. 

14.  If  DC  be  produced  to  meet  the  large  circle  at  O,  and  BG  be 

joined,  BG  is  a  side  of  a  regular  pentagon  inscribed  in  the 
large  circle. 

15.  If  FG  be  joined,  FG  bisects  ^  (7  perpendicularly. 

16.  Divide  a  right  angle  into  fifteen  equal  parts. 

17.  The  square  on  a  side  of  a  regular  pentagon  inscribed  in  a  circle 

is  greater  than  the  square  on  a  side  of  the  regular  decagon 
inscribed  in  the  same  circle  by  the  square  on  the  radius. 
(EucUd,  XIII.  10.) 

18.  Show,  by  referring  to  I.  22,  that  the  large  circle  coidd  be  omitted 

from  the  figure  of  the  proposition. 

19.  Show  that  the  proposition  could  be  proved  without  describing 

the  small  circle,  by  drawing  a  perpendicular  from  D  to 
BO. 
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20.  Show  that  the  centre  of  the  circle  circumscribed  about  A  BCD 

is  the  middle  point  of  the  arc  CD. 

21.  What  is  the  magnitude  of  the  angle  at  the  centre  of  a  circle 

subtendied  by  a  side  of  the  inscribed  regular  decagon  ? 

22.  If  r  denote  the  radius  of  the  circle,  then  the  side  of  the  inscribed 

regular  decagon  will  be  denoted  by  \t\\I^  -  1). 


PROPOSITION  11.     Problem. 
To  inscribe  a  regular  pentagon  in  a  given  circle. 

A 


Let  ABC  be  the  given  circle  : 
it  is  required  to  inscribe  a  regular  pentagon  in  ABC. 

Describe  an  isosceles  A  FGH,  having  each  of  its  ls  G,  H 
double  of  L  F;  IV.  10 

in  the  O  ABC  inscribe  a  A  ACD  equiangular  to  A  FGH, 
so  that  L  sACD,  ADC  may  each  be  double  of  l  CAD.  IV.  2 
Bisect  LsACD,  ADC  by  CE,  DB ;  L  9 

and  join  AB,  BC,  DE,  EA. 

ABCDE  is  the  required  regular  pentagon. 

(1)  To  prove  the  pentagon  equilateral. 

Because  l  s  ACD,  ADC  are  each  double  of  z.  CAD,  Const. 
and  they  are  bisected  by  CE,  DB  ; 

.-.  the  five  L  s  ADB,  BDC,  CAD,  DCE,  EC  A  are  aU  equal  ; 
. • .  the  five  arcs  AB,BC,  CD,  DE,  EA  are  all  equal ;  IIL  26 
.-.  the  five  chords  AB,BC,  CD,  DE,  EA  are  aU  equal.  ///.  29 
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(2)  To  prove  the  pentagon  equiangular. 
Since  the  five  arcs  AB,  BC,  CD,  DE,  EA  are  all  equal, 
.•.  each  is  one-fifth  of  the  whole  O"* ', 
.•.  any  three  of  them  =  three-fifths  of  the  O"- 
Now  the  five  l  s  ABO,  BCD,  CDE,  DEA,  EAB  stand  each 
on  an  arc  =  three-fifths  of  the  0°^ ; 
,•.  these  five  angles  are  aU  equal.  ///.  27 

1.  How  many  diagonals  can  be  drawn  in  a  regular  pentagon  ? 

2.  Prove  that  each  diagonal  is  |1  a  side  of  the  regular  pentagon. 

3.  All  the  diagonals  of  a  regular  pentagon  are  equal 

4.  The  diagonals  of  a  regular  pentagon  cut  each  other  in  medial 

section. 

5.  The  intersections  of  the  diagonals  of  a  regular  pentagon  are  the 

vertices  of  another  regular  pentagon. 
^6.  The  intersections  of  the  alternate  sides  of  a  regular  pentagon 
are  the  vertices  of  another  regular  pentagon. 

7.  If  BE  be  joined,  show  that  there  will  be  in  the  figure  five 

pentagons,  each  of  which  is  equilateral  but  not  equiangular. 

8.  Prove  a  ^5Cless  than  one-third,  but  greater  than  one-fourth 

of  ABGDK 

9.  Prove  A  A  CD  less  than  one-half,  but  greater  than  one-third  of 

ABODE. 

10.  Use  the  twelfth   deduction  from   IV.    10,  to   obtain   another 

method  of  inscribing  a  regular  pentagon  in  a  given  circle. 

11.  What  is  the  magnitude  of  an' angle  of  a  regular  pentagon? 

12.  Knowing  the  magnitude  of  an  augle  of  a  regular  pentagon,  how 

can  we  construct  a  regular  pentagon  on  a  given  straight  line  ? 

13.  Construct  a  regular  pentagon  on  a  given  straight  line,  by  any 

other  method. 

14.  If  the  alternate  sides  of  a  regular  pentagon  be  produced  to  meel^ 

the  sum  of  the  five  angles  at  the  points  of  intersection  is 
equal  to  two  right  angles.     (Campanus.) 

15.  What  is  the  magnitude  of  the  angle  at  the  centre  of  a  circle 

subtended  by  a  side  of  the  inscribed  regular  pentagon  ? 

16.  If  r  denote  the  radius  of  the  circle,  then  the  side  of  the  inscribed 

regular  pentagon  will  be  denoted  by  ^rV  10  -  2'\/5. 


J/^ 


242  Euclid's  elements.  [Book  iv. 


PROPOSITIOX  12.     Problem. 

To  circumscribe  a  regular  pentagon  about  a  given  circle. 

F 


H  C 

Let  ABC  be  the  given  circle  : 
it  is  required  to  circumscribe  a  regular  pentagon  about  ABO. 

Find  A,  B,  C,  D,  E  the  vertices  of  a  regular  pentagon 

inscribed  in  the  circle  ;  IV.  11 

at  these  points  draw  FG,  GH,  HK,  KL,  LF  tangents  to 

the  circle.  ///.  17 

FGHKL  is  the  required  regular  pentagon. 

Find  0  the  centre  of  the  circle,  ///.  1 

and  join  OB,  OH,  00,  OK,  OD. 

(1)  To  prove  the  pentagon  equiangular. 
Because  OBHG  is  a  quadrilateral ; 
.'.  the  sum  of  its  four  ^  s  =  4  rt.   ^  s.  /.  32,  Cor.  2 

But  L  OBH  +  A  OCR      =  2  rt.  lb;  III.  18 

.■.    L  BHC  is  supplementary  to   z.  BOC. 
Hence  also,   L  CKD  is  supplementary  to  _  COD. 
JUit  since  B,  C,  D  are  consecutive  vertices  of  an  inscribed 
regular  pentagon ; 

arc  BC  =  arc  CD;  III.  28 

L  BOC  =   L  COD.  III.  27 

Hence  l.  BHC  =  l.  CKD. 
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Now  L  BUG  and  l.  CKD  are  any  two  consecutive  angles 
of  the  pentagon  ; 
.-.  all  the  angles  of  the  pentagon  are  equal. 

(2)  To  prove,  the  pentagon  equilateral. 

iBO  =  CO 
In  As  BOH,  COH,  \oH^OH 

(  BH  =  CH;  III.  17  Cor. 

.-.    L  BOH  =  L  COH;  I.  8 

.-.    L  BOCis  double  of  i.  HOC. 
Hence  also,   L  DOC  is  double  of  l  KOC. 
But  because  l  BOC  =  l  DOC,    . .-.    l  HOC  =  l  KOC 
i  L  HOC  =  L  KOC 
In  As  HOC,  KOC,  \  l  OCH  =  l  OCK  III.  18 

(  OC =  OC; 

.-.  HC=KC;  I.  26 

.-.  ZTA' is  double  of  i7(7. 
Similarly,  GH  is  double  of  HB. 
But  since  HB  =  HC,     .\  GH  =  HK. 
Now  GH  and  HK  are  any  two  consecutive  sides  of  the 
f^ntagon ; 
• .  aU  the  sides  of  the  pentagon  are  equal. 

1.  It  is   assumed  in  the   proposition  that  the  five  tangents   at 

A,  B,  C,  D,  E  will  form  a  closed  figure.     Prove  this. 

2.  Prove  that  the  regular  pentagon  circumscribed  about  a  circle 

might  be  9btained  thus  :  Inscribe  a  regidar  pentagon  ABODE 

in  the  circle;  bisect  the  arcs  AB,  BC,  CD,  DE,  EA,  and  at 

the  points  of  bisection  draw  parallels  to  the  sides  of  the 

inscribed  pentagon. 
:>.  ^Vhat  is  the  magnitude  of  the  angle  at  the  centre  of  a  circle 

subtended  by  a  side  of  the  circumscribed  regidar  jientagon  ? 
^  If  any  regular  polygon  be  inscribed  in  a  circle,  tangents  at  its 

vertices  will  form  another  regular  polygon  of  the  same  number 

of  sides  circumscribed  about  the  circle. 
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PROPOSITION  13.     Problem. 

To  inscribe  a  circle  in  a  given  regular  pentagon. 

A 


C  G  D 

Let  ABODE  be  tlie  given  regular  pentagon : 
it  is  required  to  inscribe  a  circle  in  ABODE. 

Bisect  L  s  BOD,  ODE  by  00,  DO  intersecting  at  0;     1.9 
join  OB,  and  draw  OF,  00  ±  BO,  OD.  I.  12 

i         BO  =  DO  Hyp. 

In  As  BOO,  DOO,  ]  00  =  00 

i  L  BOO  =  ^  DOO;  Const 

.-.    I.  OBO  =  L  ODO.  I.  A 

But  L  ODO  is  half  of  tlie  angle  of  a  regular  pentagon ;  Oonst. 
.'.    L  OBO  is  half  of  the  angle  of  a  regular  pentagon ; 
.-.  05  bisects  l  OBA. 

Hence  also,  OA  would  bisect  z.  BAE,  and  OE,  L  AED. 
(  L  OFO  =  I.  OGO 
In  As  OFO,  OGO,  j  z.  OOF  =  l  000  Const. 

(         00  =  00; 
.-.  OF  ^  00.  I.  26 

jSTow  since  0  is  the  point  where  the  bisectors  of  all  the 
angles  of  the  pentagon  meet,  and  OF,  00  are  perpendiculars 
on  any  two  consecutive  sides ; 

.*.  the  perpendicidars  from  0  on  all  the  sides  are  equal. 
Hence  the  circle  described  with  0  as  centre  and  OF  as 
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radius,  will  pass  through  the  feet  of  all  the  perpendiculars 

from  O  ; 

and  will  touch  AB,  BC,  CD,  DE,  EA.  III.  16 

1.  Find  the  centre  aud  radius  of  the  circle  inscribed  in  a  regular 
pentagon  by  means  of  a  square.  (A  set  square  or  T  square 
is  meant.) 

Sk  The  area  of  a  regular  pentagon  is  eqiial  to  the  rectangle  con- 
tained by  its  semi-perimeter  and  the  radius  of  the  inscribed 
circle. 

PROPOSITION  U.     Problem, 

To  circumscribe  a  circle  about  a  given  regular  pentagon. 
A 


c^--^ ^B 

Let  ABODE  be  the  given  regular  pentagon  : 
it  is  required  to  circumscribe  a  circle  about  ABODE. 

Bisect  L  s  BOD,  ODE  by  00,  DO  intersecting  at  0;  1.9 
and  join  OB,  OA,  OE. 

OB,  OA,  0^  bisect  the  z.s  OB  A,  BAE,  AED.  IV.  13 
Because  /.  00 D  =  l  ODO,  each  being  half  of  the  angle 
of  a  regular  pentagon ; 

.-.  00=  OD.  I.  6 

Hence  also,  OD  =  OE,  OE  =  OA,  OA  =  OB; 

.'.  the  circle  described  with  0  as  centre  and  OA  as  radius, 
will  pass  through  A,  B,  O,  D,  E, 
and  will  be  circumscribed  about  the  pentagon  ABODE. 

1'.  Find  the  centre  and  radius  of  the  circle  circumscribed  about  a 
regular  pentagon  by  means  of  a  square. 
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2.  The  square  on  the  diameter  of  the  circle  circumscribed  %bout  a 

regular  pentagon  =  the  square  on  one  of  the  sides  of  the 
pentagon  together  with  the  square  on  the  diameter  of  the 
inscribed  circle. 

3.  If  a  denote  a  side  of  the  given  regular  pentagon,  then   the 

radius  of  the  circumscribed  circle  will  be  denoted  by 
^aVsO  +  10  V  5. 


PROPOSITION  15.    Problem. 
To  inscribe  a  regular  hexagon  in  a  given  circle. 


c 

Let  ABC  be  the  given  circle  : 
it  is  required  to  inscribe  a  regular  hexagon  in  ABC. 

Find  0  the  centre  of  the  circle,  ///.  1 

and  draw  a  diameter  AOD. 

With  Qentre  D  and  radius  DO,  describe  the  O  EOC ; 
join  EO,  CO,  and  produce  them  to  B  and  F. 
Join  AB,  BC,  CD,  DE,  EF,  FA. 

ABCDEF  is  the  required  regular  hexagon. 

(1)  To  prove  the  hexagon  equilateral. 

As  DOE,  DOC  are  equilateral ;  I.  1 

.-.    /.  s  DOE,  DOC  axe  each  one-third  of  two  rt.  z.  s.  /.  32 

But  L  DOE  +  L  DOC  +  L  COB  =  two  rt.   ^  s;  /.  13 

.•.    L.  COB  =  one-third  of  two  rt.  ^s. 

Hence  ^s  BOA,  AOF,  FOE  are  each'=  one-third  of  two 

rt.  ^a;  /.  15 
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.♦.  the  six  ^s  AOB,  BOC,  COB,  DOE,  EOF,  FOA  are 
all  equal ; 

.-.  the  six  arcs  AB,  BC,  CD,  DE,  EF,  FA  are  all 
equal;  ,111.  26 

.  •.  the  six  chords  AB,  BC,  CD,  DE,  EF,  FA  are  all 
equal.  ///.  29 

(2)  To  prove  the  hexagon  equiangular. 
Since  the  six  arcs  AB,  BC,  CD,  DE,  EF,  FA  are  all  equal, 

.*.  each  is  one-sixth  of  the  whole  0°^; 

,*.  any  four  of  them  =  four-sixths  of  the  whole  O"'. 
Now  the  six  l  s  FAB,  ABC,  BCD,  CDE,  DEE,  EFA  stand 
each  on  an  arc  =  four-sixths  of  the  O'* ', 

.-.  these  six  angles  are  all  equal.  ///.  27 

Cor. — The  side  of  a  regular  hexagon  inscrihed  in  a  circle 
is  equal  to  the  radius. 

1.  If  the  points  A,  C,  E  be  joined,  A  ACE  is  equilateral, 

2.  The  area  of  an  inscribed  equilateral  triangle  is  half  that  of  a 

regular  hexagon  inscribed  in  the  same  circle. 

3.  Construct  a  regular  hexagon  on  a  given  straight  line. 

4  The  area  of  an  equilateral  triangle  described  on  a  given  straight 
line  is  one-sixth  of  the  area  of  a  regular  hexagon  described 
on  the  same  straight  line. 

5.  The  opposite  sides  of  a  regular  hexagon  are  parallel. 

6.  The  straight  lines  which  join  the  opposite  vertices  of  a  regular 

hexagon  are  concurrent,  and  are  each  |1  one  of  the  sides. 

7.  How  many  diagonals  can  be  drawn  in  a  regular  hexagon  ? 

8.  Prove  that  six  of  them  are  parallel  in  pairs. 

9.  The  area  of  a  regular  hexagon  inscribed  in  a  circle  is  half  of  tho 

area  of  an  equilateral  triangle  circumscribed  about  the  circle. 
10.  The  square  on  a  side  of  an  inscribed  regular  hexagon  is  one-third 

of  the  square  on  a  side  of  the  equilateral  triangle  inscribed 

in  the  same  circle. 
IL  What  is  the  magnitude  of  the  angle  at  the  centre  of  a  circle 

subtended  by  a  side  of  an  inscribed  regular  hexagon  ? 
12.  Give    the    constructions   for    inscribing  a   circle  in   a   regular 

hexagon ;  and  for  circumscribing  a  regular  hexagon  about  a 

circle,  and  a  circle  about  a  regular  hexagon. 
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PROPOSITION  16.     Problem. 
To  inscribe  a  regular  quindecagon  in  a  given  circC9^ 
A 


E 

Let  ABO  be  the  given  circle : 
it  is  required  to  inscribe  a  regular  quindecagon  in  ABC. 

Find  AC  K  side  of  an  equilateral  triangle  inscribed  in  the 
circle ;  /F.  2 

and  find  AB,  BE  two  consecutive  sides  of  a  regular  penta- 
gon inscribed  in  the  circle.  IV.  \\ 

Then  arc  ABE  =  |  of  the  O"*, 
and         arc     .4  C  =  ^  of  the  O"^ ; 

arc     CE  =  {^  -  |),  or  ^,  of  the  0*='. 
Hence,  if  CE  be  joined,  CE  will  be  a  side  of  a  regular 
quindecagon  inscribed  in  the  O  ABC. 
Place  consecutively  in  the  O""  chords  equal  to  CE ;     IV.  1 
then  a  regular  quindecagon  will  be  inscribed  in  the  circle. 

1.  How  could  the '  regular  quindecagon  be  obtained,  if,  besides  A  G, 

a  side  of  an  equilateral"  triangle,  only  one   side  ^5  of  the 
regular  pentagon  be  drawn  ? 

2.  How  could  the  regular  quindecagon  be  obtained  by  making  us© 

of  the  sides  of  the  regular  inscribed  hexagon  and  decagoo  ? 
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A  In  a  given  circle  inscribe  a  triangle  whose  angles  are  as  thfe 
numbers  2,  5,  8  ;  and  anotlier  whose  angles  are  as  the  numbers 
4,5,6. 

4  Give  the  constructions  for  inscribing  a  circle  in  a  regular  quin- 
decagon  ;  and  for  circumscribing  a  regular  quindecagon  about 
a  circle,  and  a  circle  about  a  regular  quindecagon. 

5.  How  many  <liagonals  can  be  drawn  in  a  regular  quindecagon  ? 

6.  Show  that  if  a  polygon  have  n  sides,  it  will  have   \n(n  -  3) 

diagonals. 

7.  Show  that  the  centres  of  the  circles  inscribed  in,  and  circum- 

scribed about,  any  regular  figure  coincide,  and  are  obtained 
by  bisecting  any  two  consecutive  angles  of  the  figure. 

Note  1. — The  regular  polygons  of  3,  4,  5,  and  15  sides,  and  such 
as  may  be  derived  from  them  by  continued  arcual  bisection,  were, 
till  the  time  of  Gauss,  the  only  ones  discovered  by  the  ancient 
Greek,  and  known  to  the  modern  European,  geometers  to  be 
inscriptible  in  a  circle  b3'  the  methods  of  elementary  geometry. 
Gauss,  in  1796,  found  that  a  regular  polj-gon  of  17  sides  was 
inscriptible,  and  in  his  Disquisitiones  Arithmeticce,  published  in  1801, 
he  showed  that  any  regular  polygon  was  inscriptible,  provided  the 
number  of  its  sides  was  a  prime  number,  and  expressible  by  2"  +  1. 
(A  good  account  of  Gauss  and  his  works  is  given  in  Nature,  vol.  xv. 
pp.  533-537.) 

Note  2. — The  polygons  of  which  Euclid  treats  are  all  of  one 
kind,  namely,  convex  i)olyg(jns,  that  is  to  say,  polygons  each  of 
whose  angles  is  less  than  two  right  angles.  There  are  others, 
however,  called  re-entrant,  and  inlersectant  (or  concave,  and  crossed), 
such  as  A  BCD  in  the  accompanying  figures.    The  reader  will  find 


it  instructive  to  inquire  how  far  the  properties  of  convex  polygons 
(for  example,  quadrilaterals)  are  true  for  the  others.  Among  the 
intersectant  polygons  there  is  a  class  called  stellate  or  star,  which 


250 


EUCLID  8   ELEMENTS. 


[Book  IV. 


are  obtained  thus:  Suppose  A,  B,  G,  D,  E  (see  fig.  to  IV.  11)  t* 
be  five  points  in  order  on  the  o  "^  of  a  circle.  Join  A  C,  CE,  EB, 
BD,  DA  ;  then  AGEBD  is  a  star  pentagon.  If  the  arcs  AB,  BC, 
&c.  are  all  equal,  the  star  pentagon  A  CEBD  is,  regular.  Similarly, 
if  1,  2,  3,  4,  5,  6,  7,  8,  9,  10  denote  the  vertices  of  a  regular  decagon 
inscribed  in  a  circle,  the  regidar  star  decagon  (there  can  be  only 
one)  is  got  by  joining  consecutively  1,  4,  7,  10,  3,  6,  9,  2,  5,  8,  1. 
It  will  be  found  that  if  a  regular  polygon  have  n  sides,  the  number 
of  regular  star  polygons  that  may  be  derived  from  it  is  equal 
to  the  number  of  integers  prime  to  n  contained  in  the  series 
2,  3,  4,  ...  ^{n  -  1).  (For  more  information  on  the  subject  of  star 
polygons,  see  Cbasles,  Aper^u  Historique  sur  VOriyine  et  le  Devel- 
oppeinent  des  Methodes  en  Geometrk,  sec.  §d.  pp.  476-487,  and  Georg«6 
Dostor,  Theorie  Generale  des  Polygenes  Etoiles,  1880.) 
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Proposition  1. 
To  describe  a  circle  which  shall  touch  three  given  straight  lines. 

(1)  If  the  three  straight  lines  be  so  situated  that  every  two  are 
parallel,  the  solution  is  impossible. 

(2)  If  they  be  so  situated  that  only  two  are  parallel^  there  can  be 
two  solutions,  as  will  appear  from  the  following  figure  : 


L  F\        Li  D 

Let  AB,  CD,  EF  be  the  three  straight  lines  of  which  AB  is  |i  CT'. 
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Bisect  L  s  AEF,  CFE  by  EI  and  FI,  which  meet  at  /;  /.  Jf 

from  /  draw  IH,  IK,  IL  respectively  L  AB,  EF,  CD.  I.  12 

Then  A  s  lEH,  lEK  are  equal  in  all  respects  j  /.  26 

.-.  IH  =  IK. 
SimHarly,  IK  =  IL  ;  7.26 

.■.JH  =  IK  =  IL. 
Now  since  is  a,t  H,  K,  L  are  right, 

.-.  the  circle  described  with  /  as  centre  and  ///  as  radius  will 
touoli  AB,  EF,  CD.  III.  m 

A  similar  construction  on  the  other  side  of  EF  will  give  another 
circle  touching  the  three  given  straight  lines. 

(3)  If  they  oe  so  situated  that  no  two  are  parallel,  then  they  will 
ei'tner  all  pass  through  the  same  point,  in  which  case  the  solution 
is  "mpossibie ;  or  they  will  form  a  triangle  with  its  sides  produced, 
<n  which  case  four  solutions  are  possible, 


I^t  AB,  BC,  CA  produced  be  the  three  given  straight  lines 
v'orming  by  their  intersection  the  A  ABC. 

If  the  interior  La  B  and  C  be  bisected,  the  bisectors  will  meet 
.lb  some  point  /,  which  is  the  centre  of  the  circle  inscribed  in  the 
triangle,  as  may  be  proved  by  "drawing  perpendiculars  ID,  IE,  IF 
io  the  sides  BC,  CA,  AB  oi  the  triangle.  /Fl  4 

I£  the  exterior  angles  at  B  and  C  be  bisecied  by  5/,,  GIi  woJoh 
Q 
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meet  at  /j,  and  perpendiculars  I\Di,  I\E^,  I^Fi  be  drawn  to  the 
sides  BC,  and  AC,  AB  produced, 

it  may  be  proved  that  JiD-^,  IiE^,  IiF^  are  all  equal,  and 
.•.  that  /j  is  the  centre  of  a  circle  touching  BC,  and  AC,  AB  pro- 
duced. 

Hence  also,  /j,  the  point  of  intersection  of  the  bisectors  of  the 
exterior  angles  at  C  and  A,  wdl  be  the  centre  of  a  circle  touching 
GA,  and  BA,  BC  produced;  I^,  the  point  of  interseo*^ion  of  the 
bisectors  of  the  exterior  angles  at  A  and  B,  will  be  the  centre  of  a 
circle  touching  AB,  and  CB,  CA  produced. 

Cor. — The  following  sets  of  points  are  coUinear  : 
A,  I,  /j ;  B,  I,  L  ;  C,I,  h  ;  h,  ^,Iz->  h,  B,  h ;  h,  C,  I^. 

In  other  words,  the  six  bisectors  of  the  interior  ar?''  exterior  angles 
at  A,  B,  C  meet  three  and  three  in  four  points,  /,  ij,  /j^  ^i,  which  are 
the  centres  of  the  four  circles  touching  the  three  given  straight  hues. 
Or,  the  six  straight  lines  joining  two  and  two  the  centres  of  the 
four  circles  which  touch  AB,  BC,  CA,  pass  each  through  a  vertex  of 
the  A  ABC. 

The  circles  whose  centres  are  Jj,  /j,  I^  are  called  escribed  or 
exscribed  circles  of  the  A  ABC,  an  expression  which,  in  its  French 
form  {ex-inscrit),  is  said  to  be  due  to  Simcii  Lhuilier.  See  his 
ilSmens  d^ Analyse  Geometriqiie  et  d! Analyse  Algehrique  (1809),  n.  198, 
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It  is  usual  to  denote  the  radius  of  the  circle  inscribed  in  a  triangle 
by  r,  the  radii  of  the  three  escribed  circles  by  7'i,  rj,  rs,  and  the 
radius  of  the  circumscribed  circle  by  B. 


the  medioscribed  circle. 

Proposition  2. 

7%e  circle  which  passes  through  the  middle  points  of  the  sides  of  a 
triangle  passes  also  through  the  feet  of  the  perpendiculars  from 
the  vertices  to  the  opposite  sides,  and  bisects  the  segments  of  ie-, 
perpendiculars  between  the  orthocentre  and  the  vertices. 


B  H  X  C 

Let  ABC  be  a  triangle  ;  H,  K,  L  the  middle  points  of  its  sides  ; 
^,  y,  ^  the  feet  of  its  perpendiculars  ;    U,  V,  IT  the  middle  points 
of  AO,  BO,  CO  : 
it  is  required  to  j)rove  that  one  circle  loill  jmss  through  these  nine  points. 

Join  HK,  HL,  HU,  HV,  HW,  KU,KV,UV,UW,  WL,  UL. 
In  :\ABO,LU\s.  \\  BO,  and  in  A  C^O,  ^  IF  is  ||  BO;    A  pp.  I.  1 

.-.  LUisW  HW.  I.  30 

Similarly,  in  A  s  A BC,  A OC,     LH  and  U  W  are  \\  AC ;      App.  I.  1 

.-.  i//U'f7isar. 
But  since  BO  ia  ±  AO,    .'.  L  U,  HW  are  j.  LH,  UW; 

.".  LH  WU  is  a  rectangle. 

/.  the  four  points  H,  W,  U,  L  lie  on  the  circle  described  with  HU 
or  L  W  as  diameter.  ///.  31 

Similarly,  HK,  U V  are  H  AB,    and  HV,  KU  \\  CO ;  App.  I.  l 

and  since  AB  is  ±  CO,     .-.  HKUV  is  a  rectangle. 

.'.  the  four  points  H,  K,  U,   V  lie  on  the  circle  described  with  HU 
ox  KV  as  diameter.  ///.  31 
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H  X  C 

H«Dce  the  six  points  H,  K,  L,  U,  V,  W  lie  on  the  same  circle,  and 
HU,  K  V,  L  W  are  diameters  of  it. 
But  since  the  angles  at  X,  Y,  Z  are  right ; 
.•.  X  lies  on  the  circle  whose  diameter  is  HU, 
Y  „  ..  KV, 

Z  ..  ..  LW;  III.  31 

.'.  the  nine  specified  points  are  concyclic. 

Cor.  1. — Since  HU,  KV,  I  W  are  diameters  of  the  same  circle, 
their  common  point  of  intersecti  .fi  M  is  the  centre. 

CoE.  2. — M  is  midway  between  the  orthocentre  and  the  circum- 
scribed centre. 

Let  S  be  the  circumscribed  centre,  and  SH  be  joined. 

Then  SH  is  x  BC  {III.  3) ;     and  .  • .  ||  0  U. 
But  SH  =  OU  (App.  I.  5,  Cor.) ;     .-.  SHOU  is  a  \r  ; 
.'.  the  diagonal  SO  bisects  HU,  that  is,  passes  through  M,  and  is 
itself  bisected  at  M. 

CoE.  3. — The  medioscribed  diameter  =  the  circimiscribed  radius. 

For  SHUA  is  a  r  ;  and  .-.  HU  =  SA. 

Cor.  4, — as  ABC,  A  OB,  BOG,  CO  A  have  the  same  medioscribed 
circle. 

Since  the  medioscribed  circle  of  A  ABCipasaea  through  U,  L,  V, 
the  middle  points  of  the  sides  of  A  AOB,  and  since  a  circle  is 
determined  by  three  points;  .".  the  medioscribed  circle  of  A  ABO 
must  also  be  the  medioscribed  circle  of  A  .4  OB.  Similarly  for  the 
other  triangles. 

Cor.  5. — By  reference  to  Cor.  3,  it  will  be  seen  that  the  circles 
circumscribed  about  as  ABC,  AOB,  BOC,  CO  A  must  be  equaL 
(Carnot,  G6ometrie  de  Position,  1803,  §  130.) 
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Cor.  6. — The  medioscribed  circle  of  A  ABC  is  also  the  medio- 
scribed  circle  of  an  iutinite  series  of  triangles. 

For  H,  K,  L,  the  middle  points  of  the  sides  of  A  ABC,  may  1  it- 
taken  as  the  feet  of  the  perpendiculars  of  another  A  A'B'C ;  the 
middle  points  of  the  sides  of  A  A'B'C  may  be  taken  as  the  feet  of 
the  perpendiculars  of  a  A  A"B"C"  ;  and  so  on. 

Or.  instead  of  the  median  A  HKL,  as  XKL,  YLII,  ZHK  may 
be  taken  as  median  triangles,  and  the  triangles  formed  of  which  they 
are  the  median  triangles  ;  and  so  on. 

[The  circle  HKL  is  generally  called  the  nine-point  circle  of  A  ABC, 
a  name  given  by  Terquem,  '  le  cercle  des  neuf  points.'  Following, 
however,  the  suggestion  of  an  Italian  geometer,  Marsano,  who  calls 
it'll  circolo  medioscritto,'  I  have  adopted  the  name  medioscribed. 
The  property  that  one  circle  does  pass  through  these  nine  points 
was  first  published  in  Gergonne's  Annales  de  Mathematiques,  vol.  xi. 
p.  215  (1821),  in  an  article  by  Brianehon  and  Poncelet.  See  this 
reference,  or  Poncelet's  Applications  d' Analyse  et  de  Geoinetrie, 
vol.  ii.  p.  512.  It  is  probable  that  K.  W.  Feuerbach  of  Erlangen, 
and  T.  S.  Davies  of  Woolwich,  also  discovered  the  property  inde- 
pendently, though  they  were  later  in  publication.  See  Feuerbach's 
Eigenschaften  einiger  merkxcilrdigen  Punktedes  geradlinigen  Dreiechs 
(1822),  and  a  paper  by  Davies  on  'Symmetrical  Properties  of 
Plane  Triangles,'  in  the  PhUosojihical  Magazine  for  July  1827. 
For  other  proofs,  see  Rev.  Joseph  \\'olstenholme  in  Quarterly 
Journal  of  Pare  and  Applied  Alathematics,  vol.  ii.  pp.  138,  139  (1858)  ; 
VV.  H.  Besant  in  the  Messenger  of  Mathematics  (old  series),  vol.  iii. 
pp.  222,  22.3  (18(;6) ;  William  Godward  in  the  Mathematical  Eepriut 
from  the  Educational  Times,  vol.  \'ii.  p.  86  (1867) ;  Desboves' 
Questions  de  Geometrie  Elementaire,  2enie  ^d.  p.  146  (1875) ;  and 
Casey's  Elements  of  Euclid,  p.  153  (1882). 

The  proof  in  the  text  was  given  by  T.  T.  Wilkinson  of  Burnley 
in  the  Ladifs  and  Gentleman's  Diary  for  1855,  p.  67. 

It  may  be  mentioned  that  it  was  discovered  by  Feuerbach  (see 
his  Eigenschaften,  &c.  §  57)  that  the  medioscribed  circle  touches  the 
inscribed  and  escribed  circles  of  A  ABC.  The  proofs  that  liave 
been  given  of  this  theorem  by  elementary  geometry  are  rather 
complicated  :  see  Lady's  and  Gentleman's  Diary  for  1854,  p.  56  ; 
Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  iv.  (1861), 
p.  245,  and  vol.  v.  (1862),  p.  270;  Baltzer,  Die  Elemente  der 
Mathematik,  vol.  ii.  pp.  92,  93.     It  is  also  proved  by  J.  J.  Robinson 


2B6  Euclid's  elements.  [Book  iV. 

in  the  Lady's  and  Oentleman'e  Diary  for  1857  (and  it  seema  to  have 
been  first  noted  by  T.  T.  WUkinson),  that  the  medioscribed  circle 
touches  an  infinite  series  of  circles.] 


DEDtTCTIONS. 

1.  Every  equilateral  figure  inscribed  in  a  circle  is  equiangular. 

2.  In  a  given  circle  inscribe  (a)  three,  (h)  four,  (c)  five,  (d)  six  equal 

circles  touching  each  other  and  the  given  circle. 

3.  The  perpendicular  from  the  vertex  to  the  base  of  an  equilateral 

triangle  =  the  side  of  an  equilateral  triangle  inscribed  in  a 
circle  whose  diameter  is  the  base. 

4.  The  area  of  an  inscribed  regular  hexagon  =  three-fourths  of  the 

area  of  the  regular  hexagon  circumscribed  about  the  same  circle. 

5.  Inscribe  a  regular  hexagon  in  a  given  equilateral  triangle,  and 

compare  its  area  with  that  of  the  triangle. 

6.  Inscribe  a  regular  dodecagon  in  a  given  circle,  and  prove  that  its 

area  =  that  of  a  square  described  on  the  side  of  an  equilateral 
triangle  inscribed  in  the  same  circle. 

7.  Construct  a  regular  octagon  on  a  given  straight  line. 

8.  A  regular  octagon  inscribed  in  a  circle  =  the  rectangle  contained 

by  the  sides  of  the  inscribed  and  circumscribed  squares. 

9.  The  following  construction  is  given  by  Ptolemy  (about  130  a.d.) 

in  the  first  book  of  his  Almagest,  for  inscribing  a  regular 
pentagon  and  decagon  in  a  circle  :  Draw  any  diameter  AB, 
and  from  C  the  centre  draw  CD  A.  AB,  meeting  the  O  "=*  at 
D ;  bisect  AC  at  E,  and  join  ED.  From  EB  cut  off  EF  = 
ED,  and  join  DF.  CF  will  be  a  side  of  the  inscribed  regular 
decagon,  and  DF  a  side  of  the  inscribed  regular  pentagon. 
Prove  this. 

10.  A  ribbon  or  strip  of  paper  whose  edges  are  parallel,  is  folded  up 

into  a  flat  knot  of  five  edges.  Prove  that  the  sides  of  the 
knot  form  a  regular  pentagon. 

11.  Construct  a  regular  decagon  on  a  given  straight  line. 

12.  In  a  given  square  inscribe  an  equilateral  triangle  one  of  whose 

vertices  may  be  (a)  on  the  middle  of  a  side,  (b)  on  one  of  the 
angular  points,  of  the  square. 
Construct  a  triangle  having  given 

13.  The  inscribed  circle,  and  an  escribed  circle. 
14  Two  escribed  circles. 

15.  Any  three  of  the  centres  of  the  four  contact  circles. 
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16.  The  base,  the  vertical  angle,  and  the  inscribed  radius. 

17.  The  perimeter,  the  vertical  angle,  and  the  inscribed  radius. 

18.  The  base,  the  sum  or  difference  of  the  other  two  sides,  and  the 

inscribed  radius. 

19.  Prove  the  following  properties  with  respect  to  A  ABC  (see  fig. 

on  p.  251): 

(1)  s  =  AE^  =  AFi  =  BDi  =  BFi  =  GD^  =  GE^ 

is-a=  AE  =  AF  =  BD-^  =  BF^  =  CD.  =  CE... 
s-b  =  AEs  =  AF3  =  BD  =  BF  =  CDi  =  CEy. 
s-c  =  AE.  =  AF.2  =  BD^  =  BF^  =  CD  =  CE. 
(a  =  EEi  =  Et^3  =  FFi  ^  Fs^F^. 
y^,^         b  =  DD.  =  A  A  =  FF^  =  FiFs. 
{         c  =  DD3  =  DiD^  =  EE3  =  .^1^2- 

ia  +  b=  F^F^.  (a~b  =  FF3. 

b  +  c=  D.D3.  {5)}b  -  c  =  DDy. 

c  +  a^  E^Es.  (c  -  a  ^  EE^ 

{6)  a  +  b  +  c  =  AE  +  AE^  +  AE^  +  AE^ 

=  AF+  AF^    +  AF^  +  AF^ 
=  BD  +  BDi  +  BDi  +  BD3 

=  BF    +  BFi     +  BF«  +    BF^ 
=   CD  +  CDi  +  CD.,  +  CZ>3 

=  CE   +    GEi    +  CE.i  +  CE3. 
(7)  a^  +  b'^  +  c^  =  AE-'  +  AE{'  +  AE-i^  +  AE-i^ 

=  AF-^  +  AF;^    +  AFi^  +  AF^^ 
=  BD'  +  BDi'  +  BD.2^  +  BDi 

=  BF-i  +  BF^^  +  BF.^  +  BFi" 
^CD"  +  CD^'  +  CA'  +  CDi 

=  CE--"  +  CE{'   +  CE.'  +  CEz^ 
(      AI^  +  AI,^  +  AI^'  +  AL^  \      o  ,  •>  ^  ,-.  ^   •.,  ^ 

U  C/^  +  CVr    +  CI^   +    C/3-^  )      .i,s^rr+n^  +  r^). 
I       AD^  +  ADi'  +  AD.2'  +  AD^^  ) 
(9)  }  +  BE'  +  BE{^  +  BE.,'  +  BE^  }  =  5(a'  +  b^  +  c^).* 
(  +  CF-'  +  CFi'  +  CFn'  +  CFi'  ) 

*  The  last  four  sets  of  expressions  may  be  written  more  shortly  by 
using  the  Greek  letter  3  (sigma)  as  equivalent  to  '  the  sum  of  all  such 
terms  as.'  Thus  (6)  would  bea+6  +  c=2  (AE)  =  2  (AF)  =  &c. 
(9)  would  be  2  (AD^}  +  2  (BE"-)  +  2  (CF'^)  =  5  (a^  +  62  +  c^).  This 
property  is  due  to  W.  H.  Levy ;  see  Lady's  and  Oentleman's  Diary  for 
1852,  p.  71. 
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(10)  Triangles  mutually  equiangular  in  sets  of  four  are  : 

AIE,  AI,E„  AhE.„  AI-iE-i ;  BIF,  BI,F„  BLF.„  BL^F^ ; 
CID,   CI^Di,  cLd,,  CI3D3. 

(11)  Mention  other  twelve  triangles  which  are  mutually  etjui- 

angular  in  sets  of  four. 

(12)  Triangles  mutually  equiangular  in  sets  of  three  are  : 

A  IB,  ACI„  I..CB  ;  BIcCbAI,,  LfAC  ;  CIA,  CBI^,  hBA. 

(13)  Triangles  mutually  equiangular  in  sets  of  four  are  : 

/i£/o,   I^CI,,   IBh,  ICL-y    I-iC'h,   liAI^,   ICh,    IAI31 
lo^Al].    I,BL,  IaL,   IBIj. 
114)  Express  in  terms  of  is  A,  B,  C, 

(a)  The  angles  of  as  /i/s/,,  DEF ;  hBC.  I.CA,  I3AB ; 

AEF,  BED,  CDE. 
(6)  „  subtended  by  AB,  BC,  CA  at  I,  h,  h,  h. 

(c)  ..  ..  BE,EF,FD;hh,hI^,hh\ 

hD,  hE,  I-iF  at  /. 
.,  \  D  and  I^i  are  equidistant  from  the  middle  point  of  BG ; 
so  are  D^  and  Z>3.    Similar  relations  hold  for  the  E  points 
and  the  ^  points. 

20.  Of  tne  four  points  /,  /j,  /o,  /?,,  any  one  is  the  orthocentre  of  the 

triangle  formed  by  joining  the  other  three,  and  in  each  case 
A  BC  is  the  orthocentric  triangle. 

21.  The  orthocentre  and  vertices   of  a  triangle  are  the  inscribed 

and  escribed  centres  of  its  orthocentric  triangle.  Verify  in 
the  four  cases. 

22.  Six  straight  rines  join  the  itiscribed  and  escribed  centres  ;   the 

circles  described  on  these  as  diameters  pass  each  through  two 
vertices  of  the  triangle,  and  the  centres  of  these  six  circles 
lie  on  the  O*^^  ot  the  circle  circumscribed  about  the  triangle. 

2.3.  Prove  the  second  part  of  the  last  deduction  without  assuming 
the  property  of  the  medioscribed  circle. 

24.  Prove  the  following  properties  (see  fig.  on  p.  251)  : 

(1)  The  radii  I^D^,  I„E„,  i\^F^  aiv>  concurrent  at  S^ ;  ID,  I^E-^, 

I^F„  at  Ji ;  I3D.I  IE,  hF^  at  A ;  I.,D„,  I^Ei,  IF  a,t  Cj. 

(2)  The   figures  A^I^S^h,  ^i/j-iVs'  CiI^S^I^  are   rhombi  and 

AiI^BiI^CiI.,  is  an  equilattvfal  hexagon  whose  opposite 
sides  are  parallel. 
(8)   As  AiB^Gi,  /1/0/3  are  congrue-t,  and  their  corresponding 
sides  are  parallel. 
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(4)  The  points  Si,  A^,  Bi,  C^,  are  the  circiim«cribed  centres  of 

AS  A/0/3,  ITJ„II,JuIhh- 

(5)  The  figures  ^j/fij/g,  BJCJi,  CiIA^I„  are  rhonibi,  and  /is 

the  ciminiscribed  centre  of  a  A^BiCi. 

(6)  The  circumscribed  circle  of   A   ABC  is  the  medioscribed 

circle  of  as  /JJ^,  IIJ^,  IIJ^,  IIJ„;  A^Bfi^,  SyB^Gu 
SiCiAi,  SiA^Bi  ;  and  its  centre  is  the  middle  point  of  ISi. 
[See  Davies'  Symmetrical  Properties,  &c.  qiioted  on  p.  255.] 

25.  The  area  of  a  ABO  =  rs  —  r-y(s  -  a)  =  r^  (s  -  b)  =  r^  (s  -  c). 

26.  Tlie  bisector  of  the  vertical  angle  of  a  triangle  cuts  the  O"  of 

the  circumscribed  circle  at  a  point  which  is  equidistant  from 
the  ends  of  the  base  and  from  the  centre  of  the  inscribed 
circle. 

27.  The  diameter  of  the  circle  inscribed  in  a  right-angled  triangle 

together  with  tlie  hypotenuse  =  the  sum  of  the  other  two  sides. 

28.  The  rectangle  under  the  two  segments  of  the  hypotenuse  of  a 

right-angled  triangle  made  by  the  point  of  contact  of  the 
inscribed  circle  =  the  area  of  the  triangle. 

29.  Twice    the    circumscribed    diameter  =  the   sum  of  the   three 

escribed  radii  diminished  by  the  inscribed  radius. 

30.  The  sum  of  the  distances  of  the  circumscribed  centre  from  the 

sides  of  a  triangle  =  the  sum  of  the  inscribed  and  circum- 
scribed radii  ;,  and  the  sum  of  the  distances  of  the  orthocentre 
from  the  vertices  =  the  sum  of  the  inscribed  and  circumscribed 
diameters.     (Carnot's  Geometrie  de  Pofiition,  §  137.) 

31.  Examine  the  case  when  the  circumscribed  centre  and  orthocentre 

are  outside  the  triangle. 

32.  If  A^ByCi  be  the  triangle  formed  by  joining  the  escribed  centres 

of  A  ABC ;  A^B.^Cc,  the  triangle  formed  by  joining  the 
escribed  ce"tres  of  A  AiB^Ci  ;  A^B-iCi  the  triangle  formed 
by  joining  the  escribed  centres  of  A  AnBJJ.^;  and  this  process 
of  construction  be  continued,  the  successive  triangles  will 
approximate  to  an  equilateral  triangle.  (Booth's  New  Geo- 
metrical Methods,  vol.  ii.  j).  315.) 

33.  "it"  an  equilateral  polygon  be  circumscribed  about  a  oir^'Jift-  it  v/ill 

be  equiangular  if  the  number  of  sides  be  odd.  Exarame  the 
case  when  the  number  of  sides  is  even. 

34.  AB,  CD,  two  alternate  sides  of  a  regular  polygon,  are  produced 

to  meet  at  E,  and  O  is  the  centre  of  the  polygon.  Prove  A, 
E,  C,  0  coney  olio,  and  also  D,  E,  B,0. 
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35.  The  sum  of  the  perpendiculars  on  the  sides  of  a  regular  n-gon 
from  any  point  inside  —  n  times  the  radius  of  the  inscribed 
circle.     Examine  the  case  when  the  point  is  outside. 

Loci. 
The  base  and  the  vertical  angle  of  a  triangle  are  given  ;  find  the 
locus  of 

1.  The  orthocentre  of  the  triangle. 

2.  The  centre  of  the  inscribed  circle. 

3.  The  centres  of  the  three  escribed  circles. 

4.  The  centroid  of  the  triangle. 

5.  ABG  is  a  triangle,  and  E  is  any  point  in  AG.     Through  E  a 

straight  line  DEF  is  drawn  cutting  AB  a,t  F  and  BC  pro- 
duced at  D ;  circles  are  circumscribed  about  as  AEF,  CDE. 
Find  the  locus  of  the  other  point  of  intersection  of  the  circles. 

6.  AB  and  AG  are  two  straight  lines  containing  a  fixed  angle; 

and  between  AB  and  AC  there  is  moved  a  straight  line  DE 
of  given  length.  The  perpendiculars  from  D  and  E  to  AB 
and  A  G  meet  at  P,  and  the  perpendiculars  from  D  and  E  to 
AG  and  AB  meet  at  0  ;  find  the  loci  of  0  and  P. 

7.  Given  the  vertical  angle  of  a  triangle,  and  the  sum  of  the  sides 

containing  it ;  find  the  locus  of  the  centre  of  the  circle  cir- 
cumscribed about  the  triangle. 

8.  A  circle  is  given,  and  in  it  are  inscribed  trtangles,  two  of  whose 

sides  are  respectively  parallel  to  two  fixed  straight  lines. 
Find  the  locus  of  the  centres  of  the  circles  inscribed  in  these 
triangles. 

9.  A  circle  is  given,  and  from  any  point  P  on  another  given  con- 

centric circle  of  greater  radius,  tangents  are  drawn  touching 
the  first  circle  at  Q  and  i?  ;  find  the  loci  of  the  centres  of  the 
inscribed  and  circumscribed  circles  of  the  triangle  PQR. 
20.  A  point  is  taken  outside  a  square  such  that  of  the  straight  lines 
drawn  from  it  to  the  vertices  of  the  square,  the  two  inner 
ones  trisect  the  angle  between  the  two  outer  ones ;  show  that 
the  locus  of  the  point  is  the  o  **  of  the  circle  circumscribed 
about  the  square. 


2b  1 


BOOK  y. 


DEFINITIONS. 

1.  A  less  magnitude  is  said  to  be  a  submultiple  of  a 
greater  magnitude,  when  the  less  measures  the  greater; 
that  is,  when  the  less  is  contained  a  certain  number  of 
times  exactly  in  the  greater.        , 

2.  A  greater  magnitude  is  said  to  be  a  multiple  of  a  less, 
when  the  greater  is  measured  by  the  less ;  that  is,  when 
the  greater  contains  the  less  a  certain  number  of  times 
exactly. 

3.  Equimultiples  of  magnitudes  are  multiples  that  con- 
tain these  magnitudes,  respectively,  the  same  number  of 
times. 

4.  Ratio  is  a  relation  of  two  magnitudes  of  the  same 
kind  to  one  another,  in  respect  of  quantuplicity  (a  word 
which  refers  to  the  number  of  times  or  parts  of  a  time  that 
the  one  is  contained  in  the  other).  The  two  magnitudes 
of  a  ratio  are  called  its  terms.  The  first  term  is  called  the 
antecedent ;  the  latter,  the  consequent. 

The  ratio  of  ^  to  5  is  usually  expressed  A  :  B.  Of  the  two  terms 
A  and  B,  A  is  the  antecedent,  B  the  consequent. 

-— ^.  If  there  be  four  magnitudes,  such  that  if  any  equi- 
multiples whatsoever  be  taken  of  the  first  and  third,  and 
any  equimultiples  whatsoever  of  the  second  and  fourth,  and 
if,  according  as  the  multiple  of  the  first  is  greater  than  the 
multiple  of  the  second,  equal  to  it,  or  less,  so  is  the  multiple 
of  the  third  greater  than  the  multiple  of  the  fourth,  equal 
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III  it,  or  less ;  then  the  lirst  of  the  magnitudes  has  to  the 
second  the  same  ratio  that  the  third  has  to  the  fourth. 

Cor. — Conversely,  if  the  first  of  four  magnitudes  have  to  the 
second  the  same  ratio  that  the  third  has  to  the  fourth,  and  if  any 
equimultiples  whatsoever  be  taken  of  th?  first  and  third,  and  any 
whatsoever  of  the  second  and  fourth  ;  then  according  as  the  multiple 
of  the  first  is  greater  than  the  multiple  of  the  second,  equal  to  it, 
or  less,  the  multiple  of  the  third  shall  be  greater  than  the  multiple 
of  the  fourth,  equal  to  it,  or  less. 

6.  Magnitudes  are  said  to  be  proportionals  when  the 
first  has  the  same  ratio  to  the  second  that  the  third  lias  to 
the  fourth ;  and  the  third  to  the  fourth  the  same  ratio 
which  the  tifth  has  to  the  sixth ;  and  so  on,  whatever  be 
their  number. 

When  four  magnitudes,  A,  B,  C,  D,  are  proportionals,  it  is  usual 

to   say  that  ^   is  to  i?  as   C  to  D,   and   to   write   them   thus — 

A:  B::C:  D,  or  thus,  A  :  B  =  C  :  D. 

I 

7.  In  proportionals,  the  antecedent  terms  of  the  ratios 
are  called  homologous  to  one  another ;  so  also  are  the  con- 
sequents. 

8.  When  four  magnitudes  are  proportional,  they  consti- 
tute a  proportion.  The  first  and  last  terms  of  the  proportion 
are  called  the  extremes ;  the  second  and  third,  the  means. 

9.  Wlien  of  the  equimultiples  of  four  magnitudes,  taken 
as  in  the  fifth  definition,  the  multiple  of  the  first  is  greater 
than  that  of  the  second,  but  the  multiple  of  the  third  is 
not  greater  than  the  multiple  of  the  fourth ;  then  the  first 
has  to  the  second  a  greater  ratio  than  the  third  magnitude 
has  to  the  fourth ;  and  the  third  has  to  the  fourth  a  less 
ratio  than  the  first  has  to  the  second. 

Cor. — Conversely,  if  the  first  of  four  magnitudes  have  to  the 
second  a  greater  ratio  than  the  third  has  to  the  fourth,  two  numbers 
m  and  n  may  be  found,  such  that,  while  m  times  the  first  magnitude 
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is  greater  than  n  times  the  second,  m  times  the  third  shall  not  be 
greater  than  Ji  times  the  fourth. 

10.  When  there  is  any  number  of  magnitudes  greater 
than  two,  of  which  the  first  has  to  the  second  the  same 
ratio  that  the  second  has  to  the  third,  and  the  second  to  the 
third  the  same  ratio  which  the  third  has  to  the  fourth,  and 
so  on,  the  magnitudes  are  said  to  be  continual  proportionals, 
or  in  continued  proportion. 

11.  "When  three  magnitudes  are  in  continued  proportion, 
the  second  is  said  to  be  a  mean  proportional  between  the 
other  two. 

Three  magnitudes  in  continued  proportion  are  sometimes  said  to 
be  in  geometrical  progression,  and  the  mean  proportional  is  then 
called  a  geometric  mean  between  the  other  two. 

12.  When  there  is  any  number  of  magnitudes  of  the 
same  kind,  the  first  is  said  to  have  to  the  last  of  them  the 
ratio  compounded  of  the  ratio  which  the  first  has  to  the 
second,  and  of  the  ratio  which  the  second  has  to  the  third, 
and  of  the  ratio  which  the  third  has  to  the  fourth,  and  so 
on  to  the  last  magnitude.     Thus  : 

If  A,  B,  C,  D  be  four  magnitudes  of  the  same  kind,  the  ratio  of 
A  to  D  \s  said  to  be  compounded  of  the  ratios  of  A  to  B,  B  to  C, 

i  A  -.B 
and  C  to  D.     This  is  expressed  A  :  D  =  \  B  :  C 

(  C:D 

13.  A  ratio  which  is  compounded  of  two  equal  ratios  is 
said  to  be  duplicate  of  either  of  these  ratios. 

Cob. — If  the  three  magnitudes  A,  B,  and  G  are  continual  pro- 
portionals, the  ratio  of  A  to  C  is  duplicate  of  that  of  A  to  B,  or  of 
B  to  C.  For,  by  the  last  definition,  the  ratio  of  A  to  C  is  com- 
pounded of  the  ratios  of  ^-1  to  B,  and  of  B  to  C ;  but  the  ratio  of 
A  to  B  =  the  ratio  of  B  to  C,  because  A,  B,  C  are  continual  pro- 
portionals ;  therefore  the  ratio  of  A  to  G,  by  this  definition,  is 
duphcate  of  the  ratio  oi  A  to  B,  or  of  B  to  C. 
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14.  A  ratio  which  is  compounded  of  three  equal  ratios  is 
said  to  be  triplicate  of  any  one  of  these  ratios. 

Cor. — If  four  magnitudes  A,  B,  C,  D  he  continual  proportionala, 
the  ratio  oi  A  to  D  is  triplicate  of  the  ratio  of  A  to  B,  or  of  B  to  O, 
or  of  C  to  Z>.  For  the  ratio  of  ^  to  Z>  is  comj^ounded  of  the  three 
ratios  of  A  to  B,  B  to  C,  C  to  D ;  and  these  three  ratios  are  equal 
to  one  another,  because  A,  B,  C,  D  are  continual  proportionala; 
therefore  the  ratio  of  ^  to  Z>  is  triplicate  of  the  ratio  of  A  to  B,  or 
of  B  to  C,  or  of  C  to  D. 

The  following  technical  words  may  be  used  to  signify 
certain  ways  of  changing  either  the  order  or  the  magnitude 
of  the  terms  of  a  proportion,  so  that  they  continue  still  to 
be  proportionals  : 

15.  By  alternation,  when  the  first  is  to  the  third,  as  the 
second  is  to  the  fourth,     (V.  16.) 

16.  By  inversion,  when  the  second  is  to  the  first,  as  the 
fourth  is  to  the  third.     (V.  A.) 

17.  By  addition,  when  the  sum  of  tlie  first  and  the 
second  is  to  the  second,  as  the  sum  of  the  third  and  the 
fourth  is  to  the  fourth.     (V.  18.) 

18.  By  subtraction,  when  the  difference  of  the  first  and 
the  second  is  to  the  second,  as  the  difference  of  tlie  third 
and  the  fourth  is  to  the  fourth.      (V.  17.) 

19.  By  equality,  when  there  is  any  number  of  magni- 
tudes more  than  two,  and  as  many  others,  so  that  they  are 
proportionals  when  taken  two  and  two  of  each  rank,  and 
it  is  inferred — that  the  first  is  to  the  last  of  the  first  rank 
of  magnitudes,  as  the  first  is  to  the  last  of  the  others.  Of 
this  there  are  the  two  following  kinds,  which  arise  from  the 
diff'erent  order  in  which  the  magnitudes  are  taken  two  and 
two  : 

__20.  By  direct  equality,  when  the  first  magnitude  is  to 
the  second  of  the  first  rank,  as  the  first  to  the  second  of 
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the  other  rank  ;  and  as  the  second  is  to  the  third  of  the  first 
rank,  so  is  the  second  to  the  third  of  the  other;  and  so 
on  in  a  direct  order.     (V.  22.) 

21.  By  transverse  equality,  when  the  first  magnitude  is 
to  the  second  of  the  first  rank,  as  the  last  but  one  is  to  the 
last  of  the  second  rank ;  and  as  the  second  is  to  the  third 
of  the  first  rank,  so  is  the  last  but  two  to  the  last  but  one 
of  the  second  rank ;  and  as  the  third  is  to  the  fourth  of 
the  first  rank,  so  is  the  last  but  three  to  the  last  but  two 
of  the  second  rank ;  and  so  on  in  a  transverse  order.  (V.  23.) 


AXIOMS. 

1.  Equimultiples  of  the  same,  or  of  equal  magnitudei; 
are  equal  t(j  one  another. 

2.  Those  magnitudes  of  which  the  same,  or  equal  magni-- 
tudes,  are  equimultiples,  are  equal  to  one  another. 

3.  A  multiple  of  a  greater  magnitude  is  greater  than  the 
same  multiple  of  a  less. 

4.  That  magnitude  of  which  a  multiple  is  gi'eater  than 
the  same  multiple  of  another,  is  greater  than  that  other 
magnitude. 

PROPOSITION  1.     Theorem. 

If  any  number  of  magnitudes  le  equimultiples  of  as  many 
others,  each  of  each,  tvhat  multiple  soever  any  one  of 
the  first  is  of  its  suhmultiple,  the  same  multiple  is  the 
sum  of  all  the  first  of  the  sum  of  all  the  rest. 

Let  any  numbeT  of  magnitudes  A,  B,  and   C  be   equi- 
multiples of  as  many  others  D,  E.  ami  F,  each  of  each  : 
it  is  required  to  prove  that  A  +  B  -{■  C  is  the  sam.e  multiple 
0/D  +  £+  F  that  A  is  of  D. 
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Let  A  contain  D,    B  contain  E,  and  O  contain  F,  each 
any  number  of  times,  as,  for  instance,  three  times; 
then  A  =  D  +  D  +  D. 

Similarly,        B  =  E  +  E  +  E, 
and  C  =  F  +  F  +  F; 

.•.A  +  B+C=B  +  E  +  F  taken  three  times.  /.  Ax.  2 
Hence  also,  if  A,  B,  and  C  were  each  any  other  equimultiple 
of  D,  E,  and  F,  A  +  B  +  G  would  be  the  same  multiple 
oiD  +  E  +  F. 

Cor. — Hence,  if  m  be  any  number,  niD  +  mE  +  mF 
=  m{D  +  E  +  F). 


PROPOSITION  2.    Theorem. 

If  to  a  multiple  of  a  magnitude  by  any  number,  a  multiple 
of  the  same  magnitude  by  any  number  be  added,  the 
sum  will  be  the  same  multiple  of  that  magnitude  that 
the  sum  of  the  two  numbers  is  of  unity. 

Let  A  =  mC,  and  B  =  nC : 
it  ie  required  to  prove  A  +  B  =  (m  +  n)  G. 

Since  A  =  mC,  A  =  G+  G+  C+ repeated  m  times. 

Similarly,  B=G+G+C+......  repeated  n  times ; 

A  +  B=  G+  G+  G+ repeated  m  +  w  times, 

that  is,  A  +  B  =  (m.  +  n)G ; 

.'.  A  +  B  contains  G  as  often  as  there  are  units  in  m  +  w. 

Cor.  1. — If  there  be  any  number  of  multiples  whatsoever, 
as  ^  =  mE,  B  =  nE,  G=  pE,  then  A  +  B+G=(m  +  n  +p)E. 

Cor.  2. — Since  A  +  B+G={m+n-ir  p)E, 
and  since  A  =  mE,  B  =  nE,  and  G  =  pE, 
.•.  mE  +  nE  +  pE  »  (w  +  «  +  p)E. 

s 
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PROPOSITION  3.     Theorem. 

If  the  first  of  three  magnitudes  contain  the  second  as  often 
as  there  are  units  in  a  certain  number,  and  if  the  second 
contain  the  third  as  often  as  there  are  units  in  a  certain 
number,  the  first  will  contain  the  third  as  ofte^i  as  there 
are  units  in  the  product  of  these  two  numbers. 

Let  A  =  mB,  and  B  -  nC : 
it  is  reqiiired  to  prove  A  —  mnC. 

Since  B  =  nC, 

mB  =  nC  +  nC  +  nC  + repeated  m  times. 

But  nC  +  nC  +  nC  + repeated  m  times  =  C multiplied 

by  n  +  n  +  n  + repeated  m  times.    V.  2,  Cor.  2 

Now        71  +  n  +  n  + repeated  ?n  times  =  mn  : 

.'.  mB  =  mnC 

But    A  =  mB ;  Hyp. 

A  —  mnC. 


PROPOSITION  4.     Theorem. 

/;■  any  equimultiples  be  taken  of  the  antecedents  of  a  propor- 
tion and  any  equimultiples  of  the  consequents,  these 
multiples  taken  in  the  order  of  the  terms  are  propor- 
tional. 

Let  A  :  B  =  C  -.D,  and  let  m  and  n  be  any  two  numbers : 
it  is  required  to  prove  mA  -.uB  =  mC :  nD. 

Of  mA  and  mCtake  equimultiples  by  any  number/)/ 
and  of  nB  and  tiD  take  equimultiples  by  any  number  q. 
Then  the  equimultiples  of  mA  and   mC  by  p  are  equi- 
multiples also  of  A  and  C,  for  they  contain  A  and  C  as 
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often  as  there  are  units  in  pm  ;  V.  3 

and  they  are  equal  io  pmA  and  ^mC. 

Similarly  the  multiples  of  nB  and  nD  by  q  are  qnB,  qnD. 

Now   since  A  :  B  =   C  :  D,  and.  of  A  and   C  there  are 
taken  any  equimultiples  pmA  and  pmC,  and  of  B  and.  Z) 
there  are  taken  any  equimultiples  qnB,  qnD  ; 
\i  pmA  be  equal  to,  greater,  or  less  than  qnB,  then  pmC  is 
equal  to,  greater,  or  less  than  qnD.  V.  Def.  5,  Cor. 

^nt  pmA,  pmC  are  also  equimultiples  of  mA  and.  mC  by  p; 
and  qnB,   qnD  are  also  equimultiples  of  nB  and  nD  by  gr  ; 
.'.  mA  :  nB  =  mC  :  nD.  V.  Def.  6 


PROPOSITION  5.     Theorem. 

If  one  magnitude  he  the  same  multiple  of  another,  which  a 
magnitude  taken  from  the  first  is  of  a  magnitude  taken 
from  the  other,  the  remainder  is  the  same  multiple  of 
the  remainder  that  the  whole  is  of  the  whole. 

Let  A  and  B  be  two  magnitudes  of  which  A  is  greater 
than  B,  and  let  mA  and  mB  be  any  equimultiples  of  them : 
it  is  required  to  prove  that  mA  -  mB  is  the  same  mtdtiple 
of  A  —  B  that  mA  is  of  A  ;  that  is,  that  mA  —  mB  =  m{A  —  B). 

Let  D  be  the  excess  of  A  above  B  ; 
then  A  -  B  =  D. 
Adding  B  to  both,  A  =  D  +  B; 

.'.  mA  =  mD  +  mB.  V  1 

Taking  mB  from  both,  7nA  —  mB  =  mD. 
Now  n  =  A-  B;    .-.  mA  -  mB  =  m(A  -  £), 
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PROPOSITION  6.     Theorem. 

If  from  a  multiple  of  a  magnitude  by  any  number  a  multiple 
of  the  same  magnitude  by  a  les»  number  be  taken  aicay, 
the  remainder  icill  be  the  same  multiple  of  that  magni- 
tude that  the  difference  of  the  numbers  is  of  unity. 

Let  mA  and  nA  be  miiltiples  of  the  magnitude  A  by  the 
numbers  m  and  n,  and  let  m  be  greater  than  n  : 
it  is  required  to  prove  mA  —  nA  —  (??i  —  n)  A. 

Let  m  —  n  =  q ;  then  in  =  n  +q; 

.•.  mA  =  nA  +  qA.  V.  2 

Taking  nA  from  both,  mA  —  nA  =  qA  ; 

.'.  mA  —  nA  contains  A  as  often  as  there  are  units  in  q, 
that  is,  as  often  as  there  are  units  in  m  -  n  ; 

,'.  mA  —  nA  =  {in  —  n)  A. 


PROPOSITION  A.     Theorem. 
The  terms  of  a  projyortion  are  proportional  by  inversion. 

hbt  A:  B  =  C.D: 
it  is  required  to  prove  B  :  A  =  D  :  C. 

Let  mA  and   mC  he    any  equimultiples  of  A   and  C, 
nB  and  nD  any  equimultiples  of  B  and  D. 
Then,  because  A  :  B  =  C  :  D, 
if  mA  be  less  than  nB,  mC  will  be  less  than  nD;  V.  Def  5,  Cor. 

.'.  if  nB  be  greater  than  mA,  nD  will  be  greater  than  mC. 
YoT  the  same  reason,  if  nB  =  in  A,  nD  —  mC, 
and  if  nB  be  less  than  mA,  nD  will  be  less  than  mG. 
But  nB,  nD  are  any  equimultiples  of  B  and  D, 
and  mA,  mC  are  any  equimultiples  of  A  and  C; 

.'.  B:A  =  D.a  V.  Def.  5 
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PEOPOSITION  B.     Theorem. 

If  the  first  he  the  same  multiple  or  suhmultiple  of  the  second 
that  the  third  is  of  the  fourth,  the  first  is  to  the  second 
as  the  third  to  the  fourth. 

Let  mA,  mB  be  equimultiples  of  the  magnitudes  A  and  B  : 
it  is  required  to  prove  mA  :  A  =  mB :  B,  and  A  :  mA  =  B :  7nB: 

Of  mA  and  mB  take  equimultiples  by  any  number  n, 
and  of  A  and  B  take  equimultiples  by  any  number  p  ; 
these  will  be  mnA,  pA,  nmB,  pB.  V.  3 

Now  if  nmA  be  greater  than  pA,  nm  is  greater  than  p  ; 
and  if  nm  is  greater  than  p,  nmB  is  greater  than  pB  ; 

.-.  when  nmA  is  greater  than  i)A,  nmB  is  greater  ihoxi pB. 
Similarly,  if  nmA  =  pA,  nmB  =  j^B, 
and  if  nmA  is  less  than  pA,  nmB  is  less  than  pB. 
But  ninA,  nmB  are  any  equimultiples  of  mA  and  mB, 
and  pA,  pB  are  any  equimultiples  of  A  and  B; 

.-.  mA  :A  ^  mB  :  B.  V.  Def.  5 

Again,  since  mA  :  A  =  mB  :  B, 

.'.   A  :  mA  =  B  :  mB,  by  inversion.  V.  A. 


PKOPOSITION  C.     Theorem. 

If  the  first  term  of  a  proportion  he  a  multiple  or  a  sub' 
multiple  of  the  second,  the  third  /V  the.  same  multiple  or 
suhmultiple  of  the  fourth. 

Let  ^  :  5  =  C  :  Z),  and  first  let  A  =  mB  : 
it  is  required  to  prove  C  =  mD. 

Of  A  and  G  take  equimultiples  by  any  number  as  2, 
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and  of  B  and  D  take  equimultiples  by  the  number  2m/ 
these  wiU  be  2 A,  2C,  2mB,  2/«Z).  V.  3 

Now  since  A  =  mB,    '2 A  =  2mB  ; 

and  since  A  :  B  =  C  :  D,     .'.  20  =  2mD ;  V.  Def.  5 

.-.   C  =  mD. 

Next  let  ^  be  a  submultiple  of  B  : 
it  is  required  to  prove  that  C  is  the  same  submultiple  of  D. 
Since  A:  B  =  C  :  D,  Hyp. 

B  :  A  =  D:  C,hy  inversion.  V.  A 

But  A  being  a  submultiple  of  B,  B  is  a.  multiple  of  A  ; 
.'.  D  is  the  same  multiple  of  C; 
.'.  C  is  the  same  submultiple  of  D  that  A  is  of  B. 


PEOPOSITION  7.      Theorem. 

Equal  magnitudes  have  the  same  ratio  to  the  same  magni- 
tude;  and  the  same  has  the  same  ratio  to  equal  magni' 
tudes. 

Let  A  and  B  be  equal  magnitudes,  and  C  anj'  other  : 
it  is  required  to  prove  A  :  C  =  B  :  C,  and  C  :  A  =  C  :  B. 

Let  mA,  mB  be  any  equimultiples  of  A  and  B, 
and  nC  any  multiple  of  C. 

Because  A  =  B,  mA  =  mB ;  V.  Ax.  1 

.'.  if  mA  be  greater  than  nC,  mB  is  greater  than  nC ; 
and  if  mA  =  nC,  mB  =  nC ; 
and  if  mA  be  less  than  nC,  mB  is  less  than  nC. 
But  mA  and  mB  are  any  equimultiples  of  A  and  B,  and  nC 
is  any  multiple  of  C  ; 
.'.  A  :  C  =  B  :  a  V.  Def.  5 

Hence  also  C  :  ^  =  C  :  ^,  by  inversion.  V.  A 
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PROPOSITION  8.     Theorem. 

Of  unequal  magnitudes,  the  greater  has  a  greater  ratio  to  any 
other  magnitude  than  the  less  has ;  and  the  same 
magnitude  has  a  greater  ratio  to  the  less  of  two  magni- 
tudes than  it  has  to  the  greater. 

Let  A  +  B  he  a  magnitude  greater  than  A,  and  C  a  third 
magnitude  : 

it  is  required  to  prove  A  +  B  :  C  greater  than  A  :  C, 
and  C  :  A  greater  than  0  :  A  +  B. 

Let  m  be  such  a  number  that  mA  and  niB  are  each  of 
them  greater  than  C,  and  let  nC  be  the  least  multiple  of  C 
that  exceeds  7nA  +  mB  ; 

then     nC  -  C      will  be  less  than    mA  +  riiB, 
that  is,  {n  -  l)CwiU  be  less  than  m{A  +  B), 

.'.    m(A  +  B)  is  greater  than  {n  -\)C. 
But  because  nC  is  greater  than  mA  +  mB, 
and  C  is  less  than  mB; 

nO—  C  is  greater  than  mA, 
that  is,         mA  is  less  than  nC~  C,  or  (?^  —  1)0. 
Hence  the  multiple  of  A  +  B  hj  m  exceeds  the  multiple  of 
0  hy  n-l,  but  the  multiple  of  A  by  m  does  not  exceed  the 
multiple  oi  Chy  n—1 , 

.:  A  +  B  :  Ois  greater  than  A  :  C.  V.  Def  9 

Again,  because  the  multiple  of  C  by  w  —  1  exceeds  the 
multiple  of  A  by  m,  but  does  not  exceed  the  multiple  of 
A  +  Bhy  m ; 

.'.  C  :  A  is  greater  than  C  :  A  +  B.  V.  DeJ  9 
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PEOPOSITION  9.     Theorems. 

Magnitudes  which  haue  the  same  ratio  to  the  saine  magnitude 
are  equal  to  one  another  ;  and  those  to  which  the  same 
magnitude  has  the  same  ratio  are  equal  to  one  another. 

First  \Qt  A:C  =  B:C: 
it  is  required  to  prove  A  =  B. 

For  if  A  be  greater  than  B, 
then  A  :  C  is  greater  than  B  :  O.  V.  8 

And  if  B  be  greater  than  A, 

then  5  :  C  is  greater  than  A  :  O.  V.  8 

Hence  A  =  B. 

Next  let  C.A  =  C:B: 
it  is  required  to  prove  A  =B. 

For  A  :  C  =  B  :  C,hy  inversion ;  V.  A 

.-.  A  =  B. 


PROPOSITION"  10.     Theorems. 

That  magnitude  which  has  a  greater  ratio  than  another  has 
to  the  same  magnitude  is  the  greater  of  the  two ;  and 
that  magnitude  to  ivhich  the  same  has  a  greater  ratio 
than  it  has  to  another  magnitude  is  the  less  of  the  two. 

Let  A  :  C  be  greater  than  B  :  C: 
it  is  required  to  prove  A  greater  than  B. 

Because  ^  :  C  is  greater  than  B  :  C, 
two  numbers  m  and  n  may  be  f  ovmd  such  that  mA  ip  greater 
than  nC,  and  niB  not  greater  than  nC ;  V.  Def.  9,  Cor. 

.' .  mA  is  greater  than  mB, 
.'.  A  is  greater  than  B.  V.  Ax.  4 

Next  let  C:B  he  greater  than  C :  A: 
it  is  required  to  prove  B  less  than  A. 
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For  two  numbers  m  and  «  may  he  found  such  that  nC 
is  greater  than  mB,  and  nC  not  greater  than  mA  ; 
.'.  mB  is  less  than  mA; 
.'.  B  is  less  than  A.  V.  Ax.  4 


PKOPOSITION  11.     Theorem. 

Ratios  that  are  equal  to  the  same  ratio  are  equal  to  one 
ojnother. 

LeiA:B=  C:  D  and  C:D  =  E:F: 
ii  ir.  required  to  prove  A  :  B  =  E :  F. 

Take  mA,  mC,  mE  any  equimultiples  of  A,  C,  and  E, 
and  nB,  nD,    nF  any  equimultiples  of  B,  D,  and  F. 

Because  A  :  B  =  C :  D,  if  mA  be  greater  than  ?iB, 
mC  must  be  greater  than  nD.  V.  Def.  5,  Cor. 

But  because  G :  D  =  E  :  F,  if  m  C  be  greater  than  7iD, 
mE  must  be  greater  than  nF ;  V.  Def.  5,  Cor. 

.'.  if  mA  be  greater  than  7iB,  mE  is  greater  than  nF. 
Similarly,  if  mA  =  nB,  mE  =  nF. 
and  if  mA  be  less  than  nB,  mE  is  less  than  nF ; 

.:  A:B  =  E:F.  V.  Def.  5 


PROPOSITION  12.     Theorem. 

If  any  number  of  magnitudes  he  proportionals,  as  one  of  the 
antecedents  is  to  its  consequent,  so  is  the  sum  of  all  the 
antecedents  to  the  su7n  of  all  the  consequents. 

Let  A  :  B  =  C :  D  and  C  :  D  =  E  :  F: 
it  is  required  to  prom  A  :  B  =  A  +  O  +  E :  B  +  D  +  F. 

Take  mA,  mC,  mE  any  equimultiples  of  A,  C,  and  E, 
and         nB,  nD,   nF  any  equimultiples  of  B,  D,  and  F. 
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Because  A  :  B  ~  C :  D,  \i  laA  be  greater  than  iiB, 
mC  must  be  greater  than  uD  ;  V.  Def.  5,  Gov. 

and  because  C :  D  =  E  :  F,  when  mC  is  greater  than  itD, 
mE  is  greater  than  nF.  V.  Def.  5,  Cor. 

.•.  if  raA  be  greater  than  nB,  mA  +  mC  +  mE  is  greater 
than  nB  +  nD  +  nF. 

Similarly,  if  mA  =  nB,  mA  ■{■  mC  +  mE  =  nB  +  7iD  +  nF; 
and  if  mA  be  less  than  nB,  mA  +  mC  +  mE  is  less  than 
nB  +  nD  +  nF. 

Now  mA  +  mC  +  mE  =  m{A  +  C  +  E) ;  V.  I  Cor. 

so  that  77iA  and  mA  +  mC  +  m^  are  any  equimultiples  of 
AandA  +  C+E. 

Similarly,  7iB  and  nB  +  nD  +  nF  are  any  equimultiples  of 
B  and  B  +  D  +  F ; 

.'.  A  :  B  ^  A  +  C  +  E  :  B  +  D  +  F.  V.  Def.  5 


PROPOSITION  13.     Theorem. 

If  the  first  have  to  the  second  the  same  ratio  which  the  third 
has  to  the  fourth,  hat  the  third  to  the  fourth  a  greater 
ratio  than  the  fifth  has  to  the  sixth,  the  first  shall  also 
have  to  the  second  a  greater  ratio  than  the  fifth  has  to 
the  sixth. 

Let  ^  :  5  =  C:D,\>ViiC:D  greater  than  E :  F:' 
it  is  required  to  prove  A  :  B  greater  than  E  :  F. 

Because  C  :  D  is  greater  than  E  :  F, 
there  are  two  numbers  m  and  n  such  that  mC  is  greater  than 
nD,  but  mE  is  not  greater  than  nF.  V.  Def.  9 

But  because  A  :  B  =  C :  D,  ii  mCis  greater  than  nD, 
mA  is  greater  than  nB ;  V.  Def.  5,  Cor. 

.'.  mA  is  greater  than  7iB,  and  mE  is  not  greater  than  nF; 

.•.  A:B  is  greater  than  E :  F.  V.  Def  9 
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PEOPOSITION  14.     Theorem. 

If  the  first  term  of  a  proportion  he  greater  than  the  third, 
the  second  shall  he  greater  than  the  fourth  ;  and  if 
equal,  eqrial ;  and  if  less,  less. 

'LetA:B=C:D: 

it  is  required  to  prove  that  if  A  he  greater  than  C,  B  is  greater 
than  D ;  if  A  —  G,  B  —  D ;  if  A  he  less  than  C,  B  is  less 
than  D. 

First,  let  A  be  greater  than  C ; 

then  ^  :  ^  is  greater  than  G  :  B,  F.  8 

But  ^  :  J5  =  (7 :  D;  Hup. 

.-.   G:D  is  greater  than  G.B;  F.  13 

.•.   B  is  greater  than  D.  V.  10 

Similarly,  it  may  be  proved  that  ii  A  =  C,  B  =  D; 

and  if  A  be  less  than  G,  B  is  less  than  D. 


PROPOSITION  15.     Theorem. 

Magnitudes  have  the  same  ratio  to  one  another  which  their 
equimultiples  have. 

Let  A  and  B  be  two  magnitudes,  and  m  any  number  : 
it  is  required  to  prove  A  :  B  =  mA  :  mB. 

Because  A:B  =  A'.B;  V.  7 

.:  A  :  B  =  A  +  A  :  B  +  B,  F.  12 

2  A:2  B. 
Again,  since  A  :  B  =  2  A  -.2  B; 
/.  A  :  B  ^  A  +  2  A  :  B  +  2  B,  V.  12 

3A:3B; 
and  so  on  for  all  the  equimultiples  of  A  and  B. 


Book  V.J  PROPOSITIONS    14,   15,  16,  17.  277 


PROPOSITION  16.     Theorem. 

Hie  terms  of  a  prnpurtion,  if  they  be  all  uf  tlie  same  kind, 
are  proportional  by  alternation. 

'LetA.B=C:D: 
it  is  required  to  prove  A  \  C  =  B  :  D. 

Take  viA,  inB  any  eqvdinultiples  of  A  and  B, 
and  nC,  nD  any  equimultiples  of  C  and  D. 

Then     A  :  B  =  mA  :  mB.  F.  15 

But       A:B^      G:D;  Hyp. 

C:D=  mA  .mB.  V.  11 

Again,  C :  D  =   nC.nD;  V.  15 

.-.  mA  -.mB  =    nC:nD.  V.  11 

Now,  if  mA  be  greater  than  nC,  mB  is  greater  than  nD  ; 
if  mA  =  nC,  mB  =  nD;  and  if  mA  be  less  than  ?iC, 
mB  is  less  than  nD  ;  F.  14 

.-.  A:C=  B:D.  V.  Def.  5 


PROPOSITION  17.     Theorem. 
The  terms  of  a  proportion  are  proportional  by  subtraction. 

'LQi  A  +  B  -.B  =  C  +  D:  D: 
it  is  required  to  prove  A  :  B  =  C  :  D. 

Take  mA  and  nB  any  multiples  of   A  and  B  by  the 
numbers  m  and  n  ;  and  first  let  niA  be  greater  than  nB. 
To  each  of  these  unequals  add  mB  ; 

then  mA  +  mB  is  greater  than  mB  +  nB.  I.  Ax.  4 

But  mA  ■'t  mB  =  m{A  +  B),  V.  1,  Gor. 

and    mB  +  nB  =  (m  +  n)B ;  V.  2 

.*.  m{A  +  B)  is  greater  than  {m  +  n)B. 
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Now  because  A  +  B  :  B  =  G  +  D  :  D, 
if  m{A  4-  B)  be  greater  than  (m  +  n)B,  m{C  +  D)  is  greater 
than  (m  +  ii)  D  ;  V.  Def.  5,  Cor. 

ox  mC  ■¥  mD  is  greater  than  mD  +  nZ)  / 
that  is,  taking  viD  from  both,  mC  is  greater  than  nD. 
Hence  when  mA  is  greater  than  nB,  mC  is  greater  than  nD. 
Similarly  it  may  be  proved  that  if  mA  =  nB,  mC  =  nD  ; 
and  if  mA  be  less  than  nB,  wC  is  less  than  nD; 
.-.   A.B  =  C  :  D.  V.  Def.  5 

Cor. — The  proposition  is  equivalent  to  the  following : 
UA:B=C:D,  then  A  -  B  :  B  =  C  -  D  :  D. 
Hence  also,  on  the  same  hypothesis,  it  may  be  proved 
that  A  -  B:A  =  C-  D:C;  that  A  :  A  -  B  =  C :  C  -  D  ; 
and  that  B  :  A  -  B  ==  D  :  C  -  D. 

[If  it  be  thought  desirable,  any  one  of  these   changes  on  the 
proportion  A  :  B  =  C  :  D  may  be  denoted  by  the  word  subtracti<m.\ 


PROPOSITION  18.     Theorem. 
The  terms  of  a  proportion  are  proportional  by  addition. 

Let  A  .B  =  G:D: 
it  is  required  to  prove  A  +  B  :  B  =  C  +  D  :  D. 

Take  m(A  +  B)  and  nB  any  multiples  oi  A  +  B  and  B. 

First,  let  m  be  greater  than  n. 
Because  A  +  B    i?,  greater  than  B  ; 
.  .      m{A  +  B)  is  greater  than  nB. 
Similarly  m{C  +  D)  is  greater  than  nD ; 
.-.  when  m  is  greater  than  n,  m(A  +  B)  is  greater  than  nB, 
and  m{C  +  D)  is  greater  than  nD. 

Second,  let  m  -  n. 
In  the  same  manner  it  may  be  proved  that  in  this  case 
m{A  +  B)  is  greater  than  nB,  and  m{C  -\-  D)  greater  than  nD. 
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Third,  let  m  be  less  than  ;/. 
Then  m{A  +  B)  may  be  greater  than  nB,  or  may  be  equal 
to  it,  or  may  be  less  than  it. 

First,  let  m{A  +  B)  be  greater  than  uB  ; 
then  mA  +  mB  is  greater  than  nB.  V.  1 

Take  mB,  which  is  less  than  uB,  from  both ; 

.'.  mA  is  greater  than  nB  —  mB, 

or    7tiA  is  greater  than  (n  —  m)B.  V.  6 

But  because  A  :  B  =  C :  D  ;  ^VP- 

.'.  if  mA  is  greater  than  {n  -  m)B,  mC  is  greater 
than  {n  -  m)D, 

that  is,  7nC  is  greater  than  nD  —  mD.  V.  6 

Add  mD  to  each  of  these  unequals ; 
then  mO  +  mD  is  greater  than  nD, 

that  is,  m{C  +  D)  is  greater  than  nD.  V.  1 

If  therefore  m{A  +  B)  is  greater  than  nB,  m(C  +  D)  is 
greater  than  nD. 

In  the  same  manner  it  may  be  proved  that, 
if  m{A  +  B)  =  nB,  m{C  +  D)  =  nD  ; 
if  m{A  +  B)  be  less  than  nB,  m{C  +  D)  is  less  than  nD. 
Hence  A  +  B  :  B  =  C  +  D  :  D.  V.  Def.  5 

Cor. — Hence  also,  on  the  same  hypothesis,  it  may  be 
proved 

that  A  +  B:A  =  C+  D:C;  that  A  :  A  +  B=C :  C  +  D; 
and  that  B  :  A  +  B  =  D  :  C  +  D. 

[If  it  be  thought  desirable,  any  one  of  these  changes  on  the  pro- 
portion A  :  B  =  C  :  D  may  be  denoted  by  the  word  addition.  The 
words  addition  and  subtraction,  as  being  more  significant  of  the 
operations  performed  on  the  terms  of  the  proportion,  have  been 
substituted  for  composition  (comjjoncmhi)  and  division  (dimdendo), 
which  are  the  translations  of  the  words  {truvhri;,  liaipurn)  uged  by 
th«  Greek  geometers.] 
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PROPOSITION  19.    Theorem. 

If  a  ivhole  magnitude  he  to  a  icltole  as  a  magnitude  taken 
from  the  first  is  to  a  magnitude  taken  from  the  other, 
the  remainder  shall  he  to  the  remainder  as  the  whole  to 
\he  tohole. 

Let  A  :  B  =  C :  D,  and  let  C  be  less  than  A  : 
it  is  required  to  prove  A  —  C :  B  —  D  =  A  :  B. 

Because  A  :  B  =  C :  D ;  Hyp. 

A:C  =  B:D,  by  alternation ;  V.  16 

.-.      A  -  C:C  =  B  -  D:D,hy  subtraction ;  V.  17 

.-.      A  -  C:B  -  D  =  C:D,hy  alternation j  V.  16 

'.-.      A  -  G:B  -  D  =  A:B.  F.  11 


PROPOSITION  20.    Theorem. 

If  there  he  three  magtiitudes,  and  other  three,  7vhich,  taken 
two  and  tioo  in  direct  order,  have  the  same  ratio ;  if 
the  first  he  greater  than  the  third,  the  fourth  shall  he 
greater  than  the  sixth  ;  and  if  equal,  equal ;  and  if  less, 
less. 

Let  A,  B,  G  be  three  magnitudes,  and  D,  E,  F  other 
three,  such  that  A  :  B  =  D  :  E,  sindi  B  :  C  =  E  :  F  : 
it  is  required  to  prove  that  if  A  he  greater  than  C,  D  will  he 
greater  than  F;  if  A  =  C,  Dwill  =  F ;  if  A  be  less  than  G, 
D  will  he  less  than  F. 

First,  let  A  be  greater  than  G  ; 

then  A  :  B  is  greater  than  C :  B.  V.  8 

But   A:B  =  D:E;  Hyp. 

.-.     DiE  is  greater  than  G :  B.  F.  13 
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Now  B:C  =  E:F;  Hyp, 

C:B  =  F:E,hy  inversion ;  V.  A 

.-.     D.Eis  greater  than  F:E;  F.  1 3 

.-.     D  is  greater  than  F.  K  10 

Second,  let  ^  =  C; 

CB.  V.7 

D:E;  Hyp. 

D.E.  F.  11 

F:E; 

F'.E;  F.  11 

F.  V,  9 

Third,  let  A  be  less  than  C  ; 
then  C  is  greater  than  A  ;  and,  as  was  shown  in  case  first, 
G :  B  =  F :  E,  and  B  :  A  =  E  :  D. 

.-.  by  case  first,  if  C  be  greater  than  A,  F  i>^  greater  thaii  D. 
that  is,  if  A  be  less  than  C,  D  is  less  than  F. 


then 

A:B  = 

But 

A.B  = 

C:B  = 

Now 

C:B  = 

,', 

D.E  = 

.♦. 

D  - 

PROPOSITIOX  21.     Theorem. 

If  there  he  three  magnitudes,  and  other  three,  lohich,  laken 
two  and  tiro  in  transverse  order,  have  the  same  ratio ; 
if  the  first  he  greater  than  the  third,  the  fourth  shall 
he  greater  than  the  sixth  ;  and  if  equal,  equal;  and  if 
less,  Jess. 

Let  A,  B,  C  be  three  magnitudes,  and  D,  E,  F  other 
three,  such  that  A  :  B  =  E  :  F,  and  B  :  C  =  D  :  E  .- 
it  is  required  to  prove  that  if  A  be  greater  than  C,  D  will  he 
greater  than  F ;  if  A  —  C,  D  will  —  F;  if  A  be  less  than  0, 
D  loill  he  less  than-F. 

First,  let  A  be  greater  than  C; 
then  A.B  is  greater  than  C  .B.  f.  6 
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But  A:B  =  E:F;  Hyp. 

.-.     I]:Fis  greater  than  C :  B.  F.  13 

Now  5:  C  =  D:E;  Hyp. 

.-.     G :  B  =  E  :  D,  hy  inversion  :  V.  A 

.  •.     E.F  is  greater  than  E  :  D  ;  V.  13 

.-.    Z)  is  greater  than  i^.  T-''.  10 
Second,  let  A  =  C  / 

then  A:B^C:B.  V.  7 

But  A:B  =  E:  F;  Hyp. 

.'.     G:B  =  E:F.  V.  11 

NowC:5  =  E.D; 

.-.     E:F  =  E  -.D;  r.  il 

D  ^  F.  F.  9 

Third,  let  A  be  less  than  C  / 
then  A:B\s,  less  than  G'.B.  F.  8 
But   A.B  =  E: F ;  Hyp. 
.-.      E:F  is  less  than  C:B.  V.  13 
Now  C:B  =  E^.D; 
.■.     E:  F  \&\ess  than  E:D  ,  F.  13 
D  is  less  than  F.  y.  10 


PEOPOSITION  22.    Theorem. 

Tf  there  he  any  immher  of  magnitudes,  and  as  many  others, 
which  taken  two  and  two  in  direct  order,  have  the  same 
ratio  ;  the  first  shall  have  to  the  last  of  the  first  magni- 
tudes the  same  ratio  which  the  first  of  the  others  has 
to  the  last. 

First,  let  there  be  three  magnitudes  A,  B,  G,  and  other 
three  D,  E,  F,  such  that  A  :  B  =  D  :  E,  and  B  :  G  =  E-.F: 
it  is  required  to  prove  A  :  G  =  D  :  F. 

Of  A  and  D  take  any  equimultiples  whatever  mA,  mD 
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of  B  and  E  any  whatever  nB,  tiE ;  and  of  C  and  F  any 
:?hatever  qC,  qF. 

Because  A  :  B  =     D  :    E ;  Hyp. 

mA  :  iiB  =  mD  :  nE.  V.  4 

•Similarly  nB  \qG  =    nE  :  qF;  V.  4 

.•/  according  as  mA  is  greater  than  qC,  equal  to  it,  or  less, 

mD  is  greater  than  qF,  equal  to  it,  or  less,  V.  20 

- '    A-^C  =  D:F.  V.  Def.  l^ 

Second,  let  there  be  four  magnitudes  A,  E  G,  D, 
an  I  other  fcur  E,  F,  G,  H,  such  that  A:£'  =  E:Fy 
B:G=F:G,      G:D  =  G.H: 
it  is  required* to  prove  Ji  :  D  =  E  :  H. 

Since  A,  B,  G  are  three  magnitudes,  and  E,  F,  G,  other 
(M-ee,  which,  taken  two  and  two  in  direct  order,  have  the 
same  ratio, 

A  :  G  =  E :  G,  hj  the  first  case. 
But  because  G  :  D  =  G  :  H ;  Hyp. 

A:D  =  E:H,  by  the  first  case. 
S'milarly  the  demonstration    may  be  extended  to  any 
number  of  magnitudes. 


PROPOSITION  23.    Theorem. 

If  there  he  any  number  of  magnitudes,  and  as  many  oMe/s, 
which  taken  tico  and  tivo  in  transverse  order,  have  t\t 
same  ratio  ;  the  first  shall  have  to  the  last  of  the  first 
magnitudes  the  same  ratio  which  the  first  of  the  otheri. 
has  to  the  last. 

First,  let  there  be  three  magnitudes  A,  B,  G,  and  othei 
three  D,  E,  F,  such  that  A  :  B  =  E  :  F,  &nd  B  :  G  =  D  .  M 
it  is  required  to  prove  A:  G  =  D  -.F. 
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Of    A,  B,  and  D  take  any  equimultiples  mA,  mB,  mD  ; 

yid  of  C,  E,  and  F  take  any  equimultiples  nC,  nE,  nF. 

Because  A  :  B     =  viA  :  mB,  F,  1  "■ 

and  E:F     =   nE :  nF,  V.  15 

and  because       A  :  B     =     E  \F ;  HyP' 

mA  -.mB  =  iiE  -.nF.  V.  1) 

Again,  because  B  :  C     =     D  :  E ;  Hyp. 

mB:nC  =  mD  :  nE ;  V.  4 

.•.  according  as  mA  is  greater  than  nC,  equal  to  it,  or  less. 

ifiD  is  greater  than  nF,  equal  to  it,  or  less ;  F.  21 

.:  A  :  G  =  D  :  F.  V.  Del  j 

Second,  let  there  be  four  magnitudes  A,  B,  G,  D, 
and  other  four  E,  F,  G,  H,  such  that  A:B  =  G  :  H, 
B.G=  F.G,      G.D  =  E:F: 
it  is  required  to  prove  A  :  D  -  E :  H. 

Since  A,  B,  C  are  three  magnitudes,  and  F,  G,  H  other 
three,  which,  taken  two  and  two  in  transverse  order,  have 
the  same  ratio, 

^  :  C  =  i^ :  ^,  by  the  first  case. 
But  because  G.D  =  E  :  F;  Hyp. 

A  :  D  =  E :  H  hj  the  first  case. 
Similarly   the  demonstration   may  be  extended  to   any 
number  of  magnitudes. 

Cor. — From  this  proposition  and  the  preceding  it  may 
be  inferred  that  ratios  which  are  compounded  o*  bquai  I'atios 
are  equal  to  one  another. 

aiid  ii  has  beet  tihown  that  A  :  G  =  D  :F. 
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PROPOSITION  24.  Theorem. 
If  the  first  has  to  the  second  the  same  ratio  lo/iich  the  third 
has  to  the  fourth,  and  the  fifth  to  the  second  the  same 
ratio  which  the  sixth  has  to  the  fourth  ;  the  first  and 
fifth  together  shall  have  to  the  second  the  same  ratio 
■wmch  the  third  and  sixth  together  have  to  the  fourth. 

Let  4  : 5  =  C:D,  and  E.B  =  F:D: 


>'t  is  required  to  prove  A  +  E  :  B  =  C  +  F :  D. 

Because  E  :  B  =  F  :  D  ; 

B  :  E  =^  D  :  F,         by  inversion. 

V.A 

But             A'.B  =  C:D; 

Hyp. 

A  :  E  =  G  :  F,          by  direct  equality ; 

V.  22 

.-.      A  +  E:E=  C  +  F:F,hj  addition. 

V.  18 

But  again,  E  :  B  =  F :  D  ; 

Hyp. 

.-.     A  +  E  :B  =  C  +  F:D,  hy  direct  equality. 

V.  22 

PROPOSITION  D.     Theorem. 

The  terms  of  a  proportion  are  p)roportional  by  addition  and 
subtraction. 

Let  ^  :  5  =  C:D: 
it  is  re(piired  to  pjrove  A  +  B  :A  -B=C+D:C-D. 

Because  A  -  B  :  B  ^  C  -  D  :  D,  hj  subtraction ;    F.  1 7 

B:A  -  B  =  D:C  -  D,  hy  inversion ;       V.  A 

But  A  +  B:B  =  C  +  D  ■.D,hy  addition ;         F.  18 

.-.      A  +  B:A  -  B  =  C  +  D  -.C  -  D,hy  direct 

equality.  ,  F.  22 

rProposition  25  has  been  omitted,  as  being  of  Kttle  use.] 


286 


BOOK   VI, 


DEFINITIONS. 

i.  Similar  rectilineal  figures  are  those  which  h^:"^  their 
several  angles  equal,  each  to  each,  and  the  sides  about  the 
equal  angles  proportional. 

Of  the  two  requisites  for  similarity  among  figures,  namely,  equi- 
angularity  and  proportionality  of  sides,  it  will  be  seen  from  VL  4,  5, 
that  if  two  triangles  possess  the  one,  they  also  possess  the  other. 
In  this  respect  triangles  are  unique.  Hence,  in  order  to  prove  t^^o 
rectilineal  figures  (other  than  triangles)  similar,  it  must  be  shown 
that  they  possess  both  requisites. 

2.  When  any  proportion  is  stated  among  the  sides  of 
two  similar  figures,  those  pairs  of  sides  which  form  ante- 
cedents or  consequents  of  the  ratios  are  called  homologous 
sides. 

3.  Similar  figures  are  said  to  be  similarly  described  upon 
given  straight  lines  when  the  given  straight  lines  ars 
homologous  sides  of  the  figures. 

4.  When  two  similar  figures  have  their  homologous  sides 
parallel  and  drawn  in  the  same  direction,  they  are  said  to 
be  similarly  situated ;  when  they  have  them  parallel  and 
drawn  in  opposite  directions,  they  are  said  to  be  oppositely 
situated. 

5.  Triangles  and  parallelograms  which  have  their  side^ 
about  two  of  their  angles  proportional  in  such  a  manner 
that  a  side  of  the  first  figure  is  to  a  side  of  the  second,  as 
the  other  side  of  the  second  is  to  the  other  side  of  the  first, 
are  said  to  have  these  sidds  reciprocally  proportional. 
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6.  The  altitude  of  a  triangle  is  the  perpendicular  drawn 
from  the  vertex  to  the  base,  or  the  base  produced ;  the 
altitude  of  a  parallelogi'am  is  the  perpendicular  drawn  from 
any  point  in  one  of  its  sides  to  the  opposite  side,  or  that 
side  produced. 

7.  A  straight  line  is  said  to  be  cut  in  extreme  and  mean 
ratio  when  the  whole  line  is  to  one  segment  as  that  segment 
is  to  the  other. 

A"  m  the  case  of  medial  section,  a  straight  line  might  be  cut  in 
extreme  and  mean  ratio  both  internally  and  externally ;  but  internal 
division  only  is  generally  implied  by  the  phrase. 


PROrOSITIOX  1.     Theorem. 

Triangles  ami  parallehMj rams  of  the  same  altiliide  are  to  one 
another  as  their  bases. 

E       A  F 


Let  As  ABC,  ACD,  and  \^'  EC,  CF  have  the  same 
altitude,  namely,  the  perpendicular  drawn  from  A  to  BD^ 
or  BD  produced : 

it  is  required  to  prove        BC  :  CD  =  /\  ABC :  A  ACD, 
and  BC-.CD  =  H""    EC   :  H'"  CF. 

Produce  BD  both  ways,  and  take  any  number  of  straight 
lines  BG,  GH,  HK  each  -  BC,  I.  3 

and  DL,  LM,  any  number  of  them,  each  =  CD ;  I.  3 

and  join  A  with  the  points  K,  H,  G,  L,  M. 
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E       A  F 


Because  KH,  HG,  GB,  BC  are  all  equal,  Const. 

•.As  AKH,  AHG,  AGB,  ABC  are  all  equal.  /.  38 

.'.  whatever  multiple  the  base  A'C  is  of  the  base  BC,  the 
same  multiple  is  A  AKC  of  A  ABC. 

Similarly,  whatever  multiple  the  base  CM  is  of  the  base 
CD,  the  same  multiple  is  A  ACM  of  A  ACD. 
And  if  the  base  KC  be  equal  to,  greater,  or  less  than  the 
base  CM,  A  AKC  will  be  equal  to,  greater,  or  less  than 
A  ACM.  L  38 

Now  since  there  are  four  magnitudes  EG,  CD,  A  ABC, 
A  ACD; 

and  ol  BC  and  A  ABC  (the  first  and  third)  any  equi- 
multiples whatever  have  been  taken,  namely,  KC  and 
A  AKC, 

and  of  CD  and  A  ACD  (the  second  and  fourth)  any  equi- 
niultiples  whatever  have  been  taken,  namely,  CM  and 
A  ACM; 

and  since  it  has  been  shown  that  if  KC  be  equal  to,  greater, 
or  less  than  CM, 
A  AKC  is  equal  to,  greater,  or  less  than  A  ACM; 

.-.  BC'.CD  =  A  ABC :  A  ACD.  V.  Def.  5 


Again,  because  BC:CD=     A  ABC 
BC:CD=2AABC 

=  ir  KC 


A  ACD; 
2  A  ACD  r.15,11 
\r  CF.  I.  41 


Cor.  1. — Triangles  and  parallelograms  that  have  equal 
altitudes  are  to  one  another  as  their  bases. 
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Cor.  2. — Triangles  and  parallelograms  that  have  equal 
bases  are  to  one  another  as  their  altitudes. 

For  each  triangle  or  H""  may  be  converted  into  an  equi- 
valent right-angled  triangle  or  rectangle  with  base  and 
altitude  =  its  base  and  altitude ;  and  in  these  latter  figures 
the  bases  and  altitudes  may  be  interchanged. 

M.  If  two  triangles  or  H^^^  hav^-  the  same  ratio  as  their  bases,  they 
must  have  equal  altitudes  ;  if  they  have  'the  same  ratio  as 
jj  their  altitudes,  they  must  have  equal  bases. 

**   2.  The  rectangle  contained  by  two  straight  lines  is  a  mean  pro- 

/'  ])ortional  between  their  squares. 

3.  A,  B,  and  C  are  three  straight  lines  ;  prove  that  A  has  to  B  the 
same  ratio  as  the  rectangle  contained  by  A  and  C  has  to  the 
rectangle  contained  by  B  and  C 
'4.  A  quadrilateral  is  such  that  the  perpendiculars  on  a  diagonal 
from  the  opposite  vertices  are  equal.     Show  that  the  quadri- 
lateral can  be  divided  into  four  equal  triangles  by  straight 
hues  drawn  from  the  middle  point  of  the  diagonal. 
'  6.  AB  is  II  CD,  and  AD,  BG  are  joined,  intersecting  at  E ;  prove 
/         AE  :  ED  =  BE  :  EG. 
l6j^Triangles  ABC,  DEFh&ve  i  A  =  l  D,  and  AB  ^  DE ;  prove 

A  ABC  :  A  DEF  =  AC  :  DF. 
"7-  AD,  BE,  CF  drawn  from  the  vertices  of  A  ABC  to  the  opposite 
sides  are  concurrent  at  0;  prove  BD  :  DC  =  A  AOB  :  A  AOC, 
CE  -.EA  =  A  BOG :  A  BOA,  AF  :  FB  =  a  COA  :  A  COB. 

8.  ^is  the  middle  point  of  AD,  a  median  of  a  ABC ;  BEis  joined 

and  produced  to  meet  AC  a,t  F.     Prove  CF  =2  AF.  ' 

9.  ABC  is  any  triangle  ;  from  BC  and  CA  are  cut  off  BD  =  one- 

fourth  of  BC,  and  CE  =  one-fourth  of  GA.  If  AD,  BE 
intersect  at  0,  prove  that  CO  produced  will  divide  AB  into 
two  segments  in  the  ratio  of  9  to  1. 

10.  Perpendiculars  are  drawn  from  any  point  within  an  equilateral 

triangle  to  the  three  sides.     Prove  that  their  sum  is  constant. 

11.  Triangles  and  \\"^  are  to  one  another  in  the  ratio  compounded  of 

the  ratios  of  their  bases  and  altitudes- 


290 


EUCLID  S   ELEMENTS. 


[Book  VI. 


PKOPOSITION  2.     Theorems. 

If  a  straight  line  he  drawn  parallel  to  one  side  of  a  trianglp, 
it  shall  cut  the  other  sides,  or  those  sides  X)^'odnced '" 
propoHionally. 

Conversely :  If  the  sides  or  the  sides  j^roduced  be  cut  pro- 
portionally, the  straight  line  joining  the  points  of 
section  shall  he  parallel  to  the  remaining  side  of  the 
triangle. 

A  A 


(1)  Let  DE  be  drawn  ||  BC,  one  of  the  sides  of  A  ABCi 
it  is  required  to  prove  that  ED  :  DA  =  CE  :  EA. 


Join  BE,  CD. 
Then  A  BDE 


A  CDE,  being  on  the  same  base  DE, 


and  between  the  same  parallels  DE,  BC ; 
.-.    A  BDE  :  A  ADE  =  A  CDE  :  A  ADE. 
But  A  BDE  :  A  ADE  =         BD  :  DA, 
and  A  CDE  :  A  ADE  =  CE  :  EA  ; 

BD   :  DA    =  CE  :  EA. 

(2)  Let  BD  :  DA  =  CE  :  EA,  and  DE  be  joined : 

it  is  required  to  prove  DE  \\  BC. 

Join  BE,  CD. 

=  CE  :  EA, 

=  A  BDE  :  A  ADE, 

=  A  CDE  :  A  ADE; 


Because  BD  :  DA 
and  BD  :  DA 

and  CE  :  EA 


I  37 
V.  7 
VL  1 
VI  1 
V.  11 


Hyp. 
VI  1 
VI  1 


*  This  useful  extension  was  introduced  by  Robert  Simson. 
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.-.      A  BDE :  A  ADE  -  A  CDE  :  A  ADE;  V.  11 

A  BDE  =  A  ejL>£.  P;  9 

Now  these  triangles  are  on  the  same  base  DE  and  on  the 
same  side  of  it ; 
.-.  DEi^WBC.  I.  39 

1.  The  straight  line  which  joins  the  middle  points  of  two  sides  of  a 

triangle  is  |;  the  third  side. 

2.  The  straight  line  drawTi  through  the  middle  point  of  one  of  the 

sides  of  a  triangle  and  |!  another  side  will  bisect  the  third  side. 

3.  Any  two  straight  lines  cut  by  three  parallel  straight  lines  are 

cut  proportionally.     (Euclid,  Data,  Prop.  38.) 

4.  Any  straight  Mne  drawn  |i  the  parallel  sides  of  a  trapezium  divides 

the  non-parallel  sides,  or  those  sides  produced  proportionally. 

5.  In  the  figures  to  the  proposition,  if  DE  be  ||  BC,  prove  BA  :  AD 

=  CA  :  AE,  and  conversely. 

6.  ABC  is  any  angle,  and  P  a  given  point  within  it ;  draw  through 
"^      Pa.  straight  line  terminated  by  BA,  BC,  and  bisected  at  P. 

"*!.  In  the  base  BC  oi  l  ABC  any  point  D  is  taken,  and  DE,  DF, 
drawn  ||  AB,  AC  respectively,  meet  the  other  sides  at  E,  F : 
prove  A  AFE  a  mean  proportional  between  A  s  FBD,  EDC. 
Examine  the  case  when  D  is  taken  in  BC  produced. 
>  8.  ABC,  DBC  are  two  triangles  either  on  the  same  side,  or  on 
opposite  sides  of  a  common  base  BC ;  from  any  point  E 
in  BC  there  are  drawn  EF,  EG  respectively  ||  BA,  BD, 
and  meeting  the  other  sides  in  F,  G.  Prove  FG  ||  AD. 
Examine  the  case  when  E  is  taken  in  BC  produced. 
9.  ABC  is  any  triangle  ;  D  and  E  are  points  on  AB  and  AC  such 
that  DE  is  i;  BC  ;  BE  and  CD  intersect  at  F.  Prove  that 
h  ADF  =  [X  AEF,  and  that  AF  produced  bisects  BC. 
Examine  also  the  cases  when  D  and  E  are  go.  AB  and  AC 
produced. 

10.  Prove  the  following  construction  for  trisecting  a  straight  line 
AB'\n  G  and  H :  On  AB  as  diagonal  construct  a  li""  ACBD ; 
bisect  AC,  BD  va.  E  and  F.  Join  DE,  FC  cutting  AB  vaG 
and  H. 

\\.  AB  is  a  straight  line,  and  C  is  any  point  in  it  ;  find  in  AB 
produced  a  point  D  such  that  AD  :  DB  —  AC  :  CB. 
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PROPOSITION  3.    Theorems. 

If  the  vertical  angle  of  a  triangle  he  bisected  hy  a  straight 
line  lohich  also  cuts  the  base,  the  internal  segments  of 
the  base  shall  have  to  one  another  the  same  ratio  as  the 
other  sides  of  the  triangle  have. 

Conversely :  If  the  internal  segments  of  the  base  have  to  one 
another  the  same  ratio  as  the  other  sides  of  the  triangle 
ha/ve,  the  straight  line  draion  from  the  vertex  to  the 
point  of  section  shall  bisect  the  vertical  angle. 

E 


A,'' 


B  ^D  C 

(1)  Let  the  vertical  l  BAC  oi  the  A  ABC  be  bisected 
by  AD,  which  meets  the  base  at  D  : 
it  is  required  to  prove  that  BD :  DO  =  BA  '.AC 

Through  C  draw  CE  \\  DA,  I.  31 

and  let  CE  meet  BA  produced  at  E. 
Because  DA  and  CE  are  parallel, 
.-.    L  BAD  =  L  AEC,  and  l  DAC  =  L  ACE.        I.  29 
But  L  BAD  =  L  DAC;  Hyp. 

.:    L  AEC  =  L  ACE; 

AC    =  AE.  I.  6 

Because  DA  is  |I  CE,  a  side  of  the  A  BCE, 
.'.  BDiDC^  BA: AE ;  VI.  2 

.'.  BD:DC=  BAiAC.  V.  7 
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(2)  Let  BD  :  DC  =  BA  :  AC,  and  AD  be  joined : 
it  is  required  to  prove  l.  BAD  =   L  DAC. 

Through  a  draw  GE  \\  DA,  I.  31 

aud  let  CE  meet  BA  produced  at  E. 

Because  DA  is  ||  CE,  a  side  of  the  A  BCE, 
.-.    BD  :  DC  =  BA  :  AE.  VI.  2 

But  BD  :  DC  =  BA  :  AC;  Hyp. 

.-.    BA-.AE  =  BA  .AC;  V.  11 

AE  =  AC,  V.  9 

and     L  AEC  =  l  ACE.  I.  5 

But  because  DA  aud  CE  are  parallel, 
.-.    L  AEC  =  L  BAD,  and  ^  ACE  =  L  DAG;         1.  29 
/.    L  BAD  =  L  DAC. 

1.  With  the  same  figure  and  construction  as  in  I.  10,  prove  that 

AB'\%  bisected. 

2.  If  a  straight  line  bisect  both  the  base  and  the  vertical  angle  of  a 

triangle,  the  triangle  must  be  isosceles. 

3.  The  bisector  of  an  angle  of  a  triangle  divides  the  triangle  into  two 

others,  which  are  proportional  to  the  sides  of  the  bisected  angle. 

4.  ABC  is  a  triangle  whose  base  BC  is  bisected  at  Z);   z  s  ADB, 

ADC  are  bisected  by  DE,  DF  meeting  AB,  AC  At  E,  F. 
Prove  EF  ||  BC. 

5.  Trisect  a  given  straight  line. 

6.  Divide  a  given  straight  line  into  parts  which  shall  be  to  one 

another  as  3  to  2. 

7.  Divide  a  given  straight  line  into  n  equal  parts. 

8.  The  liisectors  of  the  angles  of  a  triangle  are  concurrent. 

9.  Express  BD  and  DC  (fig.  to  the  proposition)  in  terms  of  a,  b,  c, 

the  three  sides  of  the  triangle. 

- — 10.  AB  is  a,  diameter  of  a  circle,  CD  a  chord  at  right  angles  to 
it,  and  E  any  point  in  CD  ;  AE,  BE  produced  cut  the  circle 
at  F  and  G.  Prove  that  the  quadrilateral  CFDG  has  any 
two  of  its  adjacent  sides  in  the  same  ratio  as  the  other  two. 

,,-Jl.  H  is  the  middle  point  of  BC  (fig.  to  the  proposition)  :    prove 
HC  :  HD  =  BA  +  AC  :  BA  -  AC. 
12.  The  straight  lines  which  trisect  an  angle  of  a  triangle  do  not 
trisect  the  opposite  side. 
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PEOPOSITION  A.*     Theorems, 

If  the  exterior  vertical  angle  of  a  triangle  he  bisected  hy  a 
straight  line  zvhich  also  cuts  the  base  produced,  the 
external  segments  of  the  base  shall  have  to  one  another 
the  same  ratio  as  the  other  sides  of  the  triangle  have. 

Oonverselg :  If  the  external  segmeiits  of  the  base  have  to  one 
another  the  same  ratio  as  tlie  other  sides  of  the  triangle 
have,  the  straight  line  drawn  from  the  vertex  to  the 
point  of  section  shall  bisect  the  exterior  vertical  angle. 


(1)  Let  the  exterior  vertical  l  CAF  of  the  A  ABO  be 
bisected  by  AD,  which  meets  the  base  produced  at  D: 
it  is  required  to  prove  that  BD  :  DC  =  BA  :  AC. 

Through  C  draw  CE  \\  DA,  I.  31 

and  let  CE  meet  BA  at  E. 

Because  DA  and  CE  are  parallel, 
.-.    L  FAD  =  L  AEC,  and  l  DAC  =  l  ACE.  I.  29 

But  L  FAD  =  L  DAC;  Hyp. 

.'.     L  AEC  =  L  ACE; 

AC  =       AE.  I.  6 

Because  DA  is  ||  CE,  a  side  of  the  A  BCE, 

*  Assumed  in  Pappus,  VII.  39,  second  proof. 
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BD  :  DC  =  BA  :  AE ;  VI.  2 

BD  :  DO  =  BA  :  AC.  V.I 

(2)  Let  BD  :  DC  =  BA  :  AC,  and  AD  be  joined  : 
it  is  required  to  prove  L  FAD  =  l.  DAC. 

Through  C  draw  CE  \\  DA,  ^  /,  31 

and  let  CE  meet  BA  at  E. 

Because  DA  is  ||  CE,  a  side  of  the  A  BCE^ 

.-.    BD:DC=  BA  :AE.  VI.  2 

But  BD  :  DC  =  BA  :  A  C;  Hyp. 

.'.    BA  :  AE  =  BA.AC;                         •  V.  11 

AE  =  AC,  V.  9 

and     L  AEC  =  l  ACE.  I.  5 
But  because  DA  and  CE  are  parallel, 
.'.      I.  AEC  =  L  FAD,  and  i.  ACE  =  l  DAC;       I.  29 
.-.     L  FAD  =  L  DAC. 

i.  What  does  the  proposition  become  when  the  triangle  is  isosceles  ? 
--'  2.  The  bisector  of  the  vertical  angle  of  a  triangle,  and  the  bisectors 

of  the  exterior  angles  below  the  base,  are  concurrent. 
3.  Express  BD  and  DC  (fig.  to  the  proposition)  in  terms  of  a,  b,  c, 

the  three  sides  of  the  triangle. 
i.  Prove  the  tenth  deduction  from  VI.  3  when  E  is  taken  in  CD 

produced. 
5.  P  is  any   point  in  the  0"=®  of  the   circle  of  which  AB  ia  a, 

diameter ;    PC,  PD  drawn  on   opposite   sides   of   AP,  and 

making  equal  angles  with  it,  meet  ^^  at  C  and  D.     Prove 

AG:CB  =  AD  -.DB. 
^x  AB  is  a  straight  line,  and   C  is  any  point  in  it;    find  in  AB 

produced  a  point  D  such  that  AD  :  DB  =  AC  :  CB. 
■/.  P.'ove  the  proposition  by  cutting  off  from  BA  produced,  AS 

=  AC,  and  joining  DE. 
,&  if  in  any  a  ABC  there  be  inscribed  a  A  XYZ  (X  being  on  BC, 

y  on  CA,  Z  on  AB),  such  that  every  two  of  its  sides  make 

equal  angles  with  that  side  of  A  ABC  oxi  which  they  meet, 

thf^n  AX,  BY,  CZ  are  respectively  ±  BC,  CA,  AB. 

Examine  the  case  when  X  and  Y  are  on  BC  and  .reproduced. 
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PROPOSITION  4.     Theorem. 

If  two  triangles  he  mutually  equiangular,  they  shall  he  similar, 
those  sides  being  homologous  which  are  opposiie  to  equal 
angles.* 


In  As  ABC,  DOE,  let  l  ABC  =  l  DOE,  l  BCA  = 
L  CED,  L  BAG  =  L  CDE: 
it  is  required  to  prove  As  ABC,  DCE  similar. 

Place  A  DOE  so  that  CE  may  be  contiguous  to  BC, 

and  in  the  same  straight  line  with  it.  /.  22 

Because  l  ABC  +  i.  A  CB  is  less  than  2  rt.  ^  s ;     7.  17 

and              L.  ACB  =  L  DEC;  Hyp. 

L  ABC  +   L.  DEC  is  less  than  2  rt.  ^  s  ; 

.*.  BA  and  ED  if  produced  will  meet.  /.  29,  Cor. 
Let  them  be  produced  and  meet  at  F. 

Because  l.  DCE  =  i.  ABC,  Hyp. 

.-.  BF  is  \\  CD;  J.  28 

and  because  l  BCA  =  L  CED,  Hyp. 

.'.  AC  is  \\FE;  L'lS 
.-.  FACD  is  a  \f^; 

.',  AF  =  CD,  and  ^C  =  FD.  L  34 

*  This  theorem  is  usually  attributed  to  Thales  (640-546  B.O.). 
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Now  becaiiso  ^C  is  ||  FE,  a  side  of  the  A  FBE, 
.'.  BA  :AF  =  BC:  CE j  VI.  2 

.-.  BA  :  CD  =  BC  :  CE ;  V.  7 

.-.  BA  :  BC  =  CD  :  CE,  by  alternation.  V.  16 

Again,  because  CD  is  ||  BF,  a  side  of  the  A  FBE, 
.'.  BC  :CE=FD:  DE ;  VI.  2 

.-.  BCiCE  =  ACiDE;  V.  7 

.-.  BC:CA  =  CE:  DE,  by  alternation.  V.  16 

Lastly,  because  AB,  BC,  CA  are  three  magnitudes, 
aod  DC,  CE,  ED  other  three ; 

and  since  it  has  been  proved  that  AB  :  BC  =  DC  :  CE, 

and  BC:CA  -  CE.ED; 
.-.  AB'.AC  =^  DC:  DE,  by  direct  equality.  V.  22 

Hence  As  ABC,  DCE  are  similar.  VI.  Def.  1 

1.  From  a  given  triatiL^le  another  is  cut  off  by  a  parallel  to  the 

base  ;  jirove  the  two  triangles  similar. 
2i  Two  right-angled  tiianyles  are  similar  if  an  acute  angle  of  the 

one  be  ecjiial  to  an  au.ite  angle  of  the  other. 

3.  Two  isosceles  triangles  are  similar  if  their  vertical  angles  are 

equal. 

4.  ABCD  is  a  rhombus  ;  through  D  a  straight  line  is  drawn  so  as 

to  cut  BA  and  BC  produced  at  E  and  F.    Prove  as  EAD, 
DCF  similar. 

5.  Two  chords  AG,  BD  of  a  circle  ABC  intersect  at  E,  either 

within  or  without  the  circle;  prove  As  AEB,  CED  similar, 
and  also  as  A  ED,  BEC. 
§,^The  straight  line  which  joins  the  midtUe  i)oints  of  two  sides  of  a 
triangle  is  half  of  the  third  side. 
,   7.  A  straight  line  which  is  ||  one  of  the  bides  of  a  triangle  and  = 

half  of  it  must  bisect  each  of  the  other  sideo. 
— Jfc~If  one  of  the  two  parallel  sides  of  a  trapezium  be  double  of  the 
other,  the  diagonals  intersect  at  a  jioint  of  trisection. 
9r  In  mutually  equiangular  triangles  the  perpendiculars  drawn  from 
corresponding  vertices  to  the  opposite  sides  are  proportional 
to  those  sides. 
IJ^  The  median  to  the  base  of  a  triangle  bisects  all  the  parallels  to 
the  base  intercepted  by  the  sides. 
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11.  Three  straight  lines  AB,  AG,  AD  are  drawn  through  one  point 

A,  and  are  cut  by  two  parallels  at  the  points  E,  F,  G  and 

B,  G,  D  respectively  :  prove  BG  :  GD  =  EF  :  FG. 

12.  Hence  devise  a  method  of  dividing  a  given  straight  line  into  any 

number  of  equal  parts. 

13.  Prove    the  proposition  from   VI.  2,  by  superposing  the   one 

triangle  on  the  other. 


PROPOSITION  5.     Theorem. 

If  two  triangles  have  the  sides  taken  in  order  about  each  of 
their  angles  2)roportional,  they  shall  be  similar,  those 
angles  being  equal  which  are  opposite  to  the  homologous 
sides. 


G 

In  As  ABC,  DEF,  let  AB  :  BC  =  DE  :  EF,  EC:  GA 
=  EF :  FD,  and  BA  :  AC  =  ED  :  DF : 

it  is  required  to  prove  As  ABC,  DEF  similar. 

At  E  make  l  FEG  =  l  ABC,  and  at  F  make  l  EFG 
=  L  ACB.  I.  23 

Then  L  G  =  L  A,  I.  32,  Car.  1 

and  A  ABC  is  equiangular  to  A  GEF; 

.-.    AB  :  BC  =  GE  :  EF.  VI.  4 

But  AB.BC  =  DE:  EF ;  Hyp. 

.-.  DE-.EF  =  GE:  EF;  V  11 

DE  =  GE.  V.  9 
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Similarly,  Z)i^=  GF. 

Kow  As   DEF,   GEF  have  the   three  sides  of  the  one 

respectively  equal  to  the  three  sides  of  the  other ; 

.•.  they  are  mutually  equiangular.  I.  8 

But  A  ABC  is  equiangular  to  A  GEF ; 

.'.    A  ^^Cis  equiangular  to  A  DEF. 
Hence  As  ABC,  DEF  are  similar.  VI.  Def.  1 

1.  What  is  the  analogous  proposition  in  the  First  Book  proving  the 

equality  of  two  triangles  ? 

2.  The  triangle  formed  by  joining  the  middle  points  of  the  sides 

of  another  triangle  is  similar  to  that  other. 

3.  Prove  the  proposition  from  the  following  construction  :   From 

AB  cut  oS  AG  =^  BE,  and  through  G  draw  GH  \\  BC,  meeting 
AC&tH. 


PROPOSITION  6.     Theorem. 

If  two  triangles  have  one  angle  of  the  one  equal  to  one  angle 
of  the  other,   and   the  sides   about   these  angles  pro- 
2'>ortional,  they  shall  he  similar,  those  angles  being  equal 
ichich  are  ojyjjosite  to  the  homologous  sides. 
A 


In  As  ABC,  DEF,  let  l  B AC  =  l  EDF,  and  BA.AC 
=  ED  :  DF: 
it  is  required  to  prove  As  ABC,  DEF  similar. 

At  D  make  _  FDG  =  _  BAC.  or  ^  EDF,  L  23 

and  at  F  make  i.  DFG  =  ^  ACB.  g,  23 
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Then  L  G  =  L  B,  I.  32,  Car.  1 

and  A  ABC  is  equiangular  to  A  DGF ; 
.:    BA:AG=  GD.DF.  VI.  4 

^vX  BA  :  AC  =  ED  :  DF ;  Hyp. 

,'.  ED:DF=  GD:  DF ;  V.  11 

ED  =  GD.  V.  9 

(        ED  =  GD 
Now  in  As  EDF,  GDF,  ]         DF  =  DF 

(  L  EDF  =  L  GDF;      Const 
.'.    L  E=  L  G,  and  l  DFE  =  l  DFG.  I.  4 

Bui  L  B  =  L  G,  and  l  ACB  =  l  DFG ; 
.-.     L  B  =  L  E,  and  l  ACB  =  l  DFE. 
Hence  As  ABC,  DEF  are  similar.  VI.  Def.  1 

si"'!.  What  is  the  analogous  proposition  in  the  First  Book  proving  the 

equality  of  two  triangles  ? 
\  2.  Prove  the  i)roposition  with  the  same  construction  as  in  the  third 

deduction  from  VI.  5. 
'  3.  A  BC  is  a  triangle,  and  the  perpendicular  A  D  drawn  from  A  to 

BG  falls  within  the  triangle.     Prove  that  '\i  AD  is  &  mean 

proportional  between  BD  and  DC,   L  BA  C  is  right,  and  that 

if  ^i?  is  a  mean  proportional  between  BC  and  BD,   /  BAG 

is  right. 
4.  AB  in  &  straight  line,  D  and  E  two  points  on  it;  Z>i^ and  EG 

are  parallel,  and  proportional  io  AD  and  AE.     Prove  A,  F, 

and  G  to  be  in  one  straight  line. 
-&,  AB    is    divided    internally    at    G   and    D   so   that   AB  :  AG 

=  AG :  AD.     From  A  any  other  straight  line  AE  is  drawn 

:=  AG,     Prove  A  s  ABE,  A  ED  similar,  and  that  EG  bisects 

I  BED. 
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PROPOSITION  7.     Theorem. 

If  two  triangles  have  two  sides  of  the  one  proportional  to 
two  sides  of  the  other,  and  the  angles  opposite  to  one 
pair  of  homologous  sides  equal,  the  angles  opposite  to 
the  other  pair  of  homologous  sides  shall  be  either  equal 
or  supplementary. 
A 


In  As  ABC,  DEF,  let  BA-.AC  =  ED:  DF,  and  l  B 
=  L  E: 

it  is  required  to  prove  either  lC— lF,  orLG+LF 
=  2rt.  L  s. 

(1)  L  A  is  either  =  l  D,  ot  not. 

li  L  A  =  L  D,  then  since  l  B  =  l  E,  Hyp. 

.-.  L  C=  L  F.  I.  32,  Cor.  1 

(2)  If  ^  ^  is  not  =  L  D, 

at  D  make  L  EDG  =  l  A;  /.  23 
and,  if  necessary,  produce  EF  to  meet  DG. 

Because  l  B  =  l  DEG,  Hyp. 

and              L  A  =^  L  EDG;  Const. 

.-.  A  ABC  is  equiangular  to  A  DEG;  I.  32,  Cor.  1 

.-.    BA  :  AC  =  ED  :  DG.  VI.  i 

Bnt  BA  :  AC  =  ED  :  DF;  Hyp. 

.'.ED:DF=ED.DG;  V.  U 

DF^DG;  F.  9 

.-.     I.  DEG  =  L  G.  1.5 
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Now  L  DFE  is  supplementary  to  z.  DFG  ; 
L  Z)i^^  is  supplementary  to  lG; 
L.  Di^jEJ  is  supplementary  to  L  C 

Note. — See  the  note  appended  to  I.  A.,  p.  62. 

1.  What  is  the  analogous  proposition  in  the  First  Book  proving, 

under  certain  conditions,  the  equality  of  two  triangles  ? 

2.  ABC  is   a   triangle,   and   ^Z>  is   drawn  ±  BC.     If  BC  :  OA 

=  AB  :  AD,  then  A  ABC  is  right-angled. 


PROPOSITION  8.     Theorem. 

In  a  right-angled  triangle,  if  a  perpendicular  be  drawn  from 
the  right  angle  to  the  hypotenuse,  the  triangles  on  each 
side  of  it  are  similar  to  the  whole  triangle  and  to  one 
another. 


Let  A  ABC  be  right-angled  at  A,  and  let  AD  be  drawn 
perpendicular  to  the  hypotenuse  BC: 

it  is  required  to  prove  As  DBA  and  D  AC  similar  to  A  ABC, 
and  to  one  another. 

^  f  L  ADB  =  L  CAB 
In  As  DBA,  ABC,  |         l  B  =  ^   B  ■ 

.'.  these  triangles  are  mutually  equiangular;     /.  32,  Cor.  1 
.'.  they  are  similar.  VI.  4 

In  the  same  way,  As  DAC  i\\\A  ABC  may  he  proved  similar. 

Now  since  As  DBA  and  DAC  are  similar  to  A  ABCy 

they  are  similar  to  one  another. 
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Cob. — From  the  similarity  of  As  DBA,  DAC  \\>  follows 
that  BD  :  DA  =  AD  :  DC.  (1) 

From  the  similarity  of  As  ABC,  DBA  it  follows  that 

CB-.BA  =  AB:  BD.  (2) 

From  the  similarity  of  As  ABC,  DAC  it  follows  that 

BC:CA  =  AC:CD,  (3) 

and  BC:BA  =  AC:  AD.  (4) 

These  results  expressed  in  words  are  : 

(1)  The  perpendicular  from  the  right  angle  on  the  hypo- 
tenuse is  a  mean  proportional  between  the  two  segments 
into  which  it  divides  the  hypotenuse. 

(2)  and  (3)  Either  of  the  sides  is  a  mean  proportional 
between  the  hypotenuse  and  its  projection  on  the  hjrpo- 
tenuse. 

(4)  The  hypotenuse  is  to  either  side  as  the  other  side  is 
to  the  perpendicidar, 

^  1,  li  from  any  point  in  the  O  "'^  of  a  circle  a  perpendicular  be  drawn 
to  any  radius,  and  a  tangent  from  the  same  point  to  meet 
the  radius  produced,  the  radius  will  be  a  mean  proportional 
between  the  segments  intercepted  between  the  centre  and 
the  points  of  concourse. 

2.  That  part  of  a  tangent  to  a  circle  intercepted  by  tangents  at  the 
extremities  of  any  diameter  is  divided  at  the  puint  of  contact 
so  that  the  radius  is  a  mean  proportional  between  the  seg- 
ments. 

S.  Prove  BD  :  DC  =  duplicate  of  BA  :  AC. 

4.  ABC  is  a  triangle  ;  AD  and  AE  are  drawn  to  the  base  BC  so  as 

to  make  i  s  ADB,  AEC  each  =  the  vertical  /  BAC ;  prove 
(1)  BD:AD  =  AE:  CE,      (2)  CB  :  BA  =  AB  :  BD, 
(3)  BC  :  GA  =  AC  :  CE,      (4)  BG:BA=AC:  AE. 

Draw  figures  for  the  cases  when  z  BAC  is  acute  and  obtuse, 

and  deduce  from  this  theorem  the  results  given  in  the  Cor.  to 

the  proposition. 

5.  Examine  the  converses  of  the  results  (1),  (2),  (3),  (4)  of  the  Cor, 

to  the  proposition,  and  of  the  preceding  deduction. 
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PKOPOSITION  9.     Problem. 
From  a  given  straight  line  to  cut  off  any  aliquot  part, 

c 


A  F  B 

Let  ABhe.  the  given  straight  line  : 
it  is  required  to  cut  off  from  AB  any  aliquot  part. 

From  A  draw  AC,  making  any  angle  with  AB ; 
in  ^C  take  any  point  D  ; 

and  from  AG  cut  off  AE,  containing  AD  as  many  times  as 
AB  contains  the  part  required.  /.  3 

Join  EB,  and  through  D  draw  DF  \\  EB.  I.  31 

AF  is  the  part  required. 

Because  DF  is  ||  EB,  a  side  of  A  ABE, 

ED:DA  =  BF:  FA  ;  VI.  2 

EA  .DA  =  BA:  FA,  by  addition.  V.  18 

But  EA  contains  DA  a  certain  number  of  times ; 
.•.    BA  contains  FA  the  same  number  of  times.  V.  C 

1.  Which  proposition  in  the  First  Book  is  a  particular  case  of  this  ? 

2.  Trisect  a  given  straight  line. 

3.  Show  how  to  find  three-fifths  of  a  given  straight  line. 

4.  From  a  given  triangle  or  H""  cut  off  any  aliquot  part. 

5.  Show  how  to  find  four-sevenths  of  a  given  ||™. 
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PEOPOSITION  10.     Problem. 

2b  divide  a  given  straight  line  internally  and  externally  in 
a  given  ratio.* 

E 


Let  AB  be  the  given  straight  line,  K :  L  the  given  ratio : 
it  is  required  to  divide  AB  internally  and  externally  in  the 
ratio  K :  L. 

Draw  a  straight  line  AE  making  an  angle  with  AB  ; 
•  ■-'jt,  o£F  AF  =  K,  and  FG,  FH  on  opposite  sides  of  F,  each 
^  L,  /.  3 

Join  BG,  BH; 

and  through  F  draw  FC  \\  BG,  and  FD  \\  BH,  meeting  AB 
produced  at  D.  C  and  D  are  the  required  points. 

Because  FC  is  ||  BG,  a  side  of  the  A  ABG, 

AC  :  CB  ^  AF :  FG,  VI.  2 

=  K:L.  F.  11 
Again,  because  FD  is  ||  BH,  a  side  of  the  A  ABH, 

AD-.DB  ^  AF:  FH,  VI.  2 

^K:L.  F.  11 

\.  AB  and  AC  are  two  straight  lines,  and  AC  \a  divided  inter- 
nally at  the  points  D  and  E.     Divide  AB  similarly  to  ^C 

*  This  proposition  has  been  inserted  instead  of  EueUd'a  tenth,  irklch 
is  ^ven  as  the  first  deduction. 
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2.  Make  the  figure  and  prove  the  proposition  when  K  is  less  than 
L.     What  becomes  of  the  external  section  when  K  —  L . 
n)  3.  Divide  a  given  triangle  or  ||'"  into  two  parts  which  shall  have  to 

each  other  a  given  ratio. 
"*>)(,  Given  two  points  on  the  0"=®  of  a  circle,  to  find  a  tuird  point  m 
/  the  o**  snch  that  the  ratio  of  its  distances  from  the  two 

given  points  may  be  equal  to  a  given  ratio. 


PEOPOSITION  11.     Problem. 
To  find  a  third  proportional  to  two  given  straight  lines. 

?E 


A  B  D 

Let  AB,  AC  he  the  two  given  straight  lines : 
it  is  required  to  find  a  tlilrd  proportional  to  AB,  AG, 

Place  AB,  AG  so  as  to  contain  any  angle ; 
produce  AB,  AC,  making  BD  =  AC;  L  3 

join  BG,  and  through  D  draw  DE  \\  BC.  I.  31 

GE  is  the  third  proportional. 

Because  BC  is  ||  DE,  a  side  of  A  ADE, 

AB  :  BD  =  AC  :  GE ;  VI.  2 

AB-.AC  =  AG:  GE,  since  BD  =  AC.  V.  7 

M.  Does  the  magnitude  of  the  third  proportional  to  two  straight 
lines  depend  on  the  order  in  which  the  straight  lines  are 
taken  ?  How  many  third  proportionals  can  be  found  to  two 
straight  lines  ? 

^2.  To  AB  and  ^C  obtain  the  third  proportional  measured  from  A. 

<  3.  By  VI.  8,  Cor.,  find  a  third  proportional  to  two  straight  lines  ill 
two  other  ways. 
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'4.  AB  and  AC  are  two  straight  lines  drawn  from  A.     Produce 
CA  to  D,  making  AD  =  AC ;  describe  a  circle  through  the 
three  points  B,  C,  D,  and  produce  BA  to  meet  it  a,t  E.     AE 
is  a  third  proportional  to  AB,  A C. 
I  ~lfe  Use  the  fourth  deduction  from  VI.  4  to  find  a  third  proportional 
I  to  two  given  straight  lines. 

"A  6.  Use  the  fourth  deduction  from  VI.  8  for  the  same  purpose. 


PROPOSITION  12.     Problem. 
To  find  a  fourth  proportional  to  three  given  straight  lines. 

H 


s 

T>  "  Q 

Let  A,  B,  0  be  the  three  given  straight  lines : 
it  is  required  to  find  a  fourth  proportioned  to  A,  B,  C. 

Take  two  straight  lines  DE,  DF  containing  any  angle  ; 
from  these  cut  off  DG  =  A,  GE  =  B,  and  DH  =  C;     I.  3 
join  GH,  and  through  E  draw  EF  \\  GH.  I.  31 

HF  is  the  fourth  proportional. 
Because  GH  is  ||  ^i^,  a  side  of  A  DEF, 

DG  :  GE  =  DH :  HE;  VI.  2 

A:B     ^       C:HF.  V.  7 

S).  Which  previous  proposition  is  a  particular  case  of  this? 

\  2.  Does  the  magnitude  of  the  fourth  proportional  to  three  straight 

lines  depend  on  the  order  in  which  they  are  taken  ?    How 

many  fourth  proportionals  can  be  found  to  three  straight 

lines  ? 
%  To  A,  B,  C  obtain  the  fourth  proportional  measured  from  D. 
■if^'By  a  method  similar  to  that  of  the  fourth  deduction  from  VI.  11, 

find  a  fourth  proportional  to  three  given  straight  lines, 
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^.  Given  a  triangle  or  ||™  ;  construct  another  triangle  or  H""  which 

shall  have  to  it  a  given  ratio. 
f-pT  AB  and  AG  are  two  straight  lines,  and  Z)  is  a  point  between 
them.     Draw  through  D  a  straight  line  such  that  the  parts' 
of  it  intercepted  between  D  and  the  two  given  straight  line? 
may  be  in  a  given  ratio. 


PKOPOSITION  13.     Problem. 
To  find  a  mean  proportional  between  tico  given  straight  lines. 


A  15  O 

Let  AB,  BC  be  the  two  given  straight  lines : 
a  is  required  to  find  a  mea7i  proportional  between  AB,  BC. 

Place  AB,  BO  in  the  same  straight  line, 
and  on  AC  describe  the  semicircle  ADC ;  /.  10 

from  B  draw  BD  ^_  AC.  /.  11 

BD  is  the  mean  proportional. 

Join  AD,  CD. 

Then  A  ADC  is  right-angled,  and  AC  is,  the  hypoten- 
use ;  ///.  31 
.*.  5Z)  is  a  mean  proportional  between  ^li?,  5G     VI.  8,  Cor. 

Ar.  If  the  given  straight  lines  were  A  C,  BC,  placed  as  in  the  figure 
to  the  proposition,  show  how  to  find  a  mean  proportional 
between  them. 

~2.  To  find  a  mean  proportional  between  AB,  BO  placed  as  in  the 
figure  to  the  proposition.  Describe  any  circle  passing  through 
A  and  C ;  join  B  to  the  centre  0,  and  draw  DUE  L.  OB, 
meeting  the  O"^  at  D  and  E.  BD  or  BE  is  the  mean  pro" 
portional. 
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?.  To  find  a  mean  proportional  between  AC,  BC,  placed  as  in  the 
figure  to  the  proposition.  Describe  any  segment  of  a  circle 
on  A  C,  make  z  CBD  =  the  angle  in  the  segment,  and  join 

/  CD.     CD  is  the  mean  proportional. 

4.  Half  the  sum  of  two  straight  lines  is  greater  than  the  mean 

proportional  between  them. 

5.  A  point  E  is  taken  in  the  side  .45  of  a  ||™  ABCD ;  DE  mee\s 

BC  produced  in  F.  Prove  A  AEF  a  mean  proportional 
between  a  s  AED  and  BEF. 
6>  By  repetitions  of  the  process  of  finding  a  mean  proportional, 
what  numbers  of  mean  proportionals  coidd  be  found  between 
two  given  straight  Unes  so  as  to  form  a  continued  proportion  ? 
Devise  an  algebraical  expression  which  will  include  all  these 
numbers. 


PKOPOSITION  U.     Theorems. 

Equal  paralMograms,  which  have  one  angle  of  the  one  eqtial 
to  one  angle  of  the  other,  have  their  sides  about  the 
equal  angles  reciprocally  proportional. 

Conversely:  Parallelograms  tchich  have  one  angle  of  the  one 
equal  to  one  angle  of  the  other,  and  the  sides  about  the 
_  equal  angles  reciprocally  proportional,  are  equal. 


(1)  Let  AB  and  BC  he  equal  f^,  having  l  DBF  = 
L  GBE: 
U  is  required  to  prove  that  DB  :  BE  =  GB  :  BF. 

Place  the  ||""  so  that  DB  and  BE  may  be  in  one  straight 
line. 


aio 
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Then  since         l  GBE  =  l  DBF; 

.'.    L  GBE  +  L  FBE  =  I.  DBF  +  l  FBE, 
=  2  rt.  ^  s  ; 

.•.  GB  and  BF  are  in  one  straight  line. 
Complete  the  H""  FE. 


Because 

ir  AB  =  ir  BC, 

.-.    \\^  AB 

ir  FE  =  ir  BC :  ir  FE. 

But  ir  AB 

r  FE  =      Z>5  :      ^^, 

and  ir  BC 

ir  FE  =       GB:      BF; 

DB 

BE  =       GB:      BF. 

(2)  Let  L  DBF  =  l  GBE,  and  DB  :  BE  «  GB 
it  is  required  to  prove  [f"  AB  =  ||"  BC. 

Make  the  saine  construction  as  before. 


Hyp. 

I.  13 

/.  14 

Hyp. 

V.  7. 

VI.  1 
VI.  1 
V.  11 

BF: 


Because  DB 

BE  =       GB 

BF, 

Hyp. 

and             DB 

BE  =  ir  ^5 

r  FE, 

VI.  1 

and             GB 

^i'  =  ir  BC 

r  FE; 

VI.  1 

rAB 

ll""  i^j;  =  II"  BC 

ll""  FE; 

V.  11 

\r  AB  =  \r  BC. 

V.  9 

\2. 


Prove  the  proposition  by  joining  EF  and  DG,  and  using  the 

fifth  deduction  from  VI.  2. 
Prove  AD,  CG  and  the  diagonal  of  the  ||"  FE  dra-mi  through  B 

concurrent. 

3.  Prove  ^C  II  EF. 

4.  Equal  rectangles  have   their  bases  and  altitudes   reciprocal^ 

proportional,  and  conversely, 
ftp  Equal   11°^  that  have  their  sides  reciprocally  proportional  are 
mutually  equiangular. 
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PROPOSITIONS   14.    15. 


8ir 


PROPOSITION  15. 

Equal  triangles  which  have  one  angle  of  the  one  equal  to  one 
angle  of  the  other  have  their  sides  about  the  equal  angles 
reciprocally  proportional. 

Conversely :  Triangles  which  have  one  angle  of  the  one  equal 
to  one  angle  of  the  other,  and.  their  sides  about  the  equal 
angles  reciprocally  proportional,  are  equai. 


BAD, 


(1)  Let  BAG,  DAE  be  equal  triangles  having 
L  BAG  =  L  DAE: 
it  is  required  to  prove  that  AG :  AD  =  AE  :  AB. 

Place  the  triangles  so  that  AC  and  AD  may  be 
straight  line. 

Then  since  L  DAE  =  L  BAG, 

.-.     L  DAE  +  L  BAD  -  L  BAG  +  l 

=  2  rt.   ^  s  ; 
.*.  EA  and  AB  are  in  one  straight  line. 
Join  BD. 

Because  A  BAG  =  A  DAE, 

.'.      /\  BAGiA  BAD  =  A  DAE 
But     A  BAG:  A  BAD  =       AG 
and     A  DAE  :  A  BAD  =       AE 
AC    :      AD     =       AE 


m  one 


Hyp. 


I.  13 

9. 

/.  U 

Hyp. 

A  BAD. 

V.  r 

AD, 

VJri 

AB; 

VI.  1 

AB. 

V.  11 

SIS 
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(2)  Let  L.  BAC  =  l  DAE,  and  AO.AD^  AE-.  ABi 

it  is  required  to  •prove  A  BAC  =  A  DAE. 

Make  the  same  construction  as  before. 


\ 


Because  AC 

AD     = 

AE 

AB, 

Hyp, 

and            AC 

AD     = 

A  BAC 

A  BAD, 

VI.  1 

and             AE 

AB     = 

A  DAE 

A  BAD; 

VI.  1 

.-.      A  BAC 

A  BAD  = 

A  DAE 

A  BAD  ; 

V  11 

^•^ 

ABAC  = 

A  DAE. 

F.  9 

1.  Could  this  proposition  have  been  inferred  from  VI.  14  ? 

2.  Prove  the  proposition  by  joining  CE,  and  using  the  fifth  deduc- 

tion from  VI,  2. 

3.  If  in  the  figure  to  VI.  14,  A  B  and  EG  be  joined,  what  modifica- 

tion of  this  proposition  should  we  be  enabled  to  prove  ? 
-t  If  A  ABC  is  right-angled  at  B,  and  BD,  the  perpendicular  on 

A  0,  is  produced  to  E  so  that  DE  is  a  third  proportional  to 

BD  and  DG,  A  ADE  =  A  BDG. 
-6.  Equal  triangles  which  have  the  sides  about  one  pair  of  angles 

reciprocally  proportional  have  those  angles  either  equal  or 

supplementary. 
6.  If,  in  the  fig.  to  VI.  8,  BE  be  drawn  ±  BA,  and  meet  AD  pro- 
duced atE,  then  /^  ABD  =  A  EGD. 
%  Find  a  point  in  a  side  of  a  triangle,  from  which  two  straight 

lines  drawn,  one  to  the  opposite  angle,  and  the  other  ||  the 

base,  shall  cut  off  towards  the  vertex  and  towards  the  base, 

equal  triangles. 

Examine  the  case  for  a  point  in  a  side  produced. 
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".PROPOSITION"  16.    Theorems. 

If  four  straight  lines  he  proportional,  the  rectangle  contained 

by  the  extremes  is  equal  to  the  rectangle  contained  by  the 

means. 
Canverseiy :   If  the  rectangle  contained  by  the  extremes  be 

equal  to  the  rectangle  contained  by  the  means,  the  four 

straight  lines  are  proportional. 
E — F 

Lr ^ 


Kr-r-- 


D 


(1)  Let  AB  :  CD  ^  EF '.  GH  : 

U  is  required  to  prove  AB  •  GH  =  CD  •  EF. 

From  A  draw  AK  _L  AB,  and  =  GH , 
from  C  draw  CL  ±  CD,  and  =  EF  ; 
and  complete  tlie  rectanglets  KB,  LD. 

Because  AB  :  CD    =    EF  '.    GH, 
and  CL  =  EF,  and  AK  -  GH ,• 

AB  :  CD    =    CL    :   AK, 
that  is,  the  sides  about  the  equal  angles  of  the  ||"^  KB,  LD 
are  reciprocally  proportional. 

KB  1=  LD;  VI,  U 

.'.  AB.AK  =  CD-  CL; 
.\  ABGH=  CDEF 

(2)  Let  AB-GH  =  CD- EF: 

it  is  required  to  jprove  AB  :  CD  -  jtiF .'  GH. 


11,  3 
11,3 
/.  31 

Hyp. 

Const. 
V.  7 
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•H 


Kr- 


Al- 


-B 


D 


Make  the  same  construction  as  before. 


Because  AB  -   GH    =    CD  •  EF,  Hyp. 

omd  AK  =  GH,  and  CL  =  EF ;  Const 

AB   .  AK    -    CD  .  CL, 
that  is,  the  H™'  KB,  LD  which  have  l  A  =  l  G.  are  equaL 
.-.  AB.CD^  CL  -.AK;  '       VL  14 

.-.  AB.CD  ^  EF-.GH.  V.  7 


J5. 


In  the  figure  to  VI.  8,  prove  (\)  BD  ■  DO  =  AD^,  (2)  CB  •  BD 
=  AB^,    (3)  BC-CD  =  AC\   (4)  BG  •  AD  =  BA  .  AG. 

Using  the  results  (2)  and  (3)  of  the  preceding  deduction,  prove 
1.47. 

Show  that  these  results  are  established  in  Euclid's  proof  of  I.  47. 

Two  chords  AG,  BD  of  a  circle  ABC  intersect  at  E,  either 
within  or  without  the  circle  ;  prove  AE  •  EG  =  BE  •  ED. 

In  the  figure  to  the  fourth  deduction  from  VI.  8,  prove 
{I)  BD  ■  GE  =  AD  •  AE,        (2)  GB  ■  BD  =  AB^, 
(3)  BG  •CE  =  AG\  (4)  BG  ■  AE  =  BA  •  AC. 

Using  the  results  (2)  and  (3)  of  the  preceding  deduction,  show 
that  when  z  BAG  is  acute,  AB-  +  ^O-  is  greater  than  BG^ 
by  BG  •  DE;  when  i  BAG  is  obtuse,  ABr  -^^  AG-  is  leaa 
than  BG-  by  BG  •  DE. 

What  becomes  of  the  rectangle  BG  •  DE  when  z  BAG  is 
right? 

irive  another  proof  of  III.  35  and  its  Cor. 

A  square  is  inscribed  in  a  right-angled  triangle,  one  side  of  the 
square  coinciding  with  the  hypotenuse  ;  prove  that  the  area 
of  the  square  =  the  rectangle  contained  by  t-h*  extreme 
segments  of  the  hynotenuse. 
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PROPOSITION  17.     Theorems. 

If  three  straight  lines  be  proportional,  the  rectangle  containea 
hy  the  extremes  is  equal  to  the  square  on  the  mean. 

Conve'-sely :  If  the  rectangle  contained  by  ihe  extremes  h" 
equal  to  the  square  on  ihe  mean,  the  three  straight  line* 
are  proportional. 


(k)  Let  A.B  =  B:G. 
it  is  required  to  prove  A  •  G  ^  B\ 

Make  D  =  B. 

Because  A  :  B  =  B  :  O,  Hyp 

A:B  =  D:G;  F.'-' 

A'C  =  B.D,  VL  16 

=  BK 
(2)  Let  ^.C  =  B\- 
it  is  required  to  prove  A  -.B  =  B  '.O. 

^lake  the  same  eonstruction  as  before. 

Because  A-G  =  B'^,  Hyp. 

A-G  =  B-D; 

A.B  =  D:G;  F/.  16 

A:B  =  B:G.  V.  1 


^ 


Of  which  proposition  is  this  merely  a  particular  case  ? 

2.  Prove  that  a  straight  line  divided  in  extreme  and  mean  ratio  is 

divided  in  medial  section,  and  conversely. 

3.  From  B,  one  of  the  vertices  of  |j'"  A  BCD,  a  straight  line  is  drawn 

cutting  the  diagonal  AC  at  £,  CD  at  F,  and  JD  produced  at 
<?;  prove  G£  •  iJF  -  BU\ 
0 
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PROPOSITIOX  18.     Problem. 

On  a  given  straight  line  to  describe  a  rectilineal  figure  lohich 
shall  be  similar  to  a  given  rectilineal  figure.* 


Let  AB  be  the   given  straight  line,    CDEF  the  fjiven 
rectilineal  figure  : 

it  is  required  to  describe  vn  AB  a  rectilineal  figure  lokich 
shall  be  similar  to  CDEF. 

join  DF. 
Az  A  make  i.  BAG  =  L  DCF,  and  at  B  make  l  ABG 
=  L  CDF;  I.  23 

then  A  GAB  is  equiangular  to  A  FCD.  I.  32,  Cor.  1 

At  G  make  L  BGH  =  l  DFE,  and  at  B  make  i.   GBH 
=  1.  FDE;  I.  23 

then  A  HGB  is  eouiangular  to  A  EFD.  I.  32,  Cor.  I 

ABHG  is  the  figure  required. 

^1)  To  prove  ABHG  and  CDEF  mutually  equiangidar. 
Because  l  AGB  ^  l  CFD,  and  i.  BGH  - 
^  DFE,  Const. 

:.  the  whole  i.  AGH  =  the  whole  L  CFE. 
(Similarly,  l  ABH  =  l  GDE. 

'B-at  L  A  =  L  C,  and  l  H  ^  L  E;      Const.,  I.  32,  Car.  1 
.'.  ABHG  and  CDEF  are  mutually  equiangular. 

*  Tfa@  second  case  added  by  SimsQQ  has  b«en  QQutt«d  as  unnecessary. 
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(2)  To  prove  that  ABHG  and  CDEF  have  their  sides 
proportional. 

Because  As  AGB,  CFD  are  mutually  equiangular, 
.-.  AG:GB  ^  CF.FD.  VI.  4 

Because  As  BGH,  DFE  are  mutually  equiangular, 
.-.  BG  :  GH  =  DF  :  FE.  VL  4 

'SovT  since  AG,  GB,  GH  are  three  magnitudes, 
and  CF,  FD,  FE  other  three ; 

and  since  it  has  been  proved  that  A  G  :  GB  —  CF :  FD, 

and  GB:GH^FD:FE; 
.'.  AG-.GH  =  CF:  FE,  by  direct  equality.  F.  22 

SimUarly,  AB  :  BH  =  CD  :  DE. 

But  BA  -.AG^DC:  CF,  VI.  4 

and  GH :  HB  ^  FE :  ED;  VI.  4 

.*.  ABHG  and  CDEF  have  their  sides  about  the  equal 
angles  proportional. 

Hence  ABHG  and  CDEF  are  simHar.  F/.  i)<^/.  1 

The  method  of  construction  and  proof  would  be  similar 
if  the  given  rectilineal  figure  had  more  than  four  sides. 

1.  How  many  polygons  could  be  described  on  AB  similar  to  the 

polygon  CDEF? 

2.  Would  the  following  constructions  answer  the  same  purpose  aa 

that  given  in  the  text  ?  (a)  Place  A  B  and  CD  either  parallel 
or  in  the  same  straight  line  ;  through  A  and  B  draw  A  Gy 
BG  respectively  ||  CF,  DF ;  through  G  and  B  draw  GH, 
BH  respectively  ||  FE,  DE.  ^  Place  A  B  \\  CD,  and  let  AC, 
BD  meet  at  O.  Join  OE,  OF,  and  let  AG,  BH  drawn 
respectively  ||  CF,  DE  meet  OF,  OE  at  G,  H.  Join  GH. 
-S.  If  on  BA,  BG,  BH,  or  on  these  lines  produced,  there  be  taken 
points  L,  M,  .V,  such  that  BL  :  BA  =  BM :  BG  =  BN :  BH ^ 
the  figure  BLMN  is  similar  and  similarly  situated  to  the 
figure  5.-1  (?//. 
•t.  How  could  a  figure  BLMN  similar  and  oppositely  situated  to 
the  figure  BAGH  be  obtained? 
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PROPOSITION  19.     Theorem. 

Similar  triangles  are  to  one  another  in  the  dupUcaib  raid 
of  their  homologous  sides. 


Let  ABC  and  DEF  be  similar  triangles,  having  l  B  = 
L  E,  and  l  C  —  l  F,  so  that  BC  and  FF  are  homologous 
sides : 

it  is  required  to  jjrofe  A  ABC  :  A  DFF  =  duplicate  :*i 
BC:  EF. 

4^ 


G  a  third  proportional  io  BC  and  EF, 

so  that  BC.EF  =  EF:  BG ;  VI.  i  1 
and  join  AG. 

Because  AB  :  BC  =  DE  :  EF,  Eyp 

AB:DE  =  BC  :  EF,  by  alternation,  F.'lJ 

=  EF  -.BG;  V.  n 

that  is,  the  sides  of  As  ABG,  DEF  about  their  equal  angles 

B  and  E  are  reciprocally  proportional. 

.-.  A  ABG  =  A  DEF.  VI.  15 

Again,  because  BC  :  EF  =  EF  :  BG,  Const 

BC:      BG      =  dupUcate  of  BC :  EF. 

V.  Def.  13,  Gir. 

But           BC:      BG      =  A  ABC :  A  ABG,  VI] 

.-.    A  ABC:  A  ABG  =  duplicate  of  BC  :  EF;  V.  \  J 

.-.    A  ABC :  A  DEF  =  duplicate  of  BG  :EF,  VI 
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J  1.  If  three  straight  lines  be  proportional,  as  the  first  is  to  the  third 
so  is  any  triangle  described  on  the  first  to  a  similar  and 
similarly  described  triangle  on  the  second. 

Prove  the  proposition  with  either  of  the  following  constructions  : 

2.  Take  EG,  measured  along  EF  produced,  a  third  proportional  to 

i;i^and  BC,  and  join  DG. 

3.  From  BC  cut  off  BG  =  EF ;  join  AG,  and  through  G  draw 

GH\\AG. 

4.  Similar  triangles  are  to  one  another  in  the  duplicate  ratio  of 

(1)  their  corresponding  medians,  (2)  their  corresponding  alti- 
tudes, (3)  the  radii  of  their  inscribed  circles,  (4)  the  radii  of 
their  circumscribed  circles.  (Assume,  what  can  be  easily 
proved  from  V.  23,  Cor.,  that  if  two  ratios  be  equal,  their 
duplicates  are  equal.) 


PEOPOSITION  20.     Theorem. 

Similar  j)olygons  may  he  divided  into  the  same  number  of 
similar  triangles,  having  the  same  ratio  to  one  another 
that  the  -polygons  have ;  and  the  polygons  are  to  one 
another  in  the  duplicate  ratio  of  their  homologous  sides. 

M 


Let  ABODE,  FGHKL  be  similar  polygons,  and  let  AL 
and  FG  be  homologous  sides  : 

it  is  required  to  p>t'ove  that  ABODE  and  FGHKL  may  be 
divided  into  the  same  number  of  similar  triaiigles ;  that 
these  triangles  have  each  to  each  the  same  ratio  which  the 
polygons  have  ;  and  that  the  polygons  are  to  one  another  in 
the  duplicate  ratio  of  their  homologous  sides. 
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Join  BE,  EC,  GL,  LH. 

Because  the  polygon  ABODE  is  similar  to  the  polygoui 

FGHKL,  Hyp. 

.'.  L  A  =  L  F,  and  BA  :  AE  =  GF :  FL  ;       .  VL  Def.  1 
.-.A  ABE  is  similar  to  A  FGL.  VL  6 

Because  the  polygons  are  similar, 
.-.  i.  ABC=  L.  FGH;   .  VI.  Def.  1 

and  because  As  ABE,  FGL  are  similar, 
.-.  L  ABE  =  L  FGL;  VL  Def.  1 

.'.  the  remainder,  l  EBC  —  remainder,  l  LGH. 

And  because  As  ABE,  FGL  are  similar, 
.-.  EBiBA  =  LG:  GF;  VL  Def  1 

and  because  the  polygons  are  similar, 
.'.  BA-.BG  =  GF:  GH.  VL  Def  1 

.•.EB:BC=LG:  GH,  by  direct  equality  ;  V.  22 

that  is,  the  sides  about  the  equal  z.  s  EBC,  LGH  are  pro- 

portional ; 
.-.A  EBC  is  similar  to  A  LGH.  .  VL  6 

For  the  same  reason,  A  EDC  is  similar  to  A  LKH. 

Because  A  ABE  is  similar  to  A  FGL, 

.-.AABE-.A  FGL  =  duplicate  of  BE  :  GL.  VL  19 

Similarly,  A  EBC  :  A  LGH  =  duplicate  of  BE  :  qL  ; 

.-.  A  ABE  :  A  FGL  =  A  EBC :  A  LGH.  V.  11 

Because  A  EBC  is  similar  to  A  LGH, 

.  •.  A  EBC :  A  LGH  =  duplicate  of  EC :  LH.         VL  19 
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Similarly,  A  BCD  :  A  LHK  =  duplicate  of  EC  :  LH ; 

.-.A  EBC  :  A  LGII  =  A  BCD  :  A  LHK.  V.  11 

Hence  A  ABB  :  A  FGL  =  A  BBC  :  A  LGH  =  A  BCD 
:  A  LHK; 

.-.  A  ABE  :  A  FGL  =  A  ABB  +  A  iJ^C  +  A  BCD 
:  A  FGL  +  A  Zfr'i/  +  A  LHK,  V.  12 

=  polygon  ABCDB  :  polygon  FGHKL. 

Lastly,  A  ABB :  A  FGL  =  duplicate  of  vl^  :  FG;   VL  19 
^ ABCDB  :  FGHKL  =  duplicate  of  ^5  :  i^(?.      F.  1 1 

Cor. — If  three  straight  lines  be  proportional,  as  the  first 
is  to  the  third,  so  is  any  rectilineal  figure  described  on  the 
first  to  the  similar  and  similarly  described  rectilineal  figure 
on  the  second. 

For,  take  M  a  third  proportional  to  AB  and  FG.  VL  1 1 

Then  since  AB  :  FG  =  FG  :  M,  Const. 

.-.  AB  :  M  =  duplicate  of  AB  :  FG,            V.  Def.  13,  Cor. 

But  ABCDB  :  FGHKL  =  duplicate  of  AB  :  FG,  VL  20 

.:  AB:  M  =  ABCDB  :  FGHKL.  V.  1 1 

■^1.  Squares  are  to  one  another  in  the  duplicate  ratio  of  their  sides. 
"'2.  Similar  polygons  are  to  one  another  as  the  squares  on  their 

homologous  sides,  or  homologous  diagonals. 
^3.  Tlie  perimeters  of  similar  polygons  are  to  one  another  as  the 

homologous  sides. 
^  4.  Polygons  are  similar  which  can  be  divided  into  the  same  number 
I  of  similar  and  similarly  situated  triangles. 

n6.  Prove   that   similar   polygons   may  be  di^aded  into  the   same 

number  of  similar  triangles  having  their  vertices  at  points 

situated  within  the  polygons.     (Such  points  are  called  AomQ- 
I  looonS-HQints  with  reference  to  the  polygons.) 

^.  Could  homologous  points  with  reference  to  similar  polj'gons  be 

situated  outside  the  pol3'gons,  or  on  their  sides  ? 
If  two  polygons  be  similar  and  similarly  situated,  the  straight 

lines  joining  their  corresponding  vertices  are  concurrent. 

Exanaine  the  case  when  the  polygons  are  similar  and  oppositely 

situated. 


4 


'ii/xMm'a^^AA^^ 
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-^Use  the  preceding  theorem  to  inscribe  a  square  in  a  given 
triangle.     How  many  squares  can  be  inscribed  in  a  triangle  ? 

'-^In  a  given  triangle  inscribe  a  rectangle  similar  to  a  give! 
rectangle.     How  many  such  rectangles  can  be  inscribed  ? 


PEOPOSITION  21.     Theorem. 

Polygons  which  are  similar  and  equal  have  their  homologous 
sides  equal.* 


K L 

Let  ABCD,  EFGH  be  two  similar  and  equal  polygons, 
having  BC  and  FG  homologous  sides  : 
it  is  required  to  prove  BC  =  FG. 

Take  KL  a  third  proportional  io  BC  and  FG.         VI.  11 

Because     BC  :  FG  =  FG  :  KL,  Const. 

BC:  KL  =  ABCD  :  EFGH.           VL  20,  Cor. 

But                   ABCD  =  EFGH;     .:  BC  =  KL.  V.  14 

Again,  since  BC  :  FG  =  FG  :  KL,    '  Const. 

BC-KL  =  FG\  VLll 

But  BC  ■  KL  =  BC\  since  BC  =  KL  ; 

BG^  =  FG^,  and     BC  ^  FG. 

Prove  the  proposition  indirectly. 

*  Euclid's  21st  proposition  is  '  Rectilineal  figures  which  are  similar  to 
the  same  rectilineal  figure  are  similar  to  each  other,'  a  theorem  which 
may  be  regarded  as  self-evident.  In  place  of  it  there  has  been  substituted 
the  lemma  which  occurs  after  the  22d  proposition,  and  which  is  assmned 
in  the  proof  of  it.  The  demonstration  of  this  lemma  given  in  the  text  is 
due  to  Commandine  {Eudidis  Ekmentorum  Libri  XV.,  1572). 
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PEOPOSITION  22.     Theorems. 

If  four  straight  lines  he  lyrojjortional,  and  there  be  similarly 
described  on  the  first  and  second  any  two  similar  poly- 
gons, and  on  the  third  and  fourth  any  two  similar 
2)olygons,  the  polygons  shall  be  p>roportional. 

Conversely :  If  there  be  similarly  described  on  the  first  and 
second  of  four  straight  lines  two  similar  polygons,  and 
ttoo  similar  polygons  on  the  third  and  fourth.,  and 
if  the  pjolygtms  be  proportional,  the  four  straight  lines 
shall  be  pjroportlonal. 
K 


^^^. 


Ti-A  IF         a\ It 


St- 


o 


(1)  Let  AB  :  CD  =  EF  :  GH, 

and  let  there  be  similarly  described  on  AB  and  CD  the 

similar  polygons   KAB,   LCD,   and  on   EF  and  GH  the 
similar  polygons  MF,  NH  : 
it  vi  required  to  jnove  KAB  :  LCD  =  MF :  NH. 

Take  X  a  third  proportional  to  AB  and  CD,  VI.  11 

and          0  a  third  proportional  to  EF  and  GH.  VI.  1 1 

Because  AB  :  CD  =  EF  :  GH,  Hyp. 

and              AB :  CD  =  CD :  X,  Const. 

and             EF:GH=  GH :  0 ;  Canst. 

CD:X     =GH:0.     .  F.  11 
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Now  since  AB,  CD,  X  are  three  magnitudes, 
and  EF,  GH,  O  other  three  ; 

and  since    AB  :  CD  =  EF :  GH, 
and  CD:X    =  GH  :  0  ; 

AB:X    =EF:0,hj  direct  equality.        F.  22 

But  AB:X    =  KAB  :  LCD,  VI.  20,  Cor. 

and  EF:0     =  MF-.NH;  VI.  20,  Gor. 

KAB:LGD  =  MF-.NH  F.  11 

(2)  Let  KAB  :  LCD  =  MF :  i\^^.- 
it  is  required  to  jn'ove  AB  :  CD  =  EF :  GH. 

Take  FR  a  fourth  proportional  to  AB,  CD,  EF,  VI  12 
and  on  PR  let  a  polygon  SR  be  similar  and.  similarly 
described  to  the  polygons  MF,  NH.  VL  18 

Because  AB  :  CD  ^  EF  :  PR,  Const. 

KAB  :  LCD  =  MF :  SR.  VL  22 

But        KAB  :  LCD  =  MF :  NH ;  Hyix 

MF:SR  =  MF:NH;  ■                             F.  11 

SR  =  NH.  F.  9 

Hence         PR  =  (?iy,  since  >Si?  and  iV^fl' are  similar.    VI.  21 

Now  AB:CD  =  EF :  PR  ;  Cond. 

.-.      AB:CD  ==  EF.GH.  V.  7 

1.  UAB:CD  =  EF:  GH,  then  AB^  :  CD"^  =  EF^  :  GH\ 

2.  U  two  ratios  be  equal,  their  duplicates  are  equal 
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PROPOSITIOX  23.     Theorem. 

Mutually  equiamjuJar  parallvlograms  have  to  one  another 

the  ratio  icliich  is  compounded  of  the  ratios  of  their 

sides* 

A  F 


Let  IP  AB  be  equiangular  to  T  5C,  having   l  DBF 
=  L  GBE: 

^^-  '  FB  :BGr 


it  is  required  to  j^rove  ||™  AB 


Place  the  ||°"  so  that  DB  and  BE  may  be  in  one  straight 
line;'!*''^^^         '      *    "' ,^  .■'-:-■    "^ - 
then  GB  and  BF  are  in  one  straight  line.  VI.  14 

Complete  the  |r  ^B. 

VI.  1 
VI.  1 

T:  23,  Cor. 

V.  Def  12 

V.  11 


Then  |p  AB 
and        II"  FE 

[  ir  ^^ 

But  ip  45  : 

ir  45 


FE 
BC 

FE) 

BC) 

BC 
BC 


-{ 

=  i  11" 

lli" 


1 


DB 

BE, 

FB 

:      BG; 

DB 

BE) 

FB 

bg] 

AB 

ir  FE  1 

ir  BC ) 

FE 

DB 

BE  I 

FB 

BG) 

1.  Triangles  which  have  one  angle  of  the  one  equal  or  supplemen- 
tary to  one  angle  of  the  other  are  to  one  another  in  the  ratio 
compounded  of  the  ratios  of  the  sides  about  those  angles. 

*  The  proof  in  the  text,  due  to  Franciscus  Flussas  Candalla,  1566,  ia 
somewhat  shorter  than  Euclid's. 
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2.  Show  that  VI.  14  is  a  particular  case  of  the  proposition. 

3.  Show  that  \^f'-^f,\  =DB-BF:EB-  EG. 

\  FB  :  BG  ) 

4.  Hence   enunciate   diiTei'ently   the  A 

proposition   and   the   tiist   de- 
duction. 

5.  Prove   the  proposition   from  the 

accompanying  figure. 

6.  Deduce  VI.  19  from  the  first  de-  B^ 

duction. 


Ei 


HK 


Z 
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PROPOSITION  24.     Theorem. 

Parallelograms  about  a  diagonal  of  any  jmrallelogram  are 
similar  to  the  whole  parallelogram,  and  to  one  another. 


Let  ABCD  be  a  ||",  AC  one  of  its  diagonals,  and  let  EQ^ 
HKhe  \\""  about  ^C- 

it  is  required  to  prove  that  H""'  EG,  HK  are  similar  to 
11""  ABCD,  and  to  one  another. 

Because    DC  is  \\  GF,     .-.  l  ADC  =  l  AGF; 
and  because  EC  is  \\  EF,     .-.   l  ABC  =  l.  AEF. 
And  Ls  BCD,  EFG  are  each  =  l.  BAD  ; 
.-.  II'"  ABCD  is  equiangular  to  ||'"  AEFG. 

Again,  because  l  ABC  =  L  AEF, 
and  L  BAC  is  common  ; 

.'.  As  ABC,  AEF  axe  mutuallj'  equiangular ;    /.  32,  Cor.  1 
.-.  AB.BC  =  AE:  EF.  VI.  4 


/.  29 
/.  29 
/.  34 

/.  29 
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But  since  the  opposite  sides  of  ||°"  are  equal,  /.  34 

.-.  AB.AD  =  AE-.AG,  V.  7 

and  CD  .  BC  =  FG  :  EF,  V.  7 

and  CD  :  DA  =  FG  :  GA  ;  V.  7 

that  is,  the  sides  of  the  H""'  ABCD,   AEFG  about   their 
equal  angles  are  proportional. 

.-.  \r  ABCD  is  similar  to  |r  AEFG.  VI.  Def.  1 
Hence  also,  H""  ABCD  is  similar  to  |p  FHCK; 
.'.  1|°»  AEFG  is  similar  to  H""  FHCK. 

Sl.  From  this  proposition  and  VI.  14,  deduce  I.  43. 
^2.  Prove  |r  EG  :  ir  BF  =  |1"  FD  :  ir  HK. 
\3.  Prove  that  FG,  BD,  and  HK  are  parallel. 


PROPOSITION  25.     Problem. 

To  describe  a  rectilineal  figure  which  shall  he  similar  to  one 
and  equal  to  another  given  rectilineal  figure. 


E  M 

Let  ABC  be  the  one,  and  D  the  other  given  rectilineal 
figure  : 
it  is  required  to  describe  a  figure  similar  to  ABC,  and  =  D. 

On  BC  describe  any  H"*  BE  =  the  figure  ABC,  I.  45 
and  on  CE  describe  the  H"  CM  =-  the  figure  D,  and  having 
L  FCE  -  L  CBL.  L  45 
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Between  BC  and  CF  find  a  mean  proportional  GH ;  VI.  13 
and  on  GH  construct  the  figure  KGH  similar  and  similarly 
described  to  the  figure  ABC.  VI.  18 

KGH  is  the  figure  required. 

It  may  be  proved  as  in  I.  45  that  BG  and  CF  form  one 
straight  line,  and  also  LE  and  EM ;' 

.-.  BC:CF=  II'"  BE  :  |r  CM,  VI  1 

=    ABG:D.  V.  11 

But  because  BC:GH  =  GH:  CF,  Const 

and  because  ABC,  KGH  are  similar  and  similarly  described  ; 

BC  :  CF  =  ABC  :  KGH.  VI  20,  Cor. 


Hence      ABC  :  D    =  ABC :  KGH; 
KGH  =  D. 


V.  11 
F.  9 


i 

,'^.  Construct  a  square  ^ 


Construct  an  equilateral  triangle  =  a  given  square. 
.  _.  Construct  a  square  =  a  given  equilateral  triangle. 
mS.  Construct  a  square  =  a  given  regular  pentagon. 
jti.  Construct  a  regular  pentagon  =  a  given  square. 
?t5.  Construct  an  equilateral  triangle  =  a  given  regular  hexagon. 
H  6.  Construct  a  regular  hexagon  =  a  given  equilateral  triangle. 

7.  Construct  a  polygon  similar  to  a  given  polygon,  and  having  a 

given  perimeter. 

8.  Construct  a  polygon  similar  to  a  given  polygon,  and  having  a 

given  ratio  to  it. 

9.  Through  a  given  point  inside  a  circle  draw  a  chord  so  that  it 

sbaU  be  divided  at  the  point  ia  a  given  ratio. 


V 
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PROPOSITIOX  26.     Theorem. 

Jf  two  similar  2^((>'((iicfogram^  have  a  common  anfjle  and  he 
similarly  situated,  they  are  about  the  same  diagonal. 


%«t   the.   ir'  ABCD,    AEFG  be   similar   and   similarly 
situateJ,  aiid  have  the  common  angle  BAD: 
it  is  required  reprove  that  they  are  about  the  same  diagonal. 

Join  AC,  AF, 

Because   H"^   aBCD,   AEFG   are   similar   and  similarly 
situated, 

.'.AC  and  AF  will  divide  them  into  similar  triangles ;  VI.  20 
.-.A  ^^ais  sunilar  to  A  AEF  ; 

.-.  i.  BAC=  L  EAF;  VI.  Def.  1 

.-.  ^i^faUsalong^a 

Note. — This  proposition  is  the  converse  of  VI.  24,  and  should  be 
read  immediately  after  it. 

"*!.  Prove  the  proposition  by  supposing  AC  to  cut  EF  at  H,  and 

drawing  HK  \\  EA  to  meet  AG  a,z  K. 
2.  Extend  the  proposition  to  the  case  of  two  similar  and  oppositely 
i  situated  Ii»".    . 

^3.  From  a  given  ||™  cut  off  a  similar  |J"  having  ^  givtsn  i-atiy  to  the 

eivep  II", 
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PROPOSITION  27.     Theorem. 

Of  all  the  parallelograms  msc.rihed  in  a  triamjle  so  as  to 
have  one  of  the  angles  at  the  base  common  to  them  all, 
the  greatest  is  that  ivhlch  is  described  on  half  the  hase:"^ 
A 


B  D  G  C 

Let  ABG  he  a  triangle,  having  its  base  BG  bisected  at  D. 
Let  BE  and  BH  be  H™'  inscribed  in  it  so  as  to  have  l  B  of 
the  triangle  common  to  both  : 
it  is  required  to  j^rove  ||™  BE  greater  than  Ip  BH. 

Complete  the   H-"  FBCL,  and  produce   GH,  KH  to  M 
and  N. 

Because  BD  =  DG,     .:  FE  =^  EL;  L  34 

\r  KE   =  il™  EN.  I.  36 

Again,  r  MN  =  T  DH.  I.  43 

But       11""  EN  is  greater  than  ||™  MN ; 
.  •.       .  Il""  KE  is  greater  than  ||™  DH. 
Add  to  each  of  these  unequals  H""  KD; 
then  IP  BE  is  greater  than  H"  BH. 

1.  Make  the  construction  and  prove  the  proposition  when  G  lies 
between  B  and  D. 

2.  When  AB  =  BC  and  /.  B  is  right,  what  does  the  proposition 

become  ? 


\ 


*  The  enunciation  of  this  proposition  is  different  from  tnat  given  by 
Euclid,  but  the  proposition  itself  is  substantially  the  same.  The  proof 
has  been  somewhat  modified. 
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PROPOSITION  28.*     Problem. 

To  divide  a  given  straight  line- internally  .so  that  the  rect- 
angle contained  by  its  segments  may  he  equal  to  a  given 
rectangle. 


Let  AB  be  the  given  straight  line,  K  and  L  the  sides  of 
the  given  rectangle  : 

it  is  required  to  divide  AB  internally  .so  that  the  rectangle 
contained  by  the  segments  may  be  =  K  •  L. 

Draw  AG  J_  AB,  and  =  K,  I.  11,  3 

and. on  the  same  side  jof  AB  draw  BD  _L  AB,  and 
=  r.  7.11,3 

Join  CD,  and  on  it  as  diameter  describe  the  semicircle  GED 
cutting  AB.dA  E.  AE  ■  EB  shall  be  =  A'  •  L. 

Join  CE,  ED. 

Because  l  CED  is  right,  ///.  31 

.-.    L  AEC  =  complement  of  L  BED,  I.  13 

-  L  BDE;  I.  32 

and  L  CAE  =  l  EBD. 

*  Some  editors  of  Euclid  omit  this  and  the  following  proposition.  In 
the  form  in  which  Euclid  presents  them,  they  are  difficult  to  understand 
and  apply.  The  problems  in  the  text  are  particular  cases  of  Euclid's 
propositions,  and  the  solutions  given  are  to  be  found  in  WiUehrord  SneU's 
ApoUonius  Batavus,  or  Edmund  HaUey's  Apollonii  Pergcei  Conica  (1710), 
Book  Vin.  Prop.  18,  Scholion. 
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.•.  As  AEC,  BDE  are  mutually  equiangular ;  /.  32,  Cor.  1 

.-.  AE:AG  =  BD-.BE;  VL  i: 

.-.  AE  •  EB  =  AC  •  BD,  VL  16 
=  K-L. 

'1,  HE'  be  the  other  point  in  which  the  semicircle  cuts  AB,  prove 

AE'  ■  E'B  ^K  -L. 
2.  Prove  AE'  =  BE  and  E'B  =  AE. 
*♦  3.  What  limits  are  there  to  the  size  of  the  rectangle  K  •  L? 
"»i4.  Solve  the  problem  otherwise  by  converting  the  rectangle  K  •  L 

into  a  square. 


PROPOSITION  29.     Problem. 

To  divide  a  given  straight  line  externally  so  that  the  rect- 
angle contained  hij  its  segments  may  he  equal  to  a  given 
rectangle. 


Let  ABhQ  the  given  straight  line,  K  and  L  the  sides  of 
the  given  rectangle : 

it  is  required  to  divide  AB  externally  so  that  the  rectangle 
contained  hy  the  segments  may  he  -  K  -  L. 

Draw  AG  ^_  AB,  and  =  K,  /.  11,  3 

and  on  the   opposite  side  of  AB  draw  BD  _L   AB,  and 
=  L.  L  11,  3 
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Join  CD,  and  on  it  as  diameter  describe  the  semicircle  CED, 
cutting  AB  produced  at  E.  AE  ■  EB  shall  be  =  A'  •  Z 

Join  CE,  ED. 

Because  l  CED  is  right,  ///.  3] 

L  AEG  -  complement  of  l  BED, 

=  L  BDE;  I.  32 

and    L  CAE  =  l  EBD. 

.:   As  AEC,  BDE  are  mutually  equiangular;  /.  32,  Cor.  1 
.-.  AE  :  AC  =  BD  :  BE;  VI.  4 

.-.  AE-EB  =  AC-BD,  VI.  16 

^   K  •  L. 


If  E'  be  the  point  in  which  the  semicircle  described  on  the  other 
side  of  CD  cuts  AB  produced,  prove  AE'  •  E'B  —  K  •  L. 

Prove  AE'^BE  and  E'B  =  AE. 

What  limits  are  there  to  the  size  of  the  rectangle  K  ■  L  ? 

Solve  the  problem  otherwise  by  converting  the  rectangle  K  •  u 
into  a  square. 


PROPOSITION  30.     Problem. 
To  divide  a  given  straight  line  in  extreme  and  mean  ratio. 

c 

A 1  B 

Let  AB  be  the  given  straight  line  : 
it  is  required  to  divide  it  in  extreme  and  meayi  ratio. 

Divide  AB  internally  at  C  so  that  AB  ■  BC  =  AG"-.  II.  11 

Because  AB  ■  BC  =-  AG-;  Gonst. 

AB:AG^  AG-.BG.  VI  IV 

1.  If  in  the  figure  to  VI.  8,  BC  be  divided  in  extreme  and  mean 

ratio  at  D,  then  AG  =  BD  ;  and  conversely. 

2.  AB  and  DE  are  two  straight  lines  divided  internally  at  C  and 

F  so  that  AC  :  CB  =^  DF  :  FE ;  ii  AB  ■  BC  ^  AC",  prove 
DE-EF^  DF-. 
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PROPOSITION  31.     Theorem. 
Any  rectilineal  figure  described  on  the  hypotenuse  of  a  right- 
angled  triangle  is  equal  to  the  similar  and  similarly 
described  figures  on  the  other  two  sides. 


Let  A  ABC  be  right-angled  at  A,  and  let  X,  T,  Z  be 
rectilineal  figures,  similar  and  similarly  described  on  BG, 
AB,  AC: 
it  is  required  to  prove  X  =  Y  +  Z. 

Draw  AD  ±  BC. 

Then      CB  :  BA  = 

CB:BD  = 

and  BD:CB  = 

Similarly,  DC  :  CB  = 

.'.   BD  +  DC:CB  = 

But  BD  +  DC  =  CB;  .-.   Y  +  Z  =  X. 

Vl.  From  this  proposition  deduce  I.  47. 

■«2.  Has  I.  47  ever  been  used  in  any  of  the  propositions  which  help 
to  prove  VI.  31  ? 

3.  Prove  VI.  31  from  VI.  22  and  I.  47. 

4.  If  on  AB,  AC,  BC  semicircles  are  described,  those  on  AB  and 

AC  being  exterior  to  the  triangle,  that  on  BC  not  being  so, 
the  sum  of  the  areas  of  the  two  crescent-shaped  figures  will 
=  A  ABC.  Assume  that  semicircles  are  similar  figures. 
The  crescent-shaped  figures  are  often  called  the  lunules  of 
Hippocrates  of  Chios  (about  450  B.C.). 


I.  12 

AB-.BD; 

VI.  8,  Cor. 

X  :  F, 

VI.  20,  Cor. 

F  :  J',  by  inversion. 

V.A. 

Z  :  X; 

Y+  Z.X. 

V  24 
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PROPOSITIOX  32.     Theorem. 

If  two  triangles,  which  have  two  sides  of  the  one  proportional 
to  tiDO  sides  of  the  other,  he  joined  at  one  angle  so  as  to 
have  their  homologotis  sid^  parallel,  the  remaining  sides 
shall  be  in  the  same  straight  line. 
A 


B  0  E 

Let  ABC,  DCE  be  two  triangles,  having  BA  :  AC  = 
CD  :  DE,  and  having  AB  \\  DC,  and  AC  \\  DE : 
it  is  required  to  prove  BC  and  CE  in  the  same  straight  line. 

Because  AB  is  ||  DC,  and  AC\&\\  DE,  Hyp. 

.-.    L  A  =  L  D.  I.  34,  Cor. 

And  because  BA  :  AC  =  CD:  DE,  .       Hyp. 

.•.  As  ABC,  DCE  are  mutually  equiangular;  VI.  6 

.-.    L  B  =  L  DCE. 
To  each  of  these  equals  add  l  BCD  ; 
then     L  B        +  l  BCD  =  l  DCE  +  l  BCD. 
But      ^  5        +1.  BCD  =  2  rt.   ^  s ;  /.  29 

L.  DCE  +  L.  BCD  =  2  rt.   ^s; 

.'.  BC  and  CE  are  in  the  same  straight  line.  /.  14 

1.  Show,  by  producing  ED  its  own  length  to  F  and  joining  CF, 
that  the  enunciation  of  the  proposition  is  defective. 

€i  From  the  points  A  and  B  there  are  drawn,  either  in  the  same- 
or  in  opposite  directions,  two  parallels  AG,  BD,  and  in  like 
manner  two  other  parallels  AE,  BF ;  ii  AC  :  BD  =  AE :  BF, 
then  BA ,  DC,  FE  are  concurrent.  (Simaon's  Seciionea  Conicce,, 
1735,  ii,  Lemma  2.) 
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3.  The  same  things  being  supposed  as  in  the  last  deduction,  if  CH, 
DL  drawn  parallel  to  each  other  meet  AB,  or  AB  produced 
at  H  and  L,  then  EH  and  FL  will  be  parallel.     (Lemma  3.) 


?EOPOSITIOX  33.     Theorem. 


hi  equal  circles,  angles,  ichether  at  the  centres  or  at  the 
circumferences,  have  the  same  ratio  as  the  ares  on  ivhich 
they  stand ;  so  also  have  the  sectors* 


Let  ABC,  DEF  be  equal  circles,  and  let  z.  s  BGC,  EHF 
be  at  their  centres,  and  i.?,  A  arid  D  at  their  O*""  : 
it  is  required  to  prove 

arc  BC  :  arc  EF  =  L  BGC :  l  EHF, 

arc  BG :  arc  EF  =  ^  A       \  lD, 

arc  BG :  arc  EF  =  sector  BGG :  sector  EHF. 

Take  any  number  of  arcs  GK,  KL,  LM  each  =  BG, 
and  FP,  PQ,  any  number  of  them,  each  =  EF; 
and  join  GK,  GL,  GM,  HP,  HQ. 

Because  arcs  BG,  GK,  KL,  LM  are  all  equal,  Gonst. 

.-.    /.  s  BGG,  GGK,  KGL,  LGM  are  all  equal.  ///.  27 

.•.  whatever  multiple  arc  BM  is  of  arc  BG,  the  same  multiple 
is  L  BGM  of  L  BGG. 


*  The  last  part  of  the  theorem  was  added  by  Theon  of  Alexandria 
(about  380  A.D.).    The  proof  in  the  text  is  not  his. 
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Similarly,  whatever  multiple  arc  EQ  is  of  arc  EF,  the  same 
multiple  13  L  EHQ  of  i.  EIIF. 

And  if  arc  BM  be  equal  to,  greater,  or  less  than  arc  EQ, 
L  BGM    will  be  equal  to,  greater,  or  less  than 
L  EHQ,.  III.  27 

Nov/  since  there  are  four  magnitudes  BC,  EF,  l.  BGG, 

L  EHF; 

and  of  BC  and  l  BGC  (the  first  and  third)  any  equi- 
multiples "whatever  have  been  taken,  namely,  BM  and 
L  BGM, 

and  of  EF  and  L  EHF  (the  second  and  fourth)  any  equi- 
multiples whatever  have  been  taken,  namely,  EQ  and 
L.  EHQ; 

and  since  it  has  been  shown  that  if  BM  be  equal  to,  greater, 
or  less  than  EQ, 

L  BGM  is  equal  to,  greater,  or  less  than  l  EHQ; 
.'.  arc  BC :  arc  EF  ^  l  BGC  :  l  EHF.  V.  Def.  5 

Again,  because  arc  BC  :  arc  EF  =  l  BGC :  l  EHF; 
.\avcBC:  arc  EF  =  hali  ^  BGC :  half  l  EHF,     V.  1 5, 1 1 
L  A       :         lD.  III.  20 

Lastly,  because  arcs  BC,  CK,  KL,  LM  are  all  equal ; 
.'.  sectors  BGC,  CGK,  KGL,  LGMave  all  equal ;  III.  27,  Cor. 
.'.  whatever  multiple   arc   BM  is   of   arc   BC,  the   same 
multiple  is  sector  BGM  of  sector  BGC. 
Similarly,  whatever  multiple  arc  EQ  is  of  arc  EF,  the  same 
multiple  is  sector  EHQ  of  sector  EHF. 
And  if  arc  BM  be  equal  to,  greater,  or  less  than  arc  EQ, 
sector  BGM  will  be  equal  to,  greater,  or  less  than  sector 
EHQ.  III.  27,  Cor. 

Hence,  as  before,  arc  BC  :  arc  EF  =  sector  BGC  :  sector 
EHF.  V.  Def.  5 

If  arcs  of  dififerent  circles  have  a  common  chord,  straight  lines 
diverging  from  one  of  its  extremities  will  cut  the  arcs  propor- 
tionally. 


%JiJxyi,  JcJCcry^ 
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PROPOSITION"  B.*     Theorem. 

If  the  interior  or  the  exterior  vertical  angle  of  a  triangle  be 
bisected  hij  a  straight  line  lohich  also  cuts  the  base,  the 
square  on  this  bisector  shall  be  equal  to  the  difference 
between  the  rectangle  contained  by  the  sides  of  the 
triangle  and  the  rectangle  contained  by  the  segments  of 
the  base. 


(1)  Let  ABC  be  a  triangle,  having  the  interior  vertical 
L  BAC  bisected  by  AD  : 
it  is  required  to  prove  AD-  =  AB  •  AC  -  BD  •  DC. 

About  the  A  ABC  circumscribe  a  circle ;  IV.  5 
produce  AD  to  meet  the  Q™  ^^  ^^  ^^^  joi^  EC. 

f  L  BAD  =  L  EAC  Hyp. 

In  As  ABD,  AEC,  \  ^  ^BD  =  l  AEC ;  IIL  21 

.*.  these  triangles  are  mutually  equiangular.     /.  32,  Cor.  1 

.-.  AB:AD  =  AE  :  AC;  VL  4 

.-.  AB.  AC  =  AE'AD,  VI  16 

=  EDAD  +  AD\  II  3 

=  BD  ■  DC  +  AD'^ ;  III  35 

AD^  =  AB-AC  -  BD-DG. 


*  The  first  part  of  the  theorem  is  given  in  Schooten's  Exercitationes 
Mathematicce  (1657),  p.  65. 
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(2)  Let  ABC  be  a  triangle,  having  the  exterior  vertical 
L  B'AC  bisected  by  AD  : 
a  is  required  to  prove  AD-  =  ED  •  DC  -  AB  ■  AC. 

About  the  A  ABC  circumscribe  a  circle ;  IV.  5 

produce  DA  to  meet  the  Q*"'  ^^  ^>  ^^^^  P^  ^^• 

Because  L  B'AD  =  l  CAD ;  Hyp. 

.'.  supplement  of  l.  B'AD  =  supplement  of  l  CAD; 

L   BAD  =  L  EAC.  I.  13 

f  L  BAD  =  i.  EAC 
In  As  ABD,  ABC,  ^  ^  ^^^  ^  ^  ^^^ .  jjj  ^^ 

.'.   these  triangles  are  mutually  equiangular.  /.  32,  Cor.  1 

.♦.  AB:AD  =  AE:  AC;  VI.  4 

.-.  AB  ■  AC  =  AE  ■  AD,  VI  16 

=  ED-AD  -  AD^,  IL  3 

=  BD-DC  -  AD"- ;  III  35,  Cor. 

AD"^  =  BD  ■  DC  -  AB  ■  AC. 

1.  K,  in  fig.  1,  AE  be  a  diameter  of  the  circle,  of  what  shape  will 

A  ^50  be? 

2.  In  that  case  prove  AD-  =  AB  •  AC  -  BD  •  DC,  if  AD  be  any 

straight  line  drawn  to  the  base  BC. 

3.  Could  the  bisector  of  the  exterior  vertical  angle  of  a  triangle  be 

a  diameter  of  the  circle  circumsci'ibed  about  the  triangle  ? 

4^rove  AE  ■  ED  =  BE-  or  CE". 

6.  If  a  straight  line  be  cut  internally  and  externally  in  the  same 
ratio,  the  square  on  the  segment  between  the  points  of  section 
=  the  difference  between  the  rectangle  contained  by  the 
external  segments,  and  the  rectangle  contained  by  the  internal 
segments. 

6.  Prove  that  the  converse  of  the  proijosition  is  true  except  when 

AB  =  AC. 

7.  Express  in  terms  of  a,  h,  c,  the  sides  of  a  triangle,  the  bisectors 

of  the  interior  and  the  exterior  vertical  angles. 

8.  Construct  a  triangle  having  given  two  sides  and 

(1)  the  bisector  of  the  angle  included  by  them, 

(2)  the  bisector  of  the  angle  adjacent  to  that  included  by 

them. 
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PEOPOSITION  C*    Theorem. 

If  from  the  vertical  angle  of  a  triangle  a  perpendicular 
he  draion  to  the  base,  the  rectangle  cojitained  by  the 
sides  of  the  triangle  is  equal  to  the  rectangle  contained 
by  the  2)Gr2xndicular  and  the  diameter  of  tlie  circle 
circumscribed  about  the  triangle. 


Let  ABC  be  a  triangle,  AD  the  perpendicular  from  A  on 
the  base  BC,  and  AE  a  diameter  of  the  circle  circumscribed 
about  ABC: 
it  is  required  to  p)rove  AB  •  AC  =  AD  ■  AE. 

Join  EC. 

j  lADB=  lACE  ///.  31 

In  As  ABD,  AEC,  ^  l.ABD=  l  AEC;  III.  21,  or  2 2, Cor. 

.'.  these  triangles  are  mutually  equiangular.      /.  32,  Cor.  1 

.-.  AB:AD  =  AE:AC;  VI  4. 

AB-AC^  AD.  AE.  VI  IG 


^, 


Conversely,  if  ABC  be  a  triangle,  AE  the  diameter  of  the 
circumscribed  circle,  and  if  AD  be  drawn  to  BC  so  that 
AD-AE  =  AB- AC,  t\ien  AD  is,  2^  BC. 
2.  Construct  a  triangle,  having  given  the  base,  the  vertical  angle, 
and  the  rectangle  contained  by  the  sides. 
-'  3.  If  a  circle  be  circumscribed  about  a  triangle,  and  two  straight 
lines  be  drawn  from  the  vertex  making  equal  angles  with  the 
sides,  one  of  the  straight  lines  meeting  the  base,  or  the  base 

*  Given  by  Brahmegupta,  an  Indian  mathematician  (born  598  A.D.). 
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produced,  and  the  othei-  the  O  '^'',  the  rectangle  contained  by 

those  straight  lines  =  the  rectangle  contained  by  the  sides 

of  the  triangle. 
4.  From  the  preceding  deduction  deduce  VI.  B  and  C. 
5^  Express  the  circumscribed  radius  of  a  triangle  in  terms  of  anj' 

two  sides  and  the  perpendicular  on  the  third  side  ;  and  the 

area  of  the  triangle  in  terms  of  the  three  sides  and  the  cir- 
I  cumscribed  radius. 

-tQ.  The  rectangles  contained  by  any  two  sides  of  triangles  inscribed 

in  the  same  or  eqiial  circles  are  proportional  to  the  perpen- 

^^culars  on  the  third  sides.     V    i-^" '  ■       -^    - 

/7.  If  in  the  figure  to  VI.  D  the  diagonals  intersect  at  F,  prove 

BA  -BC-.CB-CD^BF:  CF,  and  conversely. 
8.  In  the  same  figure  prove 

AB  '  AD  +  CB  .  CD  :  BA  •  BG  +  DA  ■  DC  =  AC :  BD. 


PKOPOSITION  D.*     Theorem. 

Tlie  rectangle  contained  by  the  diagonals  of  a  quadrilateral 
inscribed  in  a  circle  is  equal  to  the  sum  of  tlie  two  rect- 
angles contained  by  its  opposite  sides. 
A 


Let  A  BCD  be  a  quadrilateral  inscribed  in  a  circle,  and 
AC,  BD  its  two  diagonals  : 
it  is  required  to  prove  AC-  BD  =  AB  ■  CD  +  AD  •  BC. 

Make  L  BAE  =  l  DAC.  I.  23 

*  This  theorem  is  often  called  Ptolemy's  (about  140  A.D.)  because  it 
occurs  in  his  Almagest,  I.  9. 
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In  As  ABC,  AED. 


'A 


In  As  ABE,  ACD, 


'■{1 


To  each  of  these  equals  add  z.  EAC; 
u  BAC  =  L  EAD. 

L  BAC  =  L  EAD 

L  ACB  =  L  ADE;  III.  21 

these  triangles  are  mutually  equiangular.  /.  32,  Cor.  1 

BC:CA=ED:DA;  F/.  4 

AD -BC^  AC-  ED.  F/.  16 

BAE  =  L  CAD  Const. 

ABE  =  I.  A-CD;  ~        ///.  21 

.'.  these  triangles  are  mutually  equiangular.  I.  32,  Cor.  1 

,-.  AB:BE  =  AC:  CD;  VI.  4 

.-.  AB-CD  =  AC.  BE.  VI  16 

Hence,  AB  •  CD  +  AD  ■  BC  =  AC ■  BE  +  AC  •  ED, 

=  AC-BD.  II.  1 

^\.  An  equilateral  triangle  is  inscribed  in  a  circle,  and  from  any 
point  on  the   O"^  straight  lines  are  drawn  to  the  vertices; 

1  prove  that  one  of  these  is  equal  to  t^.  ;  sum  of  the  other  two. 

"^2.  In  all  quadrilaterals  that  cannot  be  iuccribed  in  c  circle,  the 
rectangle  contained  by  the  diagonals  is  less  than  the  sum  of 
the  two  rectangles  contained  by  the  opposite  sides. 

3.  Prove  the  converse  of  the  proposition. 

4.  ABC  is  a  triangle  inscribed  in  a  circle;  D,  E  are  taken  on 

AB,  AC  so  that  B,  D,  E,  O  are  concyclic ;  the  circle  ADE 
cuts  the  former  in  F.  Prove  that  FE  +  FB  :  FC  +  FD  = 
AB-.AC.     (R.  Tucker.) 
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TRANSVERSALS. 


Def.  1. — When  a  straight  Une  intersects  a  system  of  straight  lines, 
it  is  called  a  transversal. 

This  definition  of  a  transversal  is  not  the  most  general  (that  is, 
comprehensive)  oncj  but  it  will  suffice  for  our  present  purpose. 


Proposition  1. 

If  a  transversal  cut  the  sides,  or  the  sides  prodticed,  of  a  triangle,  the 
product  of  three  alternate  segments  taken  cyclically  is  equal  to  the 
product  of  the  other  three,  and  conversely* 

F 
G^ ^A 


■   D 


Let  ABC  be  a  triangle,  and  let  a  transversal  cut  BC,  CA,  AB, 
or  these  sides  produced  at  D,  E,  F  respectively  : 
it  is  required  to  prove  AF  •  BD  •  CE  =  FB  ■  DC  ■  EA. 

Draw  AG  \\  BC,  and  meeting  the  transversal  at  G.  I.  31 

Then  a  s  AFG,  BFD  are  mutually  equiangular ;  /.  29 

.:  AF:AG  =  BF:BD;  VI.  i 

.•.AF-BD  =  AG-  BF.     (1)  VI.  16 

*  Given  in  the  third  book  of  the  Spherics  of  Menelaus,  who  lived  at 
Alexandria  towards  the  close  of  the  first  century  A.D.  For  a  full  account 
of  the  theorem,  see  Chasles'  Aprrt^u  Sistorique  sur  Vorigine  et  Ig 
cUveloppement  des  Methodes  en  Geometric,  p.  291, 
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Again,  A  s  AEG,  GED  are  mutuallj'  equiangular ;  /.  29 

.-.  AG:AE=CD:  CE ;  VI.  4 

.-.  AG-CE  =  CD-  AE.     (2)  VI.  16 

Multiply  equations  (1)  and  (2)  together,  and  strike  out  the  common 

JSLctotAG;  then  AF ■  BD  ■  CE  =  FB  ■  DC  ■  EA. 

Cor.  1.— The  equation  AF  ■  BD  ■  CE  =  FB  •  DC  ■  EA  may  be 

put  in  any  of  the  follo^ving  four  useful  forms  : 


AF  :  FB  ^  DC  ■ 
BD-.DC^  EA  ■ 
CE  -.EA^FB 
AF      BD 
m'-DC 


EA  :  BD  •  CE, 
FB  -.CE  ■  AF, 
DC  :  AF  ■  BD, 

CE^_ 

EA  ~ 


Cor.  2. — Consider  ABC  as  the  triangle,  DEF  as  the  transversal,; 
then  AF  .  BD  ■  CE  =  FB  ■  30  ■  EA.     (1) 
Consider  AFE  as  the  triangle,  BCD  as  the  transversal ; 
then  AB-FD-EC  =  BF-  DE  ■  CA.     (2) 
Consider  BDF  as  the  triangle,  AEC  as  the  transversal ; 
then  BC-DE-  FA  =  CD  ■  EF  ■  AB.     (3) 
Consider  CED  as  the  triangle,  A  FB  as  the  transversal ; 
then  CB  ■  DF  ■  EA  =^  BD  .  FE  ■  AC.     (4) 

Any  one  of  these  four  equations  may  be  deduced  from  the  other 
three  by  multiplying  them  together  and  striking  out  the  factors 
common  to  both  sides. 

The  converse  of  the  theorem  (which  may  be  proved  indirectly)  is. 
If  two  points  be  taken  in  the  sides  of  a  triangle,  and  a  third  point 
in  the  third  side  produced,  or  if  three  points  be  taken  in  the  three 
sides  produced  of  a  triangle,  such  that  the  product  of  three  alternate 
segments  taken  cyclically  is  equal  to  the  product  of  the  other  three, 
the  three  points  are  coUinear. 
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Proposition  2,  

tf  three  concurrent  straight  lines  be  draion  from  the  vertices  of  a 
trianyle  to  meet  the  opposite  sides,  or  two  of  those  sides  jvodnced, 
tlie  jn-oduct  of  three  alternate  segments  of  the  sides  taken  cyclically 
is  equal  to  tfie  product  of  the  otJier  three  j  and  conversely* 


B  D  C  B  CD 

Let  ABC  be  a  triangle,  and  let  AD,  BE,  CF,  which  i)ass  through 
any  point  0,  meet  the  opposite  sides  in  D,  E,  F : 
it  is  required  to  prove  AF  ■  BD  ■  CE  =  FB  .  DC  •  EA. 

Consider  ABD  as  a  triangle  cut  by  the  transversal  COF ; 
then  AF  ■  BC  ■  DO^  FB-CD-  OA.     (1)  App.  VI.  1 

Consider  ADC  as  a  triangle  ciit  by  the  transversal  BOE ; 
then  AO  •  DB  ■  CE  =  CD  •  BC  •  EA.     (2)  App.  VI.  1 

Multiply  equations  (1)  and  (2)  together,  and  strike  out  the  common 
factors  AO,  DO,  BC ; 
then  AF-BDCE^  FB-DC  ■  EA. 

Cor. — Eepeat  Cor.  1  to  the  preceding  theorem. 

The  converse  of  the  theorem  (which  may  be  proved  indirectly)  is, 
If  three  straight  lines  be  drawn  from  the  vertices  of  a  triangle  to 
meet  the  opposite  sides,  or  two  of  those  sides  produced,  so  that  the 
product  of  three  alternate  segments  of  the  sides  taken  cyclically  is 
equal  to  the  product  of  the  other  three,  the  three  straight  lines 
are  concurrent. 

*  This  theorem  is  first  found  iri  a  work  of  the  Marquis  Giovanni  Ceva, 
De  lineis  rcctis  sc  inviccm  secantibus,  statica  constructio  (1678),  Uook  I., 
Prop.  10.  The  proof  given  in  the  text  is  due  to  Carnot,  the  founder  ot 
the  Theory  of  Transversals.  See  his  Essai  sur  la  Theorie  des  Trantver- 
sales  (1806),  p.  74. 
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Note. — To  distinguish  readily  between  the  converse  of  Menelaus's 
theorem  and  that  of  Ceva's,  it  should  be  observed  that  in  the  first 
ease  an  even  number  of  the  points  D,  E,  F  are  situated  on  the  sides, 
and  an  odd  number  on  the  sides  produced ;  ia  the  second  case 
matters  are  reversed. 


Proposition  3. 


Jf  tivo  triangles  he  situated  so  that  the  straight  lines  joining  cor- 
responding vertices  are  concurrent,  the  points  of  intersection 
of  correspoiiding  sides  are  collinear ;  and  conversely* 


Let  ABC,  A'B'C  be  two  triangles  such  that  AA',  BB,  CO'  axe 
concurrent  at  O  ;  and  let  the  corresponding  sides  BG,  BC  meet  in 
A  AG,  A'G'  in  M,  AB,  A'B'  in  N: 
it  is  required  to  prove  L,  M,  N  collinear. 

Consider  AOB  as  a  triangle  cut  by  the  transversal  A'BN ; 
then  AN  ■  BB'  ■  OA'  =  NB  ■  B'O  ■  A' A.     (1)  App.  VI.  1 

Consider  AOC  as  a  triangle  cut  by  the  transversal  A'C'M ; 
then  AA'  ■  OC'  ■  GM  =  A'O  ■  G'G  ■  MA.     (2)  App.  VI.  1 

Consider  BOG  as  a  triangle  cut  by  the  transversal  BC'L  ; 
then  BO  ■  G'G  ■  LB  ^  BB  ■  OG'  ■  CL.     (3)  App.   VL  1 


*  Due  to  Girard  Desargues,  an  architect  of  Lyon,  who  was  bom  1593, 
and  died  1662.     See  Poudra's  CEiures  de  Desargues,  tome  L  pp.  413,  430. 
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Multiply  the  equations  (1),   (2),  (3)  together,  and  strike  out  the 
coiumon  factors ; 

tht  u  AN  ■  BL  ■  CM  =  NB  ■  LC  ■  MA  ; 

.•.  L,  M,  JV  are  coUinear.  ^PP-  VI.  1 

The  converse  of  the  theorem  (which  may  be  proved  indirectly)  is, 
If  wo  triangles  be  situated  so  that  the  points  of  intersection  of 
cor -esponding  sides  are  coUinear,  the  straight  lines  joining  corre- 
sponding vertices  are  concurrent. 

HARMONICAL  PROGRESSION. 
Def.  2. — If  a  straight  line  be  cut  internally  and  externally  in  the 
same  ratio  it  is  said  to  be  cut  harmonically ;  and  the  two  points  of 
St  ction   are  said  to   form   with  the  ends   of  the  straight  line  a 
hirmouic  range. 

A  C  B  D 

I  I 

Thus,  ii  AB  be  cut  internally  at  C,  and  externally  at  D,  in  the 
:  me  ratio,  A  B  is  said  to  be  cut  harmonically ;  and  the  points 
.  . ,  G,  B,  D  are  said  to  f (jrm  a  harmonic  range. 

Def.  3. — The  points  C  and  D  are  said  to  be  harmonically  con- 
Jugate  to  each  other  (harmonic  conjugates)  with  respect  to  the 
points  A  and  B.  The  segments  AB,  CD  are  sometimes  (Chasles' 
Geometrie  Superieure,  §  58)  called  harmonic  conjugates. 

Since  a  straight  line  can  be  cut  internally,  and  therefore  externally 
in  any  ratio,  it  may  be  cut  harmonically  in  an  infinite  number  of 
ways. 

The  ancient  Greek  mathematicians*  defined  three  magnitudes 
to  be  in  harmonical  progression  when  the  first  is  to  the  third  as  tiie 
d'tference  between  the  first  and  second  is  to  the  difference  between 
the  second  and  third.  Now,  if  ^5  be  cut  internally  at  G  and 
externally  at  D  in  the  same  ratio, 

AD:DB=AG:CB; 

AD-.AC  =  DB:  CB     by  alternation,  V.  16 

=  AD  -  AB-.AB  -  AC. 
Hence,  il  AD,  AB,  AGhe  regarded  as  the  three  magnitudes,  it  will 
be  seen  that  they  are  in  harmonical  progression,  since  they  conform 
to  the  definition. 

*  Pythagoras  probably  first.  On  tlie  different  progressions,  see  Pappua, 
III.,  section  12. 

W 
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Proposition  4. 

If  G  and  D  are  harmonic  conjugates  with  respect  to  A  and  B,  then 
A  OMd  B  are  harmonic  conjugates  with  respect  to  C  and  D. 

A        ^  B  D 

\  I  


Since  C  and  D  are  harmonic  conjugates  with  respect  to  A  and  B, 
.'.  AB  is  cut  internally  at  C  and  externally  at  D  in  the  same  ratio  ; 
.\AD.DB  =  AC -.CB;  '  App.VI.De/.3 

.-.  AD  :  AC  =  DB  :  GB,  by  alternation,  V.  16 

that  is,  CD  is  cut  externally  at  A  and  internally  at  B  in  the  same 

ratio ; 
.•.  A  and  B  are  harmonic  conjugates  with  respect  to  G  and  D. 

Cor.  1. — Hence,  if  A,  C,  B,  D  form  a  harmonic  range,  not  only 
are  AD,  AB,  ^C  in  harmonic  progression,  but  also  AD,  CD,  BD. 

Cor.  2. — The  points  which  are  harmonic  conjugates  to  two  given 
points  are  always  situated  on  the  same  side  of  the  middle  of  the 
line  joining  the  two  given  points. 


(1) 

(2) 

A 

O        C 

B 

D 

A 

O 

D      B 

0 

(3) 

(4) 

D 

A      C 

0 

B 

C 

A 

D       O 

B 

Suppose  A  and  B  the  given  points,  0  the  middle  of  AB. 

Since  G  and  D  are  harmonic  conjugates  with  respect  to  ^  and  B, 

.-.AD-.DB^  AC:  GB.  App.  VI.  Def.  3 

Now  if  D  be  situated  (as  in  figs.  1  and  2)  to  the  right  of  0, 
then  A  D  must  be  greater  than  DB  ; 

.'.AC  must  be  greater  than  CB, 
that  is,  C  also  is  situated  to  the  right  of  O. 
If  D  be  situated  (as  in  figs.  3  and  4)  to  the  left  of  O, 
then  AD  must  be  less  than  DB  ; 

.'.AC  must  be  less  than  CB, 
that  is,  C  also  is  situated  to  the  left  of  0. 
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CoK.  3. — If  any  three  of  the  points  forming  a  harmonic  range  be 
given,  the  fourth  may  be  determined- 

A  C  B  D 

I  I 

Four  cases  are  all  that  can  arise,  namely,  when  A,  G,  B,  or  D  is 
to  be  found. 

(1)  li  A,  C,  B  are  given,  D  can  be  found  by  dividing  AB  exter- 
nally in  the  ratio  A  C  :  CB. 

(2)  If  C,  B,  D  are  given,  A  can  be  found  by  dividing  DC  exter- 
nally in  the  ratio  DB  :  BC. 

(3)  \i  A,  B,  D  are  given,  G  can  be  found  by  dividing  AB  inter- 
nally in  the  ratio  AD  :  DB. 

(4)  If  A,  G,  D  are  given,  B  can  be  found  by  dividing  DC  inter- 
nally in  the  ratio  DA  :  A  C. 


Proposition  5. 


If  AD,  AB.,  AG  are  in  harmonical  progression,  and  the  mean  AB  is 
bisected  at  0,  then  OD,  OB,  OG  are  in  geometrical  progression  ; 
and  conversely* 

A                    O         C          B                         D 
III  


Since  AD,  AB,  AC  are  in  harmonical  progression, 

AD  :  DB  =.  AC  :  CB;  App.  VI.  Def.  2 

.-.  OD  +  OB :  OD  -  OB  =  OB  +  OG  :  OB  -  OG; 

OD  :  OB  =  OB  :  OG.  Converse  of  V.  D 

Cor.  1.— Since  OD  :  OB  =  OB  :  OG,    .-.  0£2  =  OC  ■  OD.  VI.  17 
Now  if  A  and  B  are  fixed  points,  OB-  is  constant ; 
.•.  OG  ■  OD  is  constant. 

Hence  if  OG  diminishes,  OD  increases,  that  is,  if  G  moves  nearer 
to  0,  D  moves  farther  away  ;  and  if  OG  increases,  OD  diminishes, 
that  is,  if  C  moves  away  from  0,  D  moves  nearer  to  0.  In  other 
words,  if  C  and  D  move  in  such  a  manner  as  always  to  remain 
harmonic  conjugates  with  respect  to  the  fixed  points  A  and  B,  they 
must  move  in  opposite  directions.  Also,  the  nearer  G  approaches  to 
O,  the  farther  does  D  recede  from  it  ;  and  when  C  coincides  with  O, 
D  must  be  infinitely  distant  from  it,  or  as  it  is  ofte»  expressed,  at 
infinity. 

♦Pappus,  VII.  IGO. 
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Cor.  2.     OD-.GD  =  OB^- :  AG  •  CB. 

Cor.  3.     00  :  OD  =  AG'^  :  AD\ 

[Corr.  2,  3  are  given  in  De  La  Hire's  Sectiones  Oonicm,  1685,  p.  3.] 


Proposition  6. 


If  AD,  AB,  AC  are  in  harmonkal  prof/rrssion,  and  the  mean  AB  is 
bisected  at  0,  then  AD,  OD,  CD,  BD  are  proportionals ;  and 
conversely* 

A  O         C  B  n 


For  AD-DB=^  [OD  +  OB)  ■  (OD  -  OB), 

=  OD-^  -  OB^,  IL  5,  Cor. 

=  OD^  -  OD  .  OG,  App.  VI.  5 

=  OD-CD;  //.3 

.-.        AD:OD=  CD:  BD.  VI.  16 

Cor.  1.— Since  OZ)  •  CZ)  =    AD  .  DB  ;  • 

2  OD ■  CD  =  2  AD ■ DB ; 
{AD  +  DB)  -CD  =2  AD-  DB, 
a  result  which,  considering  J^Z),  CD,  BD  as  the  terms  in  harmonical 
progression,  may  be  stated  thus : 

The  rectangle  under  the  harmonic  mean  and  the  sum  of  the 
extremes  is  equal  to  twice  the  rectangle  under  the  extremes. 

Cor.  2. — The  geometric  mean  between  two  straight  lines  is  a 
geometric  mean  between  the  arithmetic  and  the  harmonic  means  of 
the  same  straight  lines.  [The  arithmetic  mean  between  two  magni- 
tudes is  half  their  sum.] 

Denote  the  arithmetic,  geometric,  and  harmouic  means  between 
AD  and  DB  by  a,  (/,  h  respeciively  ; 

then  a  =  \  (AD  +  DB)  =  OD,    g-  =  AD  ■  DB,    h  =  CD. 
Now  since  AD  ■  DB  =  OD  ■  CD,     .-.  (f  =  a-h; 
•••  a:g  =  g:h. 

*  Pappus,  V  iL  160. 
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Proposition  7. 
If  AD,  AB,  AC  are  in  harmonical  progression,  and  the  mean  AB  is 
bisected  at  O,  then  CB  :  CD  =  CO  :  CA  ;  and  conversely.* 

A  O         C  B  D 


For  AC-CB  =  (OB  +  00)  ■  (OB  -  OC), 

=  OB^  -  00-,  II.  5,  Cor. 

=  OCOD  -  0C\  App.  VI.  5 

=  OC-CD;  II.  3 

.-.       CB :  CD=  CO:  CA.  VI.  16 

Cor.  1.     DB  :  DC  =  AO  :  AC.     (De  La  Hire's  Sectiones  Conicce, 
p.  3.) 

Cor.  2.    AB  ■  CD  =  2  AC  ■  BD  =  2  AD  ■  BC. 

Cor.  3.    AB^  +  CD"-  =  {AC  +  BD)-. 


Proposition  8. 

If  AD,  AB,  AC  are  in  harmonical pi-ogression,  then 
AD-  DB  -  AC  ■CB=  CD-;  and  conversely. 

A  O         C  B  D 

Bisect  ABaAO. 

Then  AD  ■  DB  =  (OD  +  OB)  (CD -  OB)  =  OD^  -  OB^,  IL  5,  Cor. 
and  AC-CB=  (OB +  OC)(OB-OC)  =^  OR'-OC"-;  n.5,Cor. 
.-.  AD-DB  -  AC-CB=  OD"-  -  2  OB^  +  0C\ 

=  am  -2  0D0C  +  oc^   App.  vi.  5 

=  (OD  -  OC)-'  =  CLP.  IL  7 

The  theorem  may  also  be  proved  without  bisecting  AB. 


The  following  definitions  are  necessary  for  some  of  the  deductions  : 

Def.  4. — If  four  points  A,  C,  B,  D  forming  a  harmonic  range  be 
joined  to  another  point  0,  the  straight  lines  OA,  OC,  OB,  OD  are 
said  to  form  a  harmonic  pencil  OA,  OC,  OB,  OD  are  called  the 
rays  of  the  pencil,  and  the  pencil  is  denoted  by  O  •  .4  CBD. 

*  Pappus,  VIL  ISO. 
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Def.  5. — If  the  straight  line  joining  the  centres  of  two  circles  be 
divided  internally  and  externally  in  the  ratio  of  the  radii,  the  points 
of  section  are  called  the  internal  and  external  centres  of  similitude 
of  the  two  circles.  (The  phrase  '  centre  of  similitude '  is  due  to 
Euler,  1777.     See  Nov.  Act.  Petrop.,  ix.  154.) 

Def.  6. — The  figure  which  results  from  producing  all  the  sides  of 
any  ordinary  quadrilateral  till  they  intersect  is  called  a  complete 
quadrilateral;  and  the  straight  line  joining  the  intersections  of  pairs 
of  opposite  sides  is  called  the  third  diagonal.  (Carnot,  Essai  sur 
/fa  Thcorie  des  Transversales,  p.  G9.). 

To  the  notation  adopted  for  points  and  lines  connected  with 
the  triangle  ABC  on  pp.  98-100,  252,  253,  should  be  added  the 
following : 

N,  P,  Q  denote  the   points  where   the  bisectors  of   the   interior 

13  A,  B,  C  meet  the  opposite  sides. 
N',  P',  Q  denote  the  points  where  the  bisectors  of    the    exterior 

IS  A,  B,  C  meet  the  opposite  sides. 
A  by  itself  denotes  the  area  of  A  ABC. 
p  denotes  the  radius  of  the  circle   inscribed  in  the  orthocentrie 

A  XYZ. 


DEDUCTIONS. 

1.  (7 and  D  are  two  points  both  in  AB,  or  both  in  AB  produced: 

show  that  AG  -.CB  IB  not  =  AD:  DB. 

2.  Find  the  geometric  mean  between  the  greatest  and  the   least 

straight  lines  that  can  be  drawn  to  the  O  "^^  of  a  circle  from  a 
point  (1)  within,  (2)  without  the  circle. 

3.  In  the  figure  to  IV.  10,  As  ABD,  AGD,  DOB  are  in  geometrical 

progression. 

4.  Construct  a  right-angled  triangle  whose  sides  shall  be  in  geo- 

metrical progression. 

5.  If  a  straight  line  be  a  common  tangent  to  two  circles  which 

touch  each  other  externally,  that  part  of  the  tangent  between 
the  points  of  contact  is  a  geometric  mean  between  the 
diameters  of  the  circles. 
6L  Any  regiilar  polygon  inscribed  in  a  circle  is  a  geometric  mean 
between  the  inscribed  and  circumscribed  regular  polygoug  of 
half  the  number  of  sides. 
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7.  To  find  a  mean  proportional  between  AB  and  BG,   C  being 

situated  between  A  and  B.  Produce  AB  to  E,  making 
BE  =  AC ;  with  A  and  E  as  centres  and  AB  a.s  radius, 
describe  arcs  cutting  in  D  ;  join  BD.  BD  is  the  mean  pro- 
portional. (See  WalHs's  Algebra,  Additions  and  Emendations, 
1685,  p.  164.) 
Of  three  straight  lines  in  geometrical  progression  : 

8.  Given  the   mean  and   the   sum  of    the  extremes,  to  find    the 

extremes. 

9.  Given  the  mean  and  the  difference  of  the  extremes,  to  find  the 

extremes. 

10.  Given  one  extreme  and   the  sum  of  the  mean   and  the  other 

extreme,  to  find  the  mean  and  the  other  extreme. 

11.  Given  one  extreme  and  the  difference  of  the  mean  and  the  other 

extreme,  to  find  the  mean  and  the  other  extreme. 

12.  Find  two  straight  lines  from  any  two  of  the  six  following  data  : 

their  sum,  their  difference,  the  sum  of  their  squares,  the  differ- 
ence of  their  squares,  their  rectangle,  their  ratio. 

13.  If  two  triangles  have  two  angles  supplementary  and  other  two 

angles  equal,  the  sides  about  their  third  angles  are  propor- 
tional. 
14  Divide  a  straight  line  into  two  parts,  the  squares  on  which  shall 
have  a  given  ratio. 

15.  Describe  a  square  which  shall  have  a  given  ratio  to  a  given 

polygon. 

16.  Cut  off  from  a  given  triangle  another  similar  to  it,  and  in  a  given 

ratio  to  it. 

17.  Out  off  from  a  given   angle  a  triangle  =  a  given  space,  and 

such  that  the  sides  about  that  angle  shall  have  a  given 
ratio. 

18.  AGB  is  a  semicircle  whose  diameter  is  AB,  and   on   AB  is 

described  a  rectangle  ADEB,  whose  altitude  =  the  chord  of 
half  the  semicircle  ;  from  G,  any  point  in  the  O  *'^,  GD,  GE  are 
drawn  cutting  AB  bA  F  and  G.  Prove  AG"-  +  BF^  =  AB^. 
(Due  to  Fermat,  1658.  See  Wallis's  Opera  Matliematica, 
1695,  vol.  i.  p.  858.) 

19.  If  two  chords  AB,  GD  intersect  each  other  at  a  point  E  inside  a 

circle,  the  straight  lines  A  D,  BG  cut  off  equal  segments  from 
the  chord  which  passes  through  E  and  is  there  bisected- 

20.  Enunciate  and  prove  the  preceding  theorem  when  the  chordjB 

AB,  GD  intersect  each  other  outside  the  circle. 
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Prove  the  following  properties  of  A  ABO: 

21.  s(s  -  «)  :  A  =  A  :  (s  -  6)  (s  -  c). 

22.  s:s  -  a  =  (s  -  h)  {s  -  c)  :  r-  =  r{-  :  (s  -  6)  (s  -  c). 

23.  rriT^r^  =  A  ". 

24.  s^  =  r^r^  +  rgra  +  r^T-j. 

2i.  «a  =  ri(j-2  +  rs),  s6  =  r.^  [r-^  +  r,),  sc  =  r.^  (n  +  ?-^-. 
2(;.  r(ri  +  r2.+  r.^)  =  AF-  FB  +  BB  ■  DC  +  C^'  •  JfJA 

27.  A  =  i7?  (Xr  +  F^"  +  ZX). 

28.  2.S :  X  r  +   rZ  +  ZX  =  R:r. 

29.  A  ^5C  :  A  A'  YZ  =  R:  p.     . 

30.  2Rp  =  AO  ■  OX  =  BO  ■  OY  =  CO  ■  OZ. 

31.  a2  +  62  +  c2  =  8.ff-  +  4i?p. 

32.  SP  =  R{R  -  2v). 

33.  *S/i2  =  i?(i?  +  2ri),  ^^2  =  i?(/?  +  2r^),  8h^  ==  /?(i?  +  ^r^). 

34.  6/2  +  8I{^  +  .9/22  +  /S'/32  =  127?2. 

35.  a2  +  62  +  c'j  +  r-2  +  ^2  +  r^^  +  r^^  =  16^. 

36.  //i2  +  //,2  +  7/3^  +  /j/„2  +  /j,^2  +  73/^2  =  487?2. 

37.  HD-^^HD,^  =  HX  ■  HN ;     'HDfi=  HDi  =  HX    •  HN'. 

38.  HX  ■  ND  =  HD  ■  DX ;  HX  ■  ND^  =  HD^  ■  D,X. 
30.  HX  .  N'D.,  =  HD.,-DtX  ;  HX  ■  N'D:i  =  HD3  ■  D^X. 
40.  77iV  •  NX     =  DN  •  NDi ;    HN'  •  N'X  =  D-^N'  ■  N'B-i. 

[Regarding  theorem  21,  see  p.  145.  It  has,  however,  been  con- 
jectured, and  with  probability,  that  the  treatise  in  which  it  occurs  is 
a  work  of  Heron  the  younj^er,  and  therefore  long  subsequent  to  the 
date  of  the  elder  Heron.  The  theorem  was  known  to  Brahmegupta, 
628  A.D.  For  theorems  22,  36,  25,  26,  see  Davies  in  Ladies'  Diary, 
1835,  pp.  56,  59  ;  1836,  p.  5l) ;  and  Philosophical  Magazine  for  June 
1827,  p.  28.  For  23  and  24,  see  Lhuilier,  Me  mens  eV  Analyse,  p.  224. 
For  27,  28,  29,  30,  31,  34,  35,  see  Feuerbach,  Evjenschaften,  &c., 
section  vi.,  theorems  3,  4,  5,  6,  7  ;  section  iv.,  §  50 ;  section  ii.,  §  •J9. 
Theorem  32  is  usually  attributed  to  Euler,  who  gave  it  in  1765. 
It  occurs,  however,  in  vol.  i.  page  123,  by  William  Chappie,  of  the 
Miscellanea  Curiosa  Mathematica,  and  probably  appeared  about 
1746.  Theorem  3.3  is  given  in  John  Landen's  Mathematical 
Lucubrations,  1755,  p.  8.  Some  of  the  properties  37-40  are  well 
known ;  but  I  cannot  trace  them  to  their  sources.  Hundreds  of 
other  beautiful  properties  of  the  triangle  may  be  found  in  Thomas 
Weddle's  papers  in  the  Lady^s  and  GentlemaiCs  Diary  for  1S43, 
1846, 1S48.] 
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Construct  a  triangle,  having  given  : 

41.  The  vertical  angle,  the  ratio  of  the  sides  containing  it,  and  the 

base.     (Pappus,  VII.  155.) 

42.  The  vertical  angle,  the  ratio  of  the  sides  containing  it,  and  the 

diameter  of  the  circumscribed  circle. 

43.  The  vertical  angle,  the  median  from  it,  and  the  angle  which  the 

median  makes  with  the  base. 

44.  The  vertical  angle,  the  perpendicular  from  it  to  the  base,  and 

the  ratio  of  the  segments  of  the  base  made  by  the  perpen- 
dicular. 

45.  The  vertical  angle,  the  perpendicular  from  it  to  the  base,  and 

the  sum  or  diflFerence  of  the  other  two  sides. 

46.  The  base,  the  perpendicular  from  the  vertex  to  the  base,  and  the 

ratio  of  the  other  two  sides. 

47.  The  base,  the  perpendicular  from  the  vertex  to  the  base,  and  the 

rectangle  contained  by  the  other  two  sides. 

48.  The  segments  into  which  the  perpendicular  from  the  vertex 

divides  the  base,  and  the  ratio  of  the  other  two  sides. 

49.  The  perpendiculars  from  the  vertices  to  the  opposite  sides. 

50.  The  sides  containing  the  vertical  angle,  and  the  distance  of  the 

vertex  from  the  centre  of  the  inscribed  circle. 

TRANSVERSALS. 

The  following  five  triads  of  straight  lines  are  concurrent : 

1.  The  medians  of  a  triangle. 

2.  Tlie  bisectors  of  the  angles  of  a  triangle. 

3.  The  bisector  of  any  angle  of  a  triangle  and  the  bisectors  of  the 

two  exterior  opposite  angles. 

4.  The  perpendiculars  from  the  vertices  of  a  triangle  on  the  opposite 

sides. 

5.  AL,  BK,  CFin  the  figure  to  I.  47. 

6.  If  two  sides  of  a  triangle  be  cut  proportionally  (as  in  VI.  2),  the 

straight  lines  drawn  from  the  points  of  section  to  the  opposite 
vertices  wlU  intersect  on  the  median  from  the  third  vertex ; 
and  conversely. 

7.  The  points  in  which  the  bisectors  of  any  two  angles  of  a  triangle 

and  the  bisector  of  the  exterior  third  angle  cut  the  opposite 
sides  are  collinear. 

8.  The  points  in  which  the  bisectors  of  the  three  exterior  angles  of 

a  triangle  meet  the  opposite  sides  are  collinear. 
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9.  If  a  circle  be  circumscribed  about  a  triangle,  the  points  in  which 
tangents  at  the  vertices  meet  the  opposite  sides  are  coUiuear. 

10.  The  perpendiculars  to  the  bisectors  of  the  angles  of  a  triangle 

at  their  middle  points  meet  the  sides  opposite  those  angles 
in  three  points  which  are  collinear.     (G.  de  Longchamps.) 

11.  OA,  O'A',  0"A"  are  three  parallel  straight  lines;    00',  A  A' 

meet  at  B"  ;  O'O",  A' A"  at  B;  0"0,  A"A  at  B'.  Prove 
B,  B',  B"  collinear. 

12.  If  a  transversal  cut  the  sides,  or  the  sides  produced,  of  any 

polygon,  the  product  of  one  set  of  alternate  segments  taken 
cyclically  is  equal  to  the  product  of  the  other  set.  (Camot's 
Essai  sur  la  Theorie  des  Transversales,  p.  70.) 

13.  If  a  hexagon  be  inscribed  in  a  circle,  and  the  opposite  sides  be 

produced  to  meet,  the  three  jioints  of  intersection  are 
collinear.     (Particular  case  of  Pascal's  theorem.) 

14.  Prove  with  reference  to  fig.  on  p.  345. 

AO  ■  BO  ■  CO  :  DO  ■  EG  ■  FO  =  AB  ■  BC  ■  CA  :  AF  ■  BD  ■  CE. 

(Davies's  edition  of  Hutton^s  Mathematics,  1843,  voL  ii. 
p.  219.) 

15.  If  a  point  A  be  joined  with  three  collinear  points  B,  C,  D,  then 

will 

AC^  •  BD  ±  AB^  •  CD  =  AD'^  ■  BC  ±  BD  ■  DC  ■  BC, 

the  iipper  sign  being  taken  when  D  lies  between  B  and.  C, 
and  the  lower  when  it  does  not.  (Matthew  Stewart's  Some 
General  Theorems  of  considerable  use  in  the  higher  parts  of 
Mathematics,  1746, -Prop.  II.)  Deduce  from  the  preceding 
theorem,  App.  II.  1  ;  deduction  1  on  p.  151 ;  VI.  B ;  and 
App.  VI.  8. 

16.  If  the  o'^'^  of  a  circle  cut  the  sides  BC,  CA,  AB,  or  those  sides 

produced,  of  A  ABCaX  the  points  D,D',  E,E',  F,F',  then  will 
AFAF'-BD-BD'.CE-CE'^FB-F'B-DC-D'C-EAE'A. 
(Camot's  Essai,  &c.,  p.  72.) 

17.  Prove  with  reference  to  fig.  on  p.  251. 

AI '  BI  ■  CI :  AB  ■  BC  ■  CA  =AB-BC-CA  :  AI^- BI^-CI^. 

(C.  Adams's  Dii'  merkwiirdljsien  Eigenschaften  des  gerad- 
linigen  Dreiecks,  1846,  p.  20.) 

18.  Prove  the   following  triads  of  straight   lines   connected    with 

A  ^4^(7  concurrent : 
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(1)  AD,   BE,   CF  {-,)  AD-i,  BE,  CF^    (13)  BC,  E.F-i,  E^F^ 

(2)  JZ)„  BE^,  CF^  (8)  AD,,  BE,,  CF      (14)  CA,  F.^D^^F^D^ 

(3)  AD„,BE„,CF^  (9)  AB,   DE,   D^E,  (15)  AB,  NP,   IJ^ 

(4)  ADi,  BE3,  CF3  (10)  BC,    EF,    E-iF.,   (16)  BC,  PQ,     I^h 

(5)  AD„  BE^,  CFi  (11)  CA,  FD,    F,D.,  (17)  CA,  QN,    hh 

(6)  AD,  BE3,  GFi  (12)  AB,   D^E-^DiE^ 

19.  If  the  triads  (5),  (6),  (7),  (S)  meet  at  the  points  /',  //,  I^,  /»' 

respectively,  prove  that  these  four  points  are  the  inscribed 
and  escribed  centres  of  the  triangle  formed  by  drawing 
through  A,  B,  C  parallels  to  the  opposite  sides. 

20.  If  the  triads  (9),  (10),  (11)  meet  at  the  points  Q,,  Ni,  Pi, 

(12),  (13),  (14)  „  „  Q'2,iV,,P,, 

(15),  (16),  (17)         n         „  Q3,N3,Pz; 

then  Qi,  N-,,  P,  will  lie  on  one  straight  line  n, 
Q^  Ni,  P2  <"  "  P, 

Q3,N3,P.i  M  .  q; 

and  the  three  straight  lines  n,  p,  q  will  be  concurrent. 
(Stephen  Watson  in  the  Lady's  and  Gentkmari'a  Diary  for 
1867,  p.  72.) 


HAKMONICAL  PROGRESSION. 

1.  When  a  straight  line  is  cut  in  extreme  and  mean  ratio,  the 

difference  of  the  segments  equals  half  the  harmonic  mean 
between  them. 
Of  three  straight  lines  in  harmonical  progression,  having  given 

2.  The  mean  and  the  greater  extreme,  find  the  less  extreme. 

3.  The  mean  and  the  less  extreme,  find  the  greater  extreme. 

4.  The  two  extremes,  find  the  mean.     (Papp\is,  III.  9,  10,  11.) 

5.  If  from  any  point  in  the  O  "^^  of  a  circle  straight  lines  be  drawn 

to  the  extremities  of  a  chord,  and  meeting  the  diameter  X  the 
chord,  they  will  divide  the  diameter  harmonically.  (Pappus, 
VII.  156.) 

6.  If  two  tangents  be  drawn  to  a  circle,  any  third  tangent  is  cut 

harmonically  by  the  two  former,  by  their  chord  of  contact, 
and  by  the  circle. 

7.  In  the  figures  to  VI.  2,  if  BE,  CD  intersect  at  F,  then  AF  is 

cut  harmonically  by  DE  and  BC ;  and  AF  bisects  BC. 

8.  If  from  a  point  outside  a  circle  two  tangents  and  a  secant  be 

drawn,  that  part  of  the  secant  between  the  external  point 
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and  the  chord  of  contact  of  the  tangents  is  cut  harmonically 
by  the  0«  (Pappus,  VII.  154.) 
9.  A,  C,  B,  IJ  form  a  harmonic  range  ;  on  -45  as  diameter  a  circle 
is  described,  and  from  D  there  is  drawn  a  perpendicular  to 
AD.  If  E  be  any  point  in  this  perpendicular,  EC  is  cut 
harmonically  by  the  O'^  of  the  circle.     (Pappus,  VII.  161.) 

10.  AFB  is  a  circle,  of  which  AB  is,  a,  diameter  ;  D  is  any  point  in 

AB,  and  DF  \s  i.  AB  ;  EDO  is  a  chord  drawn  through  D 
such  that  DE  equals  the  radius.  Show  that  DE,  DF,  DC 
are  the  arithmetic,  geometric,  and  harmonic  means  between 
AD  and  DB ;  and  prove  App.  VI.,  6,  Cor.  2. 

11.  AFB  is  a  circle  of  which  AB  is  a  diameter;  D  is  any  point  in 

AB  {iroduced,  and  DF  is  a  tangent  to  the  circle  ;  FG  is 
drawn  l.  AB,  and  E  is  the  middle  point  of  AB.  Show  that 
DE,  DF,  DG  are  the  arithmetic,  geometric,  and  harmonic 
means  between  AD  and  DB  ;  and  prove  App.  VL,  6,  Cor.  2. 

12.  If  one  of  the  four  rays  of  a  pencil  be  ||  a  transversal,  and  the 

alternate  ray  bisect  the  segment  of  the  transversal  between 
the  remaining  rays,  the  pencil  is  harmonic. 

13.  If  a  transversal  be  |1  one  ray  of  a  harmonic  pencil,  the  conjugate 

ray  will  bisect  that  segment  of  the  transversal  intercepted 
by  the  other  pair  of  rays. 

14.  The  base  of  a  triangle  is  cut  harmonically  by  the  bisectors  of  the 

interior  and  exterior  vertical  angles. 

15.  If  two  alternate  rays  of  a  harmonic  pencil  be  at  right  angles, 

one  of  them  bisects  the  angle  included  by  the  remaining  pair 
of  rays,  and  the  other  bisects  the  supplementary  angle. 

16.  If  a  pencil  divide  one  transversal  harmonically,  it  will  divide 

all  transversals  harmonically. 

17.  A,  C,  B,  D  and  A,  G',  B',  D'  are  harmonic  ranges.     Prove  that 

GG',  BB',  DU  are  concurrent. 

18.  AB  is  a.  straight  line,  and  G  any  point  in  it ;  OJiAB  any  A  ABE 

is  described,  and  CE  is  joined ;  in  GE  any  point  O  is  taken, 
and  AG,  BO  are  joined  and  produced  to  meet  BE  and  AE 
in  F  and  G.  Prove  that  FG  produced  will  cut  AB  at  D, 
the  point  harmonically  conjugate  to  G  with  respect  to  A 
and  B. 

[The  last  seven  theorems  are  given  in  De  La  Hire's  Sectiones 
Gontcce,  pp.  5-9 ;  theorem  16,  however,  is  a  particiUar  case  of  Pappus, 
VII.  129.] 
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19.  ABC  is  a  triangle ;  AD  and  AE,  the  bisectors  of  the  interior 

and  exterior  vertical  angles,  meet  the  base  BC  at  Z>  and  E. 
Prove  that  the  rectangles  BD  ■  DC,  BA  AC,  BE  ■  EC  are 
in  arithmetical  progression  when  the  difference  of  the  base 
angles  is  equal  to  a  right  angle,  in  geometrical  jirogression 
when  one  of  the  base  angles  is  right,  and  in  harmonical 
progression  when  the  vertical  angle  is  right.  (Larduer's 
Elements  of  Euclid,  1843,  p.  206.) 

20.  If  K  and  L  represent  two  regular  polygons  of  the  same  sumber 

of  sides,  the  one  inscribed  in,  and  the  other  circumscribed 
about,  the  same  circle,  and  if  M  and  N  represent  the  inscribed 
and  circumscribed  polygons  of  twice  the  number  of  sides ; 
M  shall  be  a  geometric  mean  between  K  and  L,  and  N  shall 
be  a  harmonic  mean  between  L  and  M.  (Library  of  Useful 
Knowledge,  Geometry,  1847,  p.  96.) 


CENTEES  OF   SIMILITtrDE. 

1.  When  is  the  internal   centre  of  similitude   situated   on   botk 

circles  ?     How,  in  that  case,  is  the  external  centre  situated  ? 

2.  When  is  the  external  centre  of  similitude   situated   on   both 

circles  ?     How,  in  that  case,  is  the  internal  centre  situated  ? 

3.  When  are  both  centres  of  similitude  outside  both  circlts,  and 

when  inside  both  circles  ? 

4.  When  is  the  internal  centre  of  similitude  inside  both  circles,  and 

the  external  centre  outside  both  ? 

5.  When  two  circles  intersect,  the  straight  line  joining  either  point 

of  intersection  to  the  internal  centre  of  similitude  bisects  the 
angle  between  the  radii  drawn  to  this  point,  and  the  straight 
line  joining  it  to  the  external  centre  of  similitude  bisects  the 
external  angle  between  the  radii. 

6.  The  direct  common  tangents  to  two  circles  pass  through  the 

external,  and  the  transverse  common  tangents  through  the 
internal,  centre  of  similitude. 

7.  If  from  either  centre  of  similitude  of  two  circles  a  tangent  be 

drawn  to  one  of  the  circles,  it  will  be  a  tangent  also  to  the 
other.     (Pappus,  VII.  il 8.) 

8.  The  vertices  of  a  triangle  are  the  external  centres  of  similitude 

of  the  inscribed  circle  and  each  of  the  escribed  circles,  and 
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the  internal  centres  of  similitude  of  every  pair  of  the  escribed 
circles. 
9.  The  points  in  which  the  bisectors  of  the  interior  angles  of  a 
triangle  meet  the  opposite  sides  are  the  internal  centres  of 
similitude  of  the  inscribed  circle  and  each  of  the  escribed 
circles. 

10.  The  points  in  which  the  bisectors  of  the  exterior  angles  of  a 

triangle  meet  the  opposite  sides  are  the  external  centres  of 
similitude  of  every  pair  of  the  escribed  circles. 

11.  The  secants  drawn  through  the  ends  of  parallel  radii  of  two 

circles  pass  throitgh  the  two  centres  of  similitude.  (Compare 
Pappus,  VII.  110.) 

12.  If  through  either  centre  of  similitude  of  two  circles  a  common 

secant  be  drawn,  and  the  points  of  intersection  on  each  circle 
joined  with  the  centre  of  that  circle,  the  resulting  radii  will 
be  parallel  in  pairs. 

13.  Any  common  secant  drawn  through  either  centre  of  similitude 

divides  the  circles  into  pairs  of  similar  segments. 

14.  The  straight  line  joining  the  vertex  of  a  triangle  to  the  escribed 

point  of  contact  on  the  base,  intersects  the  inscribed  radius 
perpendicular  to  the  base  on  the  inscribed  circle. 

15.  Enunciate  and  prove  the  corresponding  property  for  the  inscribed 

point  of  contact  on  the  base. 

16.  The  middle  point  of  the  base  of  a  triangle,  the  inscribed  centre, 

and  the  middle  of  the  line  drawn  from  the  vertex  to  the 
point  of  inscribed  contact  on  the  base,  are  collinear. 

17.  Enunciate  and  prove  the  corresponding  property  for  the  escribed 

centre. 

18.  If  a  variable  circle  have  with  two  fixed  circles,  contacts  of  the 

same  species  (that  is,  either  both  external,  or  both  internal), 
the  chord  of  contact  will  pass  through  the  external  centre  of 
similitude  of  the  two  fixed  circles ;  if  contacts  of  different 
species,  through  the  internal  centre  of  similitude.  (Poncelet, 
Proprletes  Projectives,  §  261.     Compare  Pappus,  IV.  13.) 

19.  If  each  of  two  circles  have  contacts  with  another  pair  of  circles 

either  both  of  the  same  species,  or  both  of  different  species,  a 
centre  of  similitude  of  either  pair  lies  on  the  radical  axis  of 
the  other  pair.     (Poncelet,  Proprietes  Projectives,  §  268.) 
20l  The  six  centres  of  similitude  of  three  circles  lie  three  and  thre» 


TL]  APPENDIX   VI.  361 

on  four  straight  lines,  called  axes  of  similitude.  (This  theorem 
is  attributed  sometimes  to  D'Alembert,  1716-1783,  sometimes 
to  Monge.) 

Loci. 

1.  Straight  lines  are  drawn  parallel  to  the  base  of  a  triangle  and 

terminated  by  the  other  sides  or  the  other  sides  produced ; 
find  the  locus  of  their  middle  points. 

2.  Straight  lines  are  drawn  from  a  given  point  to  a  given  straight 

line,  and  are  cut  internally  or  externally  in  a  given  ratio  ; 
find  the  locus  of  the  points  of  section. 

3.  Straight  Unes  are  drawn  from  a  given  point  to  the  O"  of  a 

given  circle,  and  are  cut  internally  or  externally  in  a  given 
ratio  ;  find  the  locus  of  the  points  of  section. 

4.  Hence  find  the  locus  of  the  centroid  of  a  triangle  whose  base  and 

vertical  angle  are  given. 

5.  Find  the  locus  of  the  points  the  ratio  of  whose  distances  from 

two  given  straight  lines  is  equal  to  a  given  ratio. 

6.  \i  A,  B,  C  be  three  points  in  a  straight  line,  and  D  a  point  at 

which  AB  and  BC  subtend  equal  angles,  the  locus  of  D  is  the 
O**  of  a  circl& 

7.  Given  the  base  of  a  triangle  and  the  ratio  of  the  other  two  sides ; 

find  the  locus  of  the  vertex. 

8.  Find  the  locus  of  the  intersection  of  the  diagonals  ef  all  the 

rectangles  that  can  be  inscribed  in  a  triangle. 

9.  ABC  and  ADE  are  similar  triangles;     ABC  remains    fixed, 

but  ADE  is  rotated  round  A.  Find  the  locus  of  the  inter- 
section of  the  straight  lines  which  join  the  corresponding 
vertices  B  and  D,  C  and  E. 

10.  A  BCD  is  a  rhombus  whose  diagonal  ^C  is  equal  to  each  of 

its  sides  ;  through  D  a  straight  line  PQ  is  drawn  to  meet 
BA  and  BC  produced  at  P  and  Q,  and  AQ,  CP  are  joined, 
intersecting  at  M.  Find  the  locus  described  by  M  when  PQ 
turns  round  D. 

11.  A  series  of  triangles  have  the  same  base  BC,  and  the  sides  which 

terminate  at  B  are  equal  to  a  given  length  ;  find  the  locus  of 
the  point  at  which  the  busector  of  the  angle  B  intersects  the 
opposite  side. 
Examine  the  case  of  the  bisector  of  the  exterior  angle  at  & 
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12.  AB  is  a  diameter  of  a  circle.     A  right  angle,  whose  vertex  is  at 

A,  revolves  round  A,  and  its  sides  intersect  the  tangent  at  B 
in  the  points  G  and  D  ;  find  the  locus  of  the  intersection  of  the 
tangents  drawn  to  the  circle  from  the  points  C  and  D. 

13.  XY and  X'  Y'  are  two  parallel  straight  lines,  and  A,  B,  C  three 

fixed  collinear  points.  A  straight  line  revolver  round  A  and 
meets  XY  and  X'Y'  at  D  and  E ;  find  the  loci  of  the  inter- 
sections of  BE  and  CD,  and  of  BD  and  CE. 

i4.  XY  and  X'Y'  are  two  parallel  straight  lines,  and  0  is  a  point 
midway  between  them.  Through  0  straight  lines  are  drawn 
terminated  by-  X  Y  and  X'  Y',  and  equilateral  triangles  are 
described  on  these  straight  lines  ;  find  the  locus  of  the  third 
vertices  of  the  triangles. 

15.  X  Y  and  X'  Y'  are  two  parallel  straight  lines,  and  O  is  a  fixed 
point.  Through  0  straight  lines  are  drawn  to  X  Y  and  X'  i  , 
and  on  the  segments  intercepted  between  XY  and  X'Y' 
similar  triangles  are  described  ;  find  the  locus  of  the  third 
vertices  of  the  triangles.  (The  last  three  examples  are  taken 
from  Vuibert's  Journal  de  Mathematiques  Elementaires,  1™ 
An  nee,  pp.  13,  20  ;  3*  Annee,  p.  5.) 

MISCELLANEOUS. 

:.  Show  that  the  perpendiculars  of  a  triangle  are  concurrent,  by  a 
method  which  will  prove  at  the  same  time  that  the  circum- 
scribed centre,  the  centroid,  and  the  orthocentre  are  coUinear, 
and  that  their  distances  from  each  other  are  in  a  constant 
ratio. 

2.  The  circumscribed  centre,  the  centroid,  the  medioscribed  centre, 

and  the  orthocentre  form  a  harmonic  range ;  and  the  centroid 
and  the  orthocentre  are  the  internal  and  external  centres  of 
similitude  of  the  circumscribed  and  medioscribed  circles. 

3.  All  straight  lines  drawn  from  the  orthocentre  to  the  O*^^  of  the 

circumscribed  circle  are  bisected  by  the  O*"  of  the  medio- 
scribed circle. 

4  What  is  the  analogous  property  for  the  straight  lines  drawn 
from  the  centroid  to  the  O  "^^  of  the  circumscribed  circle  ? 

5.  The  inscribed  centre,  the  centroid.  and  the  point  /'  (see  the  1 9th 
deduction  on  p.  357)  are  collinear,  and  their  distances  froio 
•ach  other  are  in  a  constant  ratio. 
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6.  The  middle  point ./  of  /'/  is  the  centre  of  the  circle  inscribed  in 

the  centroidal  A  HKL. 

7.  The  points  H,  J,  and  the  middle  point  of  A  /'  are  collinear. 

8.  The  points  /',  /,  O,  I  form  a  harmonic  range ;  and  G  and  /'  are 

the  internal  and  external  centres  of  similitude  of  the  circles 
inscribed  in  as  ABC,  HKL. 

9.  The  inscribed  circle   of   a  HKL  is  also   the  inscribed   circle 

of  the  triangle  formed  by  joining  the  middle  points  of 
AI\BI\CI'. 

10.  Deduce    the    properties    corresponding    to   those    in   the    last 

five  deductions  for  the  escribed  centres,  the  centroid, 
and  the  points  /j',  /„',  1%.  (See  the  19th  deduction  on 
p.  357.) 

11.  To  Hnd  the  centre  of  the  circle  ABC.     With  any  point  P  on  the 

O*^*  as  centre,  and  any  radius  PB,  describe  the  circle  ABD 
■  cutting  the  given  circle  at  A  and  B.  In  this  circle  place  the 
chord  BD  =  BP,  and  join  AD,  meeting  the  given  circle  at  E ; 
EB  or  ED  will  be  the  radius  of  the  given  circle.  (J.  H. 
Swale.     See  Philosophical  Magazine,  1851,  p.  541.) 

12.  ABC   is  a  triangle,   right-angled  at  C.      Angle  B  is  bisected 

by  BD,  which  meets  AC  aX  D  ;  prove  2  BC-  :  BC-  -  CD-  = 
CA  :  CD.  (John  Pell,  1644.  This  theorem  is  susceptible  of 
a  good  many  proofs. ) 
IS.  Of  the  four  triangles  formed  bv  /,  /],  /j,  I.t  (see  fig.  on  p.  251), 
the  centroid  of  any  one  is  tne  orthocentre  of  the  triangle 
formed  by  the  centroids  of  the  other  three. 

14.  The  middle  points  of  the  three  diagonals  of  a  complete  quadri- 

lateral are  in  one  straight  line.  The  circles  described  on  these 
three  diagonals  as  diameters  have  the  same  radical  axis  ;  this 
radical  axis  is  perpendicular  to  the  straight  line  through  the 
middle  points  of  the  diagonals,  and  it  contains  the  orthocentres 
of  the  four  triangles  formed  by  taking  the  ^des  of  the  quadri- 
lateral three  and  three.  (The  first  part  of  this  theorem  is 
ascribed  to  Gauss,  1810  ;  the  last  part  is  due  to  Steiner.  See 
his  Gesammehe  Werke,  vol.  i.  p.  128.) 

15.  In  a  given  circle  to  inscribe  a  triangle 

(a)  whose  three  sides  shall  be  parallel  to  three  given  straight  lines. 

(b)  two  of  whose  sides  shall  be  parallel   to  two  given  straight 

lines,  and  the  third  shall  pass  through  a  given  point. 
X 
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(c)  two  of  whose  sides  shall  pass  through  two  given  points,  and 

the  third  shall  be  parallel  to  a  given  straight  line. 

(d)  whose  three  sides  shall  pass  through  three  given  points. 

[The  last  of  these  problems  is  often  called  Castillon's,  whose 
solution  was  published  in  1776.  A  very  full  history,  by  T.  S. 
Davies,  both  of  it  and  of  the  more  general  problems  to  which  it  gave 
rise,  will  be  found  in  The  Mathematician,  vol.  iii.  (1856),  pp.  75-87, 
140-154,  225-233,  311-322.  It  may  be  interesting  to  compare  also 
Pappus,  VIL/105,  107,  lOS,  109,  117.] 
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